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SOME CONTRIBUTIONS TO THE DESIGN OF SAMPLE SURVEYS 
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PART IV. EXACT SAMPLING THEORIES AND ANALYSIS OF VARIANCE 
SCHEMES ASSOCIATED WITH DESIGNS OF SAMPLE SURVEYS* 4 


1. [INTRODUCTION 


The current theories are concerned at least as their first approximate approaches 
with the errors of estimates arising solely from variations of random sampling. In 
actual large-scale surveys, where various sources of errors should be expected, our 
theoretical formulations should be so broad as to cover some of the important features 
such as failures to cover some of the units in the chosen sample, errors of measure- 
ments and biases due to the observers. It would not be sound to consider all 
these features at once; we should rather gradually proceed from the simplest to the most 
complicated one. Thus in this part, we propose to discuss a certain mathematical 
formulation in which some sort of statistical inference theories concerning sample surveys 
could be established. It may be readily observed that our assumptions take into 


consideration errors of measurements on a unit and also some slight time-changes in 


the populations which may always be expected in actual situations. To make our 
analysis simpler we shall begin with the normality assumption, which, however, can 
Bej replaced by other more general assumptions. Our main point is to overcome cer- 
vain characteristic difficulties associated with the finiteness of the population and sampl- 
ing without replacement by formulating our finite population in a more realistic sense. 


` Among several authors Cochran (1953) suggested the validities of confidence intervals 


page es Tea a aaah Aak 
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based on ¢-distributions and made some comments in favour of validity of the 
normal approximation. It should, however, be pointed out that the results due to 
several authors about finite population cannot be applied to demonstrate any validity 
of the ¢-distribution so far as they are concerned with the case where the size of the 
sample becomes infinity. In a previous paper (Kitagawa. 1950b) we have discussed 
an application of the two-sample theory to statistical inferences for finite populations. 
The standpoint of the two-sample theory may sometimes be useful in this formulation 
but there still remain some sort of artificialities. Another formulation which seems 
in some respects more natural is to appeal to a subsampling scheme in which we shall 
assume an infinite grand population I from which our finite population N should be 
drawn and consequently our sample of size n should be recognised as a subsample 


from II. In fact D. Basu in a seminar held at the Indian Statistical Institute 
in June 1953 pointed out our assumptions (1°), (2°) and (3°) were just equivalent 
to this subsampling procedure from the normal grand population II. One might 
not yet be perfectly satisfied with the assumption of the existence of one grand 
population. In fact so far as sample surveys are concerned, there are real diffi- 
culties in imagining possible infinite villages. districts and are 


as in crops. The new 
assumptions which will be introduced in §2 


and from which our inference theories may 
be developed may form the basis of an approach in which 


features are taken into consideration, 
the finiteness of the population, 


both the characteristic 
that is, the errors of measurements and 


The second aim of this part is to provide the analysis of variance schemes 
applicable in sample surveys which can be duly discussed only after establishing some 


sort of exact sampling theories, so far as their applications are treated from the 
stochastic standpoint. 


2. SUBSAMPLE FORMULATIONS AND VALIDITIES OF £ AND 2 DISTRIBUTIONS 


FOR A FINITE POPULATION 


Let us introduce the following assumptions: 


Assumption I: Let us consider a set of N grand populations 


{M} (@ = 1, 2, ..., N) 


Assumption IIT: From each of the N gr 


and populations a sample f si 
one shall be drawn independently, yi sis 


which we shall denote by yuh = 1, 2, sN), 
Assumption III: Let us draw a s 
the set of size N: fy} (h = 1, 2,. 


{W} (6 = 1, 2, ..., n). 


ample of size n without replacement from 
ses WV), and let us denote this sample by 


Assumption IV: The grand population IT, has normal 


distribution N(é;, 02) 
(j = 1, 2, ..., N) where o? is common to 


all the V grand populations, 
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Lemma 4.1: The joint probability distribution of (Yq. Yo. iis Ya) is for any 
set of real numbers (x1, to, ..-. Va) given by 


Pr, < is Ys: ka asa < eh 


ee) Pry, <) Pr Ai, <ta} Pr Yi, < En) sw (2.01) 


WW a ; 
(irs i25... în) 


where (ij, ip, ..., 1) means a permutation taking n elements from (1, 2, ..., N) and the 
summation runs through all the permutations yP 

(a) The joint distribution of the sample mean and sample variance. We shall 
give here the joint distribution of the sample mean 7 = (CA +Yo+ as Hyn) [n and 
sample variance s? = XY; —7)?|(n—1). 

In view of Weibull (1950) and Lemma 4.1, we shall observe 


Lemma 4.2: The characteristic function of the joint distribution of Ẹ and sè 
is given by 


falta te) ve (2.02) 
N* n 


where a = (iz, tg, ...,%,) runs through all permutations of n elements from (1,2, ==- N) 
and the characteristic function f(t, ta) is defined for each fixed permutation a such that 


sel 
oa | ~ 2 Vite 
ye (ae i= 2 sp {ae x 
Solty, te) ( 1 = exp { atop 
x exp {fit —o7t?(2n)}, we. (2.08) 
where AN = $ (Či — Ea)? wee (2.04) 
fel Í 
4 
ama Pant SK, vee (2.05) 
ja j 


Our result seems at first glance to be very complicated, but it may be readily 


observed that the average shown in (2.02) will sometimes make our formulae simpli- 
fied. 


(b) The t-distribution. Now let us define the statistic ¢ by 
t = \/n(g—p)/s w+ (2.06) 


and let us find out the distribution function of t. For each fixed permutation 
% = (ip is; s in) we may write 


ta = Via — tn) [sa ve (2.07) 


3 


Vor. 17] SANKHYA : THE INDIAN JOURNAL OF STATISTICS [ Part 1 


Lemma 4.3: For each fixed x, the probability density function of the joint distri- 
bution of J, and s, is given by 


(af sand =a a=) sp ja NA) » 


20° 


(2.08) 


on 2o2 \n-1 
att 202 r@—! ++ || 20 ye 
This is due to Weibull (1950). 


Now we shall turn to the distribution of ta which wears the character of non-centrality, 
as we shall show in Lemma 4.4, 


Lemma 4.4: For each fixed æ the elementary probability function of the statistic 
t|(n—1) is given by 


Faltal(n—I))d(tel(n—1)) = exp {OMA e} exp{—™ée) z 


292 202 


<a) na 5 EE 


(>) 


(mn) 
` r+) TES) (item a al apon] we KD 
” N 


The proof may be obtained as follows. First let us write 7, = pêt Jata 
and let us make a change of variables (7 (Ga: Sa) into (t,,8,) in n (2.08). The KA 
of (2.08) with respct to Sa in 0<s,<oo can be done ter 
exp{(—ni6,t,80/07} into power series. 


Lemma 4.5: The characteristic functi isti Tee A 
phen by function of the statistic t = VilG—E)/s is 
fr) = = >. exp (irt,) ve T) 
"a=(i,,.. sin) 
where Efexp(izt,)} = [| cirt, Ea j 
o) i ka I aa Me ve (2.12) 


with PaAlti/(n—1)) enunciated im (2.09). 
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3. EXAMPLES OF EXACT SAMPLING DISTRIBUTIONS 


Our methods are those which were adopted in Part VI of our previous paper 
(Kitagawa, 195la) and which appeal to the essential assumptions (1°), (2°) and (3°). 
Here we shall enunciate the following fundamental exact sampling distributions. 

In our finite population, inferences should be concerned with the one in 
which some inference about the finite population with the elements {y;}(j = 1,2;...; N) 
should be given in view of {y} (i = 1, 2, .... n). In the present formulation aed 
ihg upon our assumptions (1°) to (4°), we can divide {y;} into two classes of which 
one consists of (yi) (J = l 2,... n), the other being those remaining for each 
permutation a = (iy; tg; «++» În). 

Thus for each fixed permutation «, the difference between the mean of the 
finite population ¥ = N-(y,+...+yy) and the sample mean J = nyi + Yi, t 


edi) is independently distributed according to the normal distribution 


NE—E,,0%N —n)Nn)), 

Consequently we shall have immediately, in view of Lemmas 4.3 and 4.4, 
the following. 

Lemma 4.6: (1) For each fixed permutation «, the probability density function 
of the joint distribution of gay = Za and Sa is given by 


(marae) exp { Nn(zq al ox p {— (n noel x 


X(N —n)o* 292 
(n—l1)sa 
= re 2\r r-l yr- exp , — <= 
> aa et) = AEG = = h ... (3.01) 


(2) For each fixed permutation a, let us define the statistic ta by 


= (Ja—9) | af T=. ve (3.02) 


Then the probability density function of t2?/(n—1) is given by 


al) a exp{ —@— DAs} exp {- nN6z Jx 


20 2(N —n)o* 


xD aa) re e+) <4 ree (TO Bo ma Te) * 


+h 2 (n—1)9)8 
po lige 
Ts +?) TH) (1-442(2—1)>) E 
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Consequently, we shall reach the following theorem which will pjay a funda- 
mental role concerning the confidence interval of the population mean and which 
will show how and under what conditions the current uses of the ¢-distribution 
remain valid. ' 


Theorem 4.1: The characteristic function of the statistic 


= (g0) | s I= a (3.04) 


Nn 


is given by 


7) = SS Efexp(irt?)} 
f(z) Pi 2 i (exp(?7ta)} (3.05) 
a=(i, sets ) 
fexolirit)) <= pegel Ka 2ta 
where E{exp(irta)y f er gl a) 1 dha + (3.06) 


with ġ, defined in (3.03). 


Next let us proceed to make inferences about the variance of a finite popula- 
tion by means of the sample variance. For each assigned permutation æ = (2, îs, ..., 


in); let us denote for the sake of simplicity {y Qld = 1,2,....2) by ¥, yf... yi) 
and the remaining ones by y$), y{%...., yy, Let us put 
(a) BN nie ator m tet 
a = a) _ gla = yla)? 
nsy = = (y@ Yy Sa) = i > (3.07) 
(N—n)s = "5" (ya) glare — y 
=n) = Me Oe) = yo 
2 Pam (WR Ys 3 X? > (3.08) 
so = (N— 107 7 
S = (N—nywNGO— go? = yor, (3.09) 
Ns? — nsl): N—n)s(a)? (aja 
1 + (N—n)s@)? so, (3.10) 


Then what we have to infi sg w 
er from sl“ is concerned wi (a)? P 
$ ith s, These BE”, 


(N—n)s@° and si are known to be independent] 


l ; y distributed accordi 
central chi-square distributions whose characterist ree ae 


ic functions are 


2 


(1—20%it) = exp {8it/(1—20%2)), 


(3.11) 
pa Nna 
(1—207%t) 2 exp(SPit/(1—20%it)}, (3.12) 
ie: a). 
(1—20°it) exp {8Pit/(1—20%it)} (3.13) 
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n 
where se => (mmo, we. (3.14) 
j=1 
N-n 
BO = S (mom), l.. (3-15) 
J=1 
g” = n(m —m)} HN —n) (mE — m). s (3.16) 


For our present purpose let us first notice the results (5.24) due to Weibull 


(1950) whose transformation will yield 


Theorem 4.2: The probability density function of the statistic 


(n—1) > A 0 =) 


nge JAN mben (3.17) 
(W—1) A =a 
en oh 1 
is given by gak) area ADA) 
Nn pa 
with Jalw)dw 
Conad J 5 (Sy S@) + S@ \s 
Ni 5 ika KE 
1 LE +s ) N-n  ({N—n)(n—1))_* A 
rls! ` Te = “ml ` UFAN —n n1) Ee | 
IEF +l +) 
(3.19) 
where N—n z= N-1 w—l (3.20) 
n—1 n—l 
and z runs through 0 <2< © while (n—1)(N—1) <w< 0. 


4. ANALYSIS OF VARIANCE APPLIED TO A FINITE POPULATION 


The uses of analysis of variance in designs and analysis of sample surveys are 
well recognised. To establish some theory of inference we shall introduce the 
following assumptions: 


Assumption I. Let us consider a set of MN grand populations 
{T],.} ("= 1)2,...,M; s= d wesa NY 


7 


Vou. 17] SANKHYA : THE INDIAN JOURNAL OF STATISTICS [ Parr 1 


Assumption II: From each grand population I,, a sample of size one shall 
be independently drawn, which we shall denote by gF = 1,2) ops 8 1,2; 
<i AVY 


Assumption III: Let us draw a sample of size m (i,, ig, ..., im) from the set 
(1, 2, ..., M) without replacement, and also a sample of size n (j,. jg: ---; Jn) from the 
set (1,2,...,.N) without replacement. Let these two samplings be independent. 
Let us consider a sample of size mn Wi jk = bhan TE l Da 


Assumption IV: The grand populations II,, have the normal distributions 


NG, 02), where o? is common to all these MN distributions for r= 1, 2, ..., M; 
E S 


Thus our subsampling procedure will yield as a set of mn values which 
depend upon a combination y of the two permutations a= (ir, %,...,%,), and 
P= (lr Je» +- Jn) 


In order to simplify our notations, let it be assumed that Bs te (HM, B 
m) and j, = s (s = 1, 2, +”). Leti, j, u and v be natural numbers such that 
l<i<M,I <j <N, m+1ı <u<gMandn+l<eove N respectively. Thereafter a 
sample y;; will be denoted by æ% while the other y’s by 2, ai) and at) 
respectively and their respective means by ; 


n = ; 

zD = = ey, saa (4.01) 
= 

mC ) ka A 

tm =" 5 a, ws (4.02) 


N 
Even =(N—n)* E al, 


2 was (4.08) 
gza) = N-1 (x) 4 
& N PA Trj kis (4.04) 
a, =N Sam) — (MN) $ ay 

pm mi pai jal Tri ? (4.05) 


Ae, Vii 5 Üe = Guy, ... (4.06) 


and similarly for other means BO) x = 
y such as Tins ? TP ngs EP my z9, and 80 on. 
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Now our objects of statistical inferences concerning finite populations will 
be concerned with all or some of the sums of squares 


M N 

Sr (M, N) = = = Wij— Yan) ... (4.07) 
M A 

Sp (M,N) =N 2 (Win — Yun)? --- (4.08) 
E = yi 

So (M, N) = M PACATA ses (£09) 
ji 

MW ik A 
SAM, N) = = = Gs—tix—Fa Yana) w+ (4.10) 


while our estimators will be all or some of the following sums of squares which can be 
calculated from our sample 


m n 
SPm mn) == > (ah — TER) we (4.11) 
m 
SY (m,n) = E ERT a (412) 
n ni =(v) \2 
SPm, n) = m E ERT s- (4.13) 
m n = = 4 
SGp(m,n) = SY (ah —E Tin? s (418) 
a i 


respectively. 


The relation between Sp(M, N) and S$(m, n) is quite simple. Indeed the 
division of the totality of MKN elements into the four parts which consist of 
mxn, mx(N—n), (M—m)xn and (M—m)x(N—n) elements respectively, will lead 
to the following analysis of variance: 


SAM, N) = Sm, mn) Sim, N—n)+ 
+59 (M—m, n)+SQ(M—m, N—n)+ 


+89)(m, n; M, N), we. (4.15) 
where 
Spon, N-n) => E (RER) z (4.16) 
T=} v=n+1 
S(M—m,n) = E E ERER) s (417) 


u=m+1 s=1 
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SY(M—m, N—n) = sf : A Ee a R a (4.18) 
SPm, n; M, N) = Sm, n) + SGAM —m, n)+ 
+8G(m, N—n)+89(M—m, N—n) we (4.19) 
‘in which SP(m, n) = mn(#%)—a),.)2 (4.20) 
Sim, N—n) = mN n) EP y-n E) < (4.21) 
SPM —m, n) = (M—m)n(29P m n59)? (4.22) 
SPM—m, N—n) = (M—m)(N—ny(zp_ my-n— 26). wee (4.23) 


As to the relation between $ w(M, N) and Spln, 2), a similar decomposition 
may be applied to the quantities AP = paa- -+ 2%). which yield us 
SM, N) = Sm, n) +SW(m, N—n)-+ 
Mm, m)-- SG(M—m, N—n)+ 
Th (M; n, NDA SO), (M—m; n, N—n)+ 
KS (n; m, M—m)+S8%, (N—n;m, M—m), ve (4.24) 
where 


2 
Sith On; n, N—n) = NS (a Pn Ta BR -n Haw- ) 


Tyn mu CrN -n (4.25) 
r=1 

5 ni ma = we = 2 g 

Sie (M—m; n, N—n) = ( 9 > ay a m,m Win N are H m, N al (4.26) 
u=m+1 

(7) =m —m 2 a) us 
Se ro (n; m, Mm) = a) = [c BE) — a -m, a zy) myn tee! (4.27) 
s=1 i a ie 
(Mm) 5; l 
‘ASC fy, oms a — MIM —m en 2 
SwolN—n; m, M—m) = a a ` Taam Th- ag kme FESP- wn) a (4.28) 
v=n+1 ak f, 


Regarding S (M, N ) and p (m, n) 


so-that we cannot separate out se 
In (M, N). 


their relation becomes more complicated 


(m,n) as 


an independent component from 
Indeed we can write merely 


SAM, N) = se Ym; n, N—n)+89(M—m; n, N—n) 


d 
+80: n, N—n)+ SON 


M—m;n, Nn) (4.29) 
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where 
(7) =) (N—n)(a%2 


m 
. nla 7 — 5) 2 
SI Um; n, N—n) = N na, Tmn) | T, N-n Tiwa) 
arg N : 


(4.30) 


T=1 


a u 
SE M—m; n, N—n) =N >, [sn + (Nn) (a y-n TS -m, xay 


7 
uam41 N 


(4.31) 


z) 30) T— n(x), — ANE 
SO (mn, N-n) = Najan ziw + (Nn) En N-a Tiry ) san (4.32) 


L 


S(M—m ; n, N—n) = N(M—1 (ESP m,n — SAN) 4 NN) EmN -aT 

B ( sn, ) (M—m) 1 (4.33) 
N N 

and similarly for Sg (M,N ). 


Mr Here let it be observed that (1) in each of the right-hand sides of (4.15), (4.24) 
and (4.29) all the summands are mutually independent among themselves and that 
(2) each summand is distributed according to the non-central chi-square distribution 
with its respective non-centrality parameter, where the degrees of freedom are equi- 
valent to those valid in the case of null-hypothesis, while the non-centrality parameters 
are those corresponding to the finite population formulation and depending upon 
our permutation. For example the characteristic function of S@(m, n) is given by 


mn—1 (Y) (4 2 2627; 
orga oe ex LP (m, n)? 20%t . (434 
ai E mela ‘} a 
where 
m n 
tna = +>. > CE We”. 
= 5 202 A Tel 


The definitions of &), & are similar to those of 20), TM derived from Wis) 
Indeed these are defined by operating our permutation on the set iji. As to the in- 
ferences to Sp (M,N) by means of S,(m,n) and those to Sa MN) by means of 
S,y(m,n) there are many common features among them and an ordinary analysis of 
variance. Our inferences concerning these two cases will depend upon the ratios of 
two independent non-central chi-squares. Let Sı and S, be two independent non- 
central chi-squares with the degrees of freedom fi and f and with the non-centrality 


parameters A, and A, respectively. 
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Then the probability density function of the distribution of S,/Sq will be given 
by 


k(z; fisAri fore) 
DAKAR o o a= tra) E 


aane he E a E 


We shall here observe immediately 


(4.36) 


Theorem 4.3: The characteristic function of the statistic SAM, N)|Sp (m, n)—1 
and that of SM, N)/S,(m,n)—1 are given by 


Na adi 


on SHE, OF [er] a a) -1 )}]; we (4.37) 


E [ exp {ir (Set) —l1 Y 


Sym, n) 
ma TL ke agan a), se Qabe) 
where 
E [ exp {ir (Sz ae D —l1 y 


= fe (zs MN —1, WPM, N)?— pm, n) 


=> 


?; mn—1, on, n)?)de ... (439) 


E [ exp {ir ( se oe 1 i 


= fe te; (ME—1)(V—1); uM, Nom, n); 


? 
=o 


(m—I}(n—1), apem, n)?) dz (4.40) 


19 


SOME CONTRIBUTIONS TO THE DESIGN OF SAMPLE SURVEYS 


with 
M N i 

uM, N} = (20915 y (E5—Exex)® ... (4.41) 
i=1 j=1 
m 

nim, n}? = (202) >, ka (ED), a (4.42) 
r=1 $l 
M N A 

AG (ML, NYP = 202) S >, Cy Éin- Ët Eun) a (4.43) 
i j=l 

uP (m, n)? = (202) = > (EO — EO) 20) 1 £0) 2, we (444) 
r=1 8=1 


To proceed to Sp(M; N) we have to prepare the following 


Lemma 4.7: Let {x}, {y} (i = 1, 2, ..., k) be a set of 2k mutually independent 
stochastic variables where each x; and y; are distributed in N(a;, o?) and in N(b;, 07) 
respectively. Let p and q be non-negative real numbers such that p* 2t¢g2 = 1, 


Let us now define 


S,= 5 (E), ve (4:45) 

i=1 4 

s= 5 (Wd, (4.46) 
i=1 

S= (a2) +49): (447) 
i=l 


Then the characteristic function of the joint distribution of S,, Sa, and Ss ts given by 


z [| exp ESHS tS] = em exp {— x Y a (4.48) 
ee A, = {1—20°i(t, 4p} — 20i Hg} Hpg ots, (4.49) 
a | IAH pt) —?2o°ipgts —(aq;—ã) 
E= aD, — 207i pgts 1—20%i(ty+¢%ts) —(0j;—8) we (4.50) 
k —(a;—4) —(b;—6) (a,—a@)2-+-(b; BF 


where @ and 6 are the arithmetic means of {a;} and t respectively. 
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The proof can be obtained by a direct calculation of the char 
tion. This lemma and the following corollary seem to us 
successive designs of experiments. 


acteristic func- 
to be very important in 


Corollary 4.1: The characteristic function of the joint distribution function 
of S, and S, is given by 


Flerpli(S,h Sat) 


k 
k= 20°ig gl, + 207it, £ (pèn; --gèb,)? | 
Wit. — ga gag KE j=1 wa 
(1—202it, —202it, — 402924, 45) exp 130%, itih AP T | 
(4.51) 
k 
where oa = (20?) 5 (a;—a)?, (4.52) 
j=1 


ôa; = (24c)-(a;—4), 


6b; = (247)-1(b, 6), vee (4.54) 

The essential point to note here is thi 
the exact sampling theory for finite pop 
somewhat coherent statistics as in (4.51) 


at there are some characteristic features of 
ulations which make it necessary to use 


5. SUMMARY 


We have established a certain set of exact sampling distributions under certain 


© correct picture of real situations, 
cal considerations which in combina- 
ions will yield us some useful results 
the average taken over 


er what conditions ordin 


Specially, 

permutations will make it clear how and und 
F-distributions may be justified. It is also 
is to appeal to subsample and two-sample fo 
assumptions of normality are r 


all possible 
ary uses of ¢- and 
to be noted that our fundamental idea 


rmulations, and that, on the contrary, 
ather artificial, | 


ee “a 
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PART V. OPERATIONAL FORMULATION OF PROBLEMS OF STATISTICAL 
INFERENCES IN SAMPLE SURVEYS 


1. INTRODUCTORY 


Different types of errors occur in the case of large-scale sample surveys. 
Deming (1944, 1950) gave a detailed listing and description of the different types of 
errors which should be taken into consideration both in designing and analysing 
sample surveys. Recently Hansen, Hurwitz, Marks, and Mauldin (1951) discussed res- 
ponse errors which are important factors influencing accuracies of surveys. 
In this Part V, we shall consider the main sources of error in large-scale sample surveys. 
For this purpose the classification of different types of error into three types made 


by Mahalanobis (1944, 1946) is specially suited at least for general considerations. 


Mahalanobis (1944) mentions the following three types of error: (1) sampling fluctua- 
tion, (2) observational error and (3) gross inaccuracies, where (1) and (2) may be pre- 


_ sumed to follow probabilistic schemes exactly or at least approximately and hence 


to be amenable to statistical treatment which, however, does not apply to errors of 
type (3). 

“...In actual practice, however, it is difficult to separate these latter two 
groups, and it is necessary to pool together the second and the third types under one 
common head which may be called recording mistakes arising from the human factor” 
(Mahalanobis, 1944). He also “revealed the great importance of controlling and 
eliminating as far as possible the mistakes which occurred at the stage of the field 
survey” (Mahalanobis, 1944, p.409). “One way of doing this would be to organise the 
sample survey in the form of two or more interpenetrating subsamples” (Mahalanobis, 
1944, p. 381). In fact, in spite of many controversies over the usefulness of inter- 
penetrating samples, their diagnostic power can only be duly recognised after one has 
taken into consideration all the three types of errors and not merely (1) and (2). If 
we consider—and we must consider—situations in which errors of all these three types 
should be duly treated, our usual formulation will be found to be too narrow and our 
usual theories of statistical inference will not be sufficient to cover all the problems. 
How to consider this type of error will be discussed in § 2, whereas § 3 will be devoted 


to the problem of statistical inference and controls for guarding against this type of 
error. 


2. STATE, OPERATOR AND SCHEME 


We now considerfa case where the third type of errors viz., gross inaccuracies 
should be taken into consideration in order that we should be able to give a more 
realistic formulation of the problem of sampling design. If we confine ourselves to 
the first type of error, viz. sampling fluctuations, then each element of our population 


has a definite value which may be a scalar but may sometimes be vectorial. If we 


consider both the first and the second types of error, then to each element’ of our 
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population there should correspond a stochastic variable. so far as the second type of 
error may be amenable to probabilistic approach. 


The third type of error, on the other hand, is actually a very broad type which 
includes all errors belonging to neither of these two, and naturally involves various 
kinds of errors; inaccuracies and falsehood in statements and recording, tricks and 
so on. Thus the sound approach to make a step forward is not to give a too broad 
(and obscure) formulation aiming to cover all types of errors that could be imagined, 
but rather to choose, corresponding to each stage of theoretical and practical develop- 
ment, some restricted domain we should take and we could take into considera- 
tion to make an adequate and effective improvement of our designs and analysis. 


For this purpose, we propose to introduce here the notions of state, operator 
and scheme. 


In almost all sampling surveys, we shall be able to introduce the notions of 
respondents, investigators and scheme of surveys. To each respondent there corres- 
ponds an objective existence which we call a state and which can be recognised to be 
an existence independent of our surveys. Responses obtained (if possible) from a 
respondent through some procedure by investigators may result in vector values, be- 
cause they will give information on each question item of the schedule, giving answers 
of the nature of either attributes or variables. There will, however, occur problems 
of non-response and also of possible interference between investigators and respondents. 
An abstract idea of investigators which may include any other type of questionnaires 
such as mail or telephone or interview survey should be more relevantly represented 
by the notion of operators. Thus there is a state € of objective existence and to each 
state an operator « will be applied so that it may give us variables under a certain 
scheme a. The domain of « in which, under the scheme S, we may be able to observe 
some variable corresponding to a state č does not necessarily cover the whole of 
possible states. If it be defined for a certain set of state č, operation a and scheme 9, 
then we shall denote the variable by S (a, &). 


An abstract idea of S(«, č) will be so broad as to be associated with or to b 
subject to falsehood, deliberations and even strategies, for which there could nan 
any objective approach, unless we restrict ourselves to cert ones 
Some kinds of falsehood, deliberations and strategies m 
sources. It is impossible to suggest a priori a method by 
measure or to control all sorts of these errors. 
the following approaches would be particul 
of error. 


ain realms of S, æ and A 
ay have naturally various 
which we should be able to. 
Nevertheless we think some br all of 
arly useful in dealing with this third type 


(a) Restriction within a certain domain of types of error: 
deration all sorts of errors at the same time, our attitude 
sive. At the first stage we m 


In taking into consi- 


should be graduall ) 

5 y progres- 
ay consider the types of error for which the aloin 
procedures (b)—(d) are comparatively easier than others. j 
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(b) Application of randomisation: The principal object of randomisation 
is to introduce a probabilistic scheme so that valid statistical inferences can be made. 
One cannot help appealing to this principle in order to establish any useful results 
applicable to some class of errors belonging to the third type. Indeed the scheme 
which Hansen, Hurwitz, Marks and Maulden (1951) used in discussing response errors 
and the scheme which Sukhatme and Seth (1952) used in studying non- 


in surveys 
e this as a common feature that each of them appeals 


sampling errors in surveys hay 
to the principle of randomisation (although the models are different). 

(c) Application of the principle of ‘transformation’: In actual cases it fre- 
quently occurs that we are really concerned not with the variables A(x. ) themselves 
but some differences among these. In these cases we may be able to eliminate certain 
unmanagable factors, thanks to the operations of differences. For instance, suppose 


we are concerned with the states at two different times. say, Ala, ,) and Ala; Es). 
In spite of the fact that for some set of A, a and č, A(x, &,) and Ala, &,) cannot be 


obtained, it may be possible in such cases to obtain the variables Ala, &,—%,) defined 


for every set of A, a and č. 

This principle belongs to the realm of logic and may be regarded as a proto- 
type of analysis of variance, but it also has an intimate relation with the following 
principle «. Generally speaking there may sometimes be another function ¢ such 
that Ala, Plr, , Éta)) can be defined throughout the whole domain or at least in a broader 
domain. Moreover there are possibilities of making use of a couple or a team of opera- 
tors by which A((«. P).6) may be defined throughout a broader domain. The combi- 
nation (a, 2) means the co-operation of two types of investigators a and p where 4 
is a proper investigator who wants to obtain necessary data from respondents while 
ß is an auxiliary person who is not well-trained as an investigator but who has inti- 
mate knowledge of the respondents and will serve to make respondents confident 
enough to answer correctly to a. Similarly the questionnaire may sometimes contain 
some set B of questions which has a similar effect on the respondents as this auxiliary 
person A.” This can be expressed by the symbol (A, B) (æ. č). Instead of starting 
direct questionning about domestic economies of households, it is often more effective 
to speak about general topics which lead them naturally to answer the desired 
questions, 

Both before and in course of the sequence of surveys, there sometimes arises 
the need of some enlightenment and ‘education’ for respondents by which we can expect 
to enlarge the domain of a for which Ala, &) are defined. This domain should be 
actually denoted by A(«, LE) where L stands for enlightenment to the respondents. 
These principles or procedures seem to belong to some sort of expert techniques, 
but it will not only be possible but also necessary to give theoretical considerations 
and also to analyse real data. By suitable formulation the efficiencies of such trans- 
formations and the costs for executing them should be discussed in a manner similar 
to the discussion in parts I-III of costs of surveys and variances of estimates where 
the latter was concerned with the first type of error only. 
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(d) Application of operational view-points: After all our efforts of making 
use of (a), (b) and (c) there may still remain certain cases in which the domain of E 
for which A(x, ) is defined for every g and A is not coincident with the whole space 
of č. For example, let us consider a sampling survey on living costs which requires 
of each sample household to write in their diary the daily expenditures on and the 
quantities consumed of each item of food in suitable units. All households cannot 
be expected to agree with writing this sort of diary for several months. Thus. broadly 
speaking, there arises the problem of non-response so far as we adhere to such uses 
of diaries. The social and economic circumstances which cause this ty 
response have some relationship with, say, the living standard and we cannot deny 
that the biases may not be negligible, if our survey should be confined to the diary 
records. In such a situation our attitude (to be justified from operational point of 
view) should be to divide the aims of our surveys into two types; the first type will 
be concerned with the diary reports, while the second ty 
circumstances under which some households c 
study the relationship of this with their wi 


pe of non- 


pe will aim to investigate the 
annot or will not respond and also to 
ays of living. So far as it is accompanied 
by the latter surveys, the first part of the survey is useful for a certain class of opera- 
tional problems, for example, for wage agreements between the entrepreneur and the 
labour union. The estimates of living costs obtained from a sample survey of the first 
part with auxiliary data of the second part may be recognised to have operational 


value. This was the method adopted by Kitagawa and Fujita (1951) for a sampling 
survey of living costs of coal miners in 1948. 


3. OPERATIONAL FORMULATION OF STATISTICAL INFERENCE 


In dealing with the third type of errors our gener 
§ 2 should be introduced both in designing the sample survey and in the analysis of 
data. Regarding the latter it seems necessary (and adequate) to appeal to an opera- 
tional formulation of the problem of statistical inference. An operational formula- 
tion means an elaboration of our statistical decisions so as to deal with some sort of 
previous knowledge and/or problems of prognosis in a 
we have done in two previous papers (Kitag: 


al principles illustrated in 


more comprehensive way as 
awa, 1953a, 1953b), 


rrent literature and from 


ation the third type 
a lack of objective 


procedures which 
al inferences such 
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as pooling of data (i.e. estimation after preliminary testing of hypothesis) as well as 
a more general procedure of successive process of statistical inferences discussed in our 
papers (Kitagawa, 1950a, 1953b) will be found to be specially useful in such situations. 
In the next section, we shall give an example of applications in connection with 
interpenetrating samples. Detailed designs of experiments developed in agricultural 
experimentation may be also helpful in analysing some types of errors in conjunction 
with psychometric, sociometric and econometric studies on sources of such errors 
to which sampling survey and design of experiments are now being applied by various 
research workers. 

Successive procedures seem to be extremely useful in dealing with the broad 
class of errors belonging to the third type. Indeed a follow-up procedure dealing 
with the non-response problem adopted by Hansen and Hurwitz (1943) and an 
interesting method of finding sample size due to Birnbaum and Sirken (1950) when 
non-response is present, appeal to double sampling or to two sample procedure each of 
which is a special case of successive procedure. 


4. USES OF INTERPENETRATING SAMPLES 


The method of interpenetrating net-works of samples in sample surveys 
uses a type of design in which the sample units are arranged in two or more independent 
sets of samples each supplying an independent estimate of the variate under study. 
This brilliant idea is originally due to Mahalanobis (1940,1946) and has been recommen- 
ded by the United Nations Sub-commission on Statistical Sampling. Its purpose is 
“to provide statistical controls for detecting and guarding against such recording 
mistakes” (Mahalanobis, 1944) where “recording mistakes’? in his terminology 


comprise the second and the third types of error in §2. 


Indeed there have been several authors on both the practical and the 
theoretical sides who do not recognise this method as a useful statistical control. The 
present author is unable to discuss the effects of the application of the method, 
examining in detail the data available. It is, however, intended to show that some of 
the theoretical objections against the method are not quite appropriate. This is due to 
not taking the whole role of inter-penetrating samples in consideration fully. 
Thus although the calculations of the efficiency per unit cost given by Mokashi (1949) 
shows one of essential loss of efficiency due to the interpenetrating samples, his 
considerations do not seem to cover the different roles and the functions of these 
samples. There are various aspects of interpenetrating samples which sometimes lead 
us to some sort of confusion of notions. To make our views clear in distinction with 
some authors, let us quote here the description of Ghosh (1949) who discussed the func- 
tions of interpenetrating samples in some details and who was not convinced of 
the actual uses of these samples. According to Ghosh (1949) the basic roles of these 
samples are enunciated as follows. “Basically the method consists in having two 
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(or more) samples from the same population so designed that (i) each of these samples 
will furnish a valid estimate (with its confidence limits) of a common population 
characteristic; (ii) it will be possible to make statistically valid comparisons between 
the different samples and (iii) in case the samples (as observed) are not significantly 
different from one another (as is expected if the samples are enumerated correctly) 
it will be possible to construct a joint estimate (with confidence limits) of the popula- 
tion characteristic by pooling the information from all the samples”. (Ghosh, 1949, 
pp.108-109). Furthermore he points out (quite appropriately) the following: “It 
may be noted that the stronger the (positive) correlation between the samples the 
greater will be the sensitiveness (or discriminating power) of the comparison between 
the samples, mentioned under (ii) above and the lower will be the efficiency (or precision) 
of the joint estimate from all the samples, mentioned under (iii). (Ghosh 1949, 
p.109). It is thus clear that the uses of interpenetrating samples can be judged not 
only by the efficiency of the joint estimate but also by the discriminating power of the 
comparison between the samples, and also that once we enter into the latter, what 
we are really concerned with is not only the null hypothesis but also the alternative 
hypothesis, that is, the possibility of different populations must be taken into consi- 
deration. Consequently the description of Ghosh seems to us somewhat unsatis- 
factory. / 
The discriminating power of interpenetrating samples should be empha- 
sised. The calculation of efficiencies given by Mokashi seems therefore to be inade- 
quate (1949) who takes into consideration the role (iii) merely. “If comparisons 
between the different investigators by means of interpenetrating samples have been 
arranged, the comparative results must be available as quickly as possible, in order 
that effective action may be taken if discrepancies are discovered”. (F, Yates, 1949, 
p.107). Yates also indicates the following important points:‘Interpenetrating samples 
are of value if the survey or census has to be carried out by successive stages. This 


is frequently necessary when preliminary results are required quickly”. (Yates, 1949 
p. 44). — 


In summing up, our conclusion is that the true merits 
samples can only be suitably discussed from the point of view of s 
statistical inferences and controls in which we 


of interpenetrating 


uccessive process of 
i must and we shall 
elaborated inferences and also effects of statistical controls 


state briefly what we want to mean by this assertion. For the sake of simplici 
emphasising the essential points of our views, we shall assume in wale is 
an infinite normal population, although in real situations we e 

finite populations. This simplification is justified by the the } 
already shown in Part IV as a means of focussing our essential points. The a reid 
of the normality of our parent population is also a matter of minteri ie 
On the other hand, certain characteristic features of interpenetrating samples ey i 
be carefully formulated and introduced in the Assumptions, a i 


discuss some 
In what follows we shall 


follows 
are concerned with 
ory which we 
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5, EXAMPLES OF STATISTICAL INFERENCE CONNECTED WITH 
INTERPENETRATING SAMPLES 


Our Assumptions will be as follows: 


Assumption 1. Let (æ. y) be distributed in a bivariate normal distribution 


II with the density function 


(200; ag) MI pa) exp {—Q/2(1—p*)}; z (AD) 
where Q= CE op e—any—>) + WI, (5.02) 
Gi TT cÈ 


Assumption 2. Let Ör: {(% Yi) YE 1,2, ..., N} be a random sample of 


size n from the population Il. 


The total cost for observing the sample O, is equal to 


Assumption 3. 
single observation of x and y 


of (na) + cefan) where c, and C, are costs per 
respectively. 

The correlation p represents a certain degree of intraclass correlation between 
the members of a pair, X; and y;, for the same i. Tf we adopt the functional form of 
the cost of journeys due to Mokashi (1949), then fi(n) = fan) = knè, k being a certain 
constant. 

In the discussion in $4 the statistical problem connected with interpenetrat- 
ing samples have been shown to be one of estimation after testing of hypotheses, that 
is, of the so-called pooling of data. There may be various procedures which resemble 
real operations actually adopted in practical circumstances. Whatever they may be, 
the common features are to test statistical hypotheses as a first step. In our formula- 
tion we may consider, for example, three different null hypotheses 


(1°) H,:a=6, oł = 03; (2°) H, :a = b; (3°) Hy : 0% = F$, 


The testing of these null hypotheses is the first step. 
d on the results of these. If the tests do not show 


hould be the pooled ones. Tf, however, 
For instance, we 


each of which is composite. 
The second step will depen 
significant differences the final estimates S 
differences are significant there may be various procedures possible. 
may consider the following three procedures: 

i reasons for preferring the a-obser- 


Procedure A: If there are certain a prior 
adopt the set of observations 


vations to the y-observations, our procedure will be to 
(Eis Los -=s Em), the set (Yis Yos -+3 Yn) being completely ignored. 


Procedure B: There is a possibility of appealing to a successive process of 


pooling such as was discussed in Part ILI of the present paper. 


Procedure ©: This process is to draw from the population another random 
sample of a suitable size which should be regarded with more confidence than either 


of the samples; (aj, aa, ..., tu) OF (Yo Yar = Yn): 
TOR 21 
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For each of these procedures we may give a formulation according to which 
our statistical procedure will be defined. Parts I and III of the present paper may 
be of some use after certain generalisations. These generalisations will be in two 
respects, firstly concerned with the intercorrelation p. while the second one with cost 
considerations. 


Let us now confine ourselves to one special case where c} = 0) = o (unknown) 
will be assumed and where the statistical procedure will be of the type (A), This case 
will arise when there is no difference between the variances of two operators but the 
presence of some bias of the less trained one which gives us y-values is expected. 


The statistical procedure will be as follows: 


(i) Let the statistic ¢ be defined by 


vnd 
i= B ses (5.03) 
where we have put 
= n n 
d=n X di =n X (a,—y)), we (5.04) 
i i=l i=1 
P n = 
saa AR (aay. “+ (5.05) 


(ii) The estimate z of a will be defined in the following manner: 


(a) If lt] < (a), then 


all 


= 21+) (5.06) 
and (b) g=@, if otherwise, (5.07) 
07 
where 4, (a) denotes the value of ¢ with n— 
£ j n—1 d igni 
KAN re egrees of freedom for a significance 


Theorem 5.1: Let z be any assigned real number, 


4 The distribution of x is given 


PRTG = E = 
™la<3=Prig<z|t|< taala) Pr. {a <z, | 4] > taala)... (5.08) 
where we have 


Prdæ<a |t] <b, (a) = Pr, (2H <z erg tJ < ala) +. (5.09) 


22 


SOME CONTRIBUTIONS TO THE DESIGN OF SAMPLE SURVEYS 


with 
mi gen | (tu — 2a)" g l 
Pie (a <z z} = zy | | exp | Yu \ dw a» (5.091) 
and 
TY n 
L [3 ) n 
(a—b) ia 
Pr. {| t| <te} = Te Me i sp | ie aye ae (5.092) 
Ka, =| 
tz 4 (a) [(n NE 5 (2 f matt) g m 
zi Sa eA if; a (6.10) 


°” (+f 


=e XD ie =e ie % 
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Kar Is - exp {— nfa— athe p)a—a)}? 
DEAL) 2o%(1—p*) 


f č pin f nf(a—b) + —p)'e@—a)}") gp 
(a EN’ 20%(1—p?) i 


\x 


x 2 
BM NAHAN 


Here „F, is the confluent hypergeometric function given by 


Ale La) = g kania, : a (6.10) 


Proof: Let us consider the transformation of (a, y;) into (ui; v): 
w; = D(z; —Y); Vi = 2Ha +y) (5.12) 
for 4 = 1,2, aN 
Then we shall have 
q: = (20%1—p))-1((x,—a)*—2p(v,—a)(y;—b) YO) 
= (20%(1—p))-1(a,—2-Ha—b))?-(20%1-+p))-Mve—2-Mato))% a (5-13) 
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Consequently the elementary probability associated with the sample of size n i.e 


n 


1 cp Í —q; | dxdy; 
l Uen exp | qi } daly 


(5.14) 
i=1 


- will be transformed into f 


| 


mi 


= 2 f naat nè pi 50 
CIETA] itp (enop) AP | Hi—pjoz jA X 
2 ý 1 n—1 2 2 
4 ahi laa ak Jas (5.14.1) 
where we have put 
n n 
G=nIZy, =n u, ase (5.15) 
i=1 isl 
n 
= È (u,—i), (5.16) 
i=1 
and the function Gia, pP, x) denotes the gamma distribution 
Gla, p, a) = o Ga a (5.17) 


We now calculate the first and the second term of the right hand side ( 


5.08) separately, 
Regarding the first term it will suffice to note that 


2-740) = 2-H 


(5.18) 
= (n—1)ni28-2, a (5.19) 
and to make use of the non-central / distribution 
Regarding the second term, we shall first rewrite 
n —p \2 
ak kaka ana kaki) (5.20) 
=" 


pa gg ag a gg ap a gahi a a aga NG ga ag a mC eee 
ee ee 
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which gives us 


Pr {a<z ltl > taaa) (5.21) 
_ nt yf _m(%—a)? 1 n—l A ng 
-jae exp {2G ae sae T , Stas? x 

fl , 
(2n)! : 2n (a — (a=b) +0 —pE— a) ga 
me o(1—p2)! el 20:1 =p?) a I} 
where the domain of integration is defined by 
E<2 
Dy: ga (022) 
(n—1)nt?S-* > tala). . 


But the application of the non-central ¢-distribution gives us the relation (5.10) where 
we have introduced f = nU2S-*, 0? being equal to 2!u 


We can readily observe from Theorem 5.1 the following 


Theorem 5.2: 


a: 


The k-th moment of the statistic x is given by 


BE) = emt | (EP (A og] exp {— È} dg . Haa, BUAH 
+(27)-! i (a+-n-!oh)* exp las) Hak, (O-+h)1—p?))dh, ... (5.23) 


where we have put 


æ 


a: E > a get Na 
LE Lia a z (3 2(1-++f) 


d = ni(a—b)o 


while a* is defined by the central t-distribution with n—1 degrees of freedom such 
that a* is the point whose significance value is equal 2#t,,_,(a), that is to say 


tl) == 24, _4(«). oe 
25 To y. Research | 
4 


[pure Fant Ng 13 contest | 


| pat ona TT sel) 
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Corrolary 5.1: The mean and the variance of the statistic œ are given by 


z Ti. + 2 NE su (BBD) 
Eiz} me are (l—H,_,)+4H,},., ig n AH, 
° RA. —hH*_.)2— 
oz} = ate PH) +2 EH HA) 


aan 3 BUAH 
=> art (Hy a) tel, YAH. HEE, a 
w 2 iy 


n-1) 
a. salt Ha- ah 1 —H,-1) +a7H?,_,( 1 — Hi, ). ( H 28) 
where we have put for the sake af brevity 
Hna = Hu a, 6°(1—p)-) (5.29) 
4 h? (+h)? 
WH. = On) | apd- ala 1p ) Us (5.30) 
=% 


for v = 0, 1, 2. 


It remains to calculate distribution function of z and its moments numerically. 
Nevertheless the Theorem and its corollary enable us to make the following obser- 
vations: 


(1) Several authors e.g. Ghosh (1949 
tive) correlation p between a and y the gre 
power) of the comparison between the two 
quantitative terms, for it may be seen from 
tion that the parameters of non-centr 
ô = ni(b—a)o4, 


) points out that the stronger the ( 
ater the sensitivencss ( 
samples. 


posi- 
or discriminating 
Our results bear out these in 
the terms of the non-central ¢-distribu- 


ality are ô{1—p)-1 and (S+-4)?/(1—p2y, where 


(2) Further, several authors e.g. Mokashi 

at the same time that the stronger the ( positive) correlation P between x 
e joint estimate. Indeed the 

the joint estimate will be (1+-p) times that of an 
sample of size 2n. This is not accurate 
tical procedure. On the contrary, 


circumstances are not so simple as su 


(1949), Ghosh (1949) point out also 


and y the lower 
the variance of 
ased on an independent 
nitely assigned our statis- 
nder our formulation the 
bserve the real situations 
I+p)o2h, that is, the first 
Constituent term of the 


former showed that 
estimate b 
unless we have defir 


which takes the form ( 
term on the right-hand side of (5.28) 


> but it is merely one 
contributions due to p. 


(3) Unless the population means 4 and b 


are coincident wit 
mere comparison between the vari 


: h each other the 
ances 1s not adequate, because the joint estimate 
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is not an unbiassed estimate of a. It is evident that the mean bias of our esti- 


mate x is always less than that of the joint estimate without any preliminary testing 
of hypotheses. 

It is worth while to notice the meaning of the correlation p. Indeed in view - 
of general considerations on effects of biases developed in Cochran (1953, chapter 13) 
and specially his formulations on interpenetrating subsamples, the formulation due to 
Hansen, Hurwitz, Marks and Mauldin (1951) and also of our formulation developed 
in Chapter IV of the present paper, the existence and the magnitude of the correlation 
p reflect the characteristic features of both finite population and state, operator and 
scheme formulation, of which more detailed description should be required. We have 
only pointed out the main features rather in an abstract formulation. The generalised 
model of analysis of variance discussed in our paper (Kitagawa, 1953) has found its 


adequacy here. 

The correlation p derives sometimes from these generalised models. Thus 
normal regression theory in the presence of interclass correlation discussed by Halperin 
(1951) and in a different way from the point of view of successive process of statistical 
inferences in our paper (Kitagawa, 1953a) will be useful in developing the detailed 
discussion of interpenetrating samples. 

The numerical calculations involved and the detailed description of condi- 
tions under which our present formulation will give an approximative picture of real 


situations will be postponed to another occassion. 


PART VI. THE EFFECTS OF STRATIFICATION 
1, INTRODUCTORY TO THE PROBLEM OF STRATIFICATION 


The problem of constructing a system of strata is different from that of opti- 


mum allocation when a certain stratification is given. In this Part we shall consider 


arious problems arising in practice restricting ourselves, however, as a first approach, 
to non-sequential theories. Our problems will be discussed by introducing a certain 
mathematical model relating to the objectives and by comparing the effects of various 
stratifications with reference to these models. It has been a tradition of experts to rely 


largely on intuition and experience. We shall discuss some of these with the 


purpose of investigating their merits under the theoretical formulations. 


2. EFFECTIVE METHODS OF PRELIMINARY STRATIFICATIONS — 
MAHALANOBIS METHOD 

In spite of the elegant theory of optimum allocation in stratified random 

sampling, there is one serious difficulty, especially at the beginning of a sequence of 

sample surveys, which may prevent any attempt to adopt the optimum allocation 
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given in current literature. This is due to the lack of previous knowledge concerning 
the population which would be necessary for adopting any system of SEDAN GAN AN 
in particular the knowledge of the within stratum variances. In such a situation there 
isa method of stratification advocated by Mahalanobis. Broadly speaking, he suggests 
that when the number of strata is assigned a practical method of possible stratifica- 
tion is to stratify the whole population TI into a set of k strata {I} (è = 1, 2. ..., k) 
such that the stratum sums are expected to be equal at least approximately, that is, 
in the notation of Part I 


Nč = Nga =... = Nyi. (2.01) 


Since we have no accurate knowledge of the stratum sums, it is clear that we must 


make use of rough estimates or some values highly correlated with these stratum 
sums. 


One justification of the method may be derived from the elementary fact that 


4 k 
under an assigned sum of gth powers of (aj), say > xl 
i1 


= A, (1) the minimum value 


k k 
of £ a? for a certain p > q and (2) the maximum value of > «x? for a certain 
| i=1 


p < q will be attained when a, = t, =... = a, (for each fixed k). Thus we easily 


get 


Lemma 6.1. Under the general assumptions in $3 in Part II. lel us assume 
that there exists a real number r > 1 such that 


k A 
5 (4? P = const, say, M, sx: (2.02) 
j=l 


for all possible stratifications now under consideration. 


Then among all these systems of stratifi 


| cation the minimum value of the variance 
with the respective optimum allocations is g 


iven by the one which will satisfy 


Ale = Aley =... = Ae, (2.03) 
provided that a system of stratification satisfying (2.03) belongs to the class of all 
systems of stratification considered. 


The stratifications for which the optimum allocation satisfy (2.03) are those 
for which equal cost will be divided into each stratum in their optimum 
The case when pr/(1-+p) = 1/2 is specially important because + 
with linear combinations of stratum means, 
will appear another restriction to M 


allocation. 


hey are concerned 
and it may be worth noting!that there 
ahalanobis’s advocacy as to their cost function, 
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Indeed we have 
Corollary 6.1: In Lemma 6.1, let us assume in particular that r = (p+1)/2p, 
that is to say. 
k A 
saa” = Const. ve (2.04) 


jal 
Then our conclusion to Lemma 6.1 holds true, so faras0O<p<l. 


in a position where either of two courses can be taken into 


We are now 
the advocacy of Mahalanobis, that is, to 


consideration. The first course is to justify 
give some sufficient conditions in verifying the advocacy 
Theorem 6.1. The second course is to investigate in more detail a more generalised 
analysis will suggest us and of which Mahalanobis 


principle which our mathematical 
has been surely conscious as seen in Lemma 6.1, that is, the principle of equipartition 


of total cost in each stratum. As to the first course, we may enunciate 


which we shall enunciate in 


Theorem 6.1: Let k be an assigned positive integer. Let S = {S,} be a set of 
stratifications with the k strata for which the cost function (3.02) in Part II and the con- 
dition (2.02) in this Part VI will hold true with a certain power p such that 0 <p <1. 
to be a common value c which is independent of strata for 


Let the cost per unit be assumed 
... = A, holds 


any S, belonging to S. Let So be a stratification for which A,=A,= 
true. 

Then So is 4 stratification for which the variance of our estimates in its 
optimum allocation is not greater than any one of S, belonging to D. 


Furthermore specially when A; = (Na)? and when at the same time, it holds 


true that 


Gh RE Tr ... (2.05) 


for any stratification S, belonging to S, then Sp can be charactrised by (2.01). 


This theorem is of course a formal one for which some detailed discussions 


should be required, because we have no precise knowledge concerning every popula- 
and cost functions in the beginning of our surveys, but it may be 


tion parameter : 
still useful to make clear the underlying conditions in justifying Mahalanobis’ ideas. 


In our real situations we have to appeal 


Let us now turn to the second course. 
ke stratification so as to 


to a set of approximate values {A} and {ci} in order to ma 
satisfy the conditions at least approximately 
Myr (2.06) 
$ A É = 1 r nee 2 . 
AG, kana Aye, = aS Aye), = (=): 
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Consequently our actual variance to be expected under the adoption of equi- 
distribution principle should be 


LIM Si aa (are 
ne A ris" 5) (ae): a (2.07) 
p j: 


gar 7 j=l 


On the other hand when we have complete knowledge about parameters, 
we have 


1 pri 


t/t 
"= (7) En, a (2.08) 
cP? 


3. PRINCIPLE OF EQUIPARTITION OF TOTAL COST INTO EACH STRATUM 


In view of (2.06) and (2.07) we can observe 


the following assertions which may 
have some practical interest in themselves. 


3.1. The optimum determination of the number of strata: 
case when all ¢; are coincident with a common value cg(k) and hence all A; with a 
common value A,(k). Under our assumption of having applied the principle of 
equipartition of total cost into each stratum we have 


Let us consider the 


kA et" =M (3.01) 
Let us also put 
pr 
kAgky’ = 7, (3.02) 
and assuming that T is independent upon of k, we shall have 
ptl 
igs ie {cg(kyh y ii (3.03) 


The assumption th 


at T is independent of k% 
of Theorem 6.1, 


holds true under the conditions 


Now the problem how t 


he number i: of strata ma i i 
y be determined 
be reduced to minimizing aay 


(3.05) 
where k runs through the domain k > 1, 
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The investigation of cost functions will be done in various sampling surveys, 
and here k may be considered roughly inversely proportional to the area. Thus as 


a first approximation we may put here 
cak) = a+ b 
a(t) = ate „e (3.06) 


where a, b and g are positive constants independent of k. The value of k which mini- 


mizes (3.06) and hence V, is now given by 


[+ 


a { 2 Ga =i )} (3.07) 


provided that q > (r—1)(1-+p)r and ko gives us an answer so far as ky 1. 


3.2. The loss of efficiency by making use of approximate values {A’,} and {¢';} 


ae 


in designing sample surveys on the principle of equipartition: This can be defined by 


1+9 
rat ee 
dane; Ae) YP = : 
i k a P? k aa 
xe) A 
= j= Dp 
A; 
lip 
k D 
ga Ts ... (3.08) 
y ae D S A 
AP Fee 
ja 5 jel 4,271 


In the case of Mahalanobis principle, we shall have 


eA’, c'; A,c) 


147 
k? b 
= sae a» (8:09) 
2 p d „pF 
ow GC; 
aS aA al oe 
( oP ) (> E ) 
ja iL |. ptt 


and under the assumption that (2.04) should be assumed not only for the population 
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a A ne ri J ME E 
parameter {o} and {č} but also for their respective approximate values {aj} and 
(8), we may write more briefly 


l+p 


„P 
e(A’,c’; A,c) = k 3 sie (BLO) 


(De ey? "(See = 


4, CONSTRUCTION OF POPULATIONS WITH NEARLY CONSTANT COEFFICIENTS 
OF VARIATION IN DIFFERENT STRATA 


Our purpose in this section is to give examples of populations possessing 
the properties stated in the title. 


Let us assume that our whole population consists of an aggregate of some 
elementary clusters and that any stratum which may be our real concern is also an 
aggregate of these elementary clusters. Our fundamental idea is to set up elementary 
clusters whose distributions are all of the Gibrat type, that is, log-normal distri- 
butions such as 


gyl) = (277)-(ou) exp {—(20?)-(log t— Éy) we (4.01) 


where g? is a value common to all elementary clusters. 


Let the size of this cluster Il; be denoted by N; and let us define a system 
of stratification where each stratum T, is an aggregate of (II (j = 1, 2, ..., M ) and 
by which our total population is now stratified into a sum of {I} ( | 


D L, 2, on, b). 
Since the mean and the variance of distribution of (4.01) are equal A i 
BK) = eüt (4.02) 
VAG) =tedkiikat (e031), (4.03) 
the following may be readily observed: 
(1) The mean of the i-th stratum is 
Mi o? Mi 
BUK) = >, Py MA = e” > pyeti, 
< = (4.04) 
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(2) The variance within the i-th stratum is 
Mi Mi . 
VX) =>) BAE D | Pi VE 
ja ja 


Mi 


Mi 
=e" fes? > peta Pye) wee (4.05) 
j= j= 


(3) The square of the coefficient of variation within the i-th stratum 


M 


' o Y p, tü 
Vie A Dy E 
Bar w 2 = a (4,06) 
I (2 py efi)? 
jal 
where we have put for a moment 
Pj = Ni(NatNiet---+Nia)* aaa (4.07) 


for j=1,2,..., Mi P= le Dicey Be 
Now concerning the ratios (4.06) we have the following assertions 


(a) We have always 


Vix} max {ei} 
2 D 2 1<j<Mi 
e —1< mrt <e” KiMi a m.. (4.08) 
: (3 pyé”) 
j=l 


(b) In particular when &; can be expressed as čj = j1;+vj, the coefficients 
of variations are independent of p; and merely dependent upon vj and p; such as 


Ms 6 
e & pye ? 
HX — fo =A. (4.09) 
ary. i 
E NG) £ Pyje 7) 


are sufficient to observe under what conditions our 


stratifications will statisfy at least approximately the condition imposed in 1 of is 
Part VI. It may be interesting to consider a fine structure of our population by which 
tion each of which will approximately satisfy the 


These assertions (a) and (b) 


a set of h systems of stratifica 
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conditions of constant coefficients of variations will be suggested. Our fine structure 
may be defined by a decomposition of our whole population II into the strata 


kh 


— š 
ll = y S K > Mirisi as (4,10) 


AA that 


where the sizes of Ij,i....,i, will be denoted by Ni,i, ... ,;, and they are assumed to be 
ane à 5 tt : 
distributed in Gibrat distributions with the parameters Bids ai and common g?. Our 


fine structure is now assumed to be as follows: 


Eisin. in = Pii Heig H Hih vw W 
for all combinations of i, tg, ..., d, and i,. 


Indeed this is nothing but a h-way classific 


ation which will suggest h systems 
of stratifications each of which will satisfy at le 


ast nearly our conditions. 


Now we shall proceed to a multi-dimensional Gibrat distribution bee 


ause we 
in actual practice consider other quantities which are h 


ighly correlated with 
our variable and which may be also recognised to be distributed in Gibrat distribu- 
tions. Indeed in applying the principle of equipartitions and that of Mahalanobis, 
our reference will be concerned with some other variables highly correl 
with the stratum totals of each possible stratification which c 
previous survey. For the sake of simplicity, 
formulations. 


ated, for example, 
an be derived from a 
let us consider here two-dimensional 


Let us now consider a two-dimensional Cibrat distribution according to which 
two variables (X;;, Yi) of each elementary cluster IL; 


is distributed, namely, the dis- 
tribution such that log X;; and log Y,; are distributed in 


bution with their means Éj and dija their variances oF 
coefficient p, where we shall assume oi, 


a bivariate normal distri- 


and of and their correlation 
oz, and p 


are common to all elementary 
clusters. Then the covariance between X; and Y; is given by 
5 j+ +0y5+ ga 
o(Xy, Yi) =o, =e" 2 TG (ih, (4.12) 


Now what we are to discuss is t 
coefficient p(X;., Yi.) between X;. and 
observed that after an amalgation of the 
tion coefficient p; resembles closely that 
is equal to 


he effect of mixturing upon the correlation 
Yi. defined for the stratum TI. 


se elementary clusters ULA 
of the elementary cluster, 


It may be 
into {I;} correla- 
because the latter 


i hja 1 AH 
A u) CEET . (4.13) 
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while as to the latter we have 


Parag (E, 1) 5 


eel a 


ao}. 4 


ans qy č: SF Aa: ny} 


1— q&a Dy: NT 
e os ij AU Ay we (4.14 
[aa Gil py [ae ty: Hy Gi 
ty: &) qy: 0) 
where we have put 
M; 


gg) = = pes eni, wee (4.15) 


y Mi os 
gl: 1) => pj” 
j=1 


(4.16) 


and similarly for other notations. Similar assertions to those given in (a) and (b) 


hold true for p(X; Yi) and analysis of variance scheme associated with a fine structnre 


will reveal how this value may depend upon @’s and W's. 
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OUADRATIC FORMS IN NORMALLY DISTRIBUTED 
RANDOM VARIABLES 


By JOHN GURLAND 
Iowa State College 


1. SUMMARY 


-By applying the inversion formula for characteristic functions convergent 
series are developed for the distribution of a quadratic form and a ratio of quadratic 
forms respectively. Bounds are obtained for the errors which result in approximating 
to the respective distributions by partial sums of the series. Similar methods are 
applied to the moment-generating function to obtain a convergent series for the ex- 
pectation of a ratio of quadratic forms and to obtain a bound on the remainder term. 


2. INTRODUCTION 


Tn two previous papers (Gurland,1953,1955) the author has obtained, inter alia, | 
convergent Laguerrian expansions for the distribution function of a quadratic form 
in normally distributed random variables. In neither of these papers is the magnitude 
of the error term considered which results in taking a partial sum of the series as an 
ribution function. In the present article the methods em- 

are pursued further to investigate the remainder terms 
ne distribution of a quadratic form and to the distri- 
It will become apparent that if the characteristic 
close in a certain sense a bound 


approximation to the disti 
ployed in Gurland (1955) 
involved in approximating to tl 
bution of a ratio of such forms. 
roots corresponding to these forms are sufficiently 
can be obtained for the remainder term in each case. 

and Robbins (1949) the notion of a mixture of distri- 


butions is utilized to obtain convergent expansions for the distribution of a positive- 
definite quadratic form and certain ratios of such forms respectively. The present 
article differs from this in the method of approach and consequently in the resulting 
expansions and in the bounds obtained. As in Gurland (1955), the methods employed 
here utilize and modify a device of Bhattacharya (1945) who considered a special eas 
of the distribution of a quadratic form. Further material developed below pertains 
to the expectation of a ratio of quadratic forms. 
c form in normally distributed random 
assuming that Ny, Xe, +++» Xn 
and variance one and that 


In a paper by Pitman 


As far as the distribution of a quadrati 
o loss of generality in 


variables is concerned there is n 
buted with mean zero 


are independently and normally distri 


In the following section an equivalent but perhaps 


n a 
the quadratic form is © A,;Xi- 
1 
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more convenient form of the series obtained in Gurland (1955) is developed. This 
series will converge whatever be the values of A; > 0; however a uniform bound for the 
remainder term is obtained under a suitable restriction on the ,’s. 


3. DISTRIBUTION OF A POSITIVE-DEFINITE QUADRATIC FORM 


n 2. A 
The characteristic function of £ A,X; is given by 
1 


p(t) = I (1-- 2i). 
j=1 


(1) 
If we take an arbitrary number A satisfying 
A> }max, A; (2) 
the characteristic function may be written | 
| 
46 n n 3 
ot) = (1—2iaty = | | (1 Zat ) 
) IK 1—2iAt (3) 
I — TEE 
where a; = A;—A (4) 
and it may be expanded as 
ao 
d(t) = y a,{—2it)* (1—2ja4y7 E E 
Ht) = >| adit (12i E *, car OO) 
EZO 
Here a, is the coefficient of + in 
n kani 
JI >, dpr 
j=1 i=1 
and = (— N (2% 
Wela (7). 
On applying the inversion formula (cf. Gurland, 1948) 
1 1 thet 
Fla = f Ye 
=~ ga zA (6) 
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and integrating term-by-term it follows* that the distribution function F(x) of 


b A,X} is given by 
1 


x n v = 
F(x) = => ; [e erak) a AN (7) 
arg TA 
where L‘(x) is the Laguerre polynomial defined by 
(Sy een =m! etx L(x). wa (8) 
Tı 


An equivalent expansion which involves only the x? distribution explicitly 


is obtainable as follows: 
1 § El —2it ya Diy tng 
I—2iàt t 


= R xen t ) a—2ian E -O 


1 au eee pr 
But 5- = | Gas É E u = Ge) 


the distribution function of x? with f degrees of freedom, that is, 


1 -u 
G(x) = = | g7 du 
27 r(4) 
Consequently 5 
œ% k 
F(x) = at Dy #2, (3) Cuala) A < (10) 


Tn the notation for the binomial coefficient it is understood here that 


(F)=1 k= 0,1,2,+..- 
0 


r in approximating to the distribution function F(x) 
The partial sums considered will 
en by 


A bound for the erro ee, 
ia £ (7) or (10) will now be developec. 
Leper. cia Thus the remainder term R,(x) is giv 


at: s; 
correspond to k = p m these serie: 


(—2it)! (a — 2i)? — idi, „ 1) 
Ly = E h 
R,(x) = E(x)— gt 27i 53 T J 


*A detailed proof of (7) is given in Gurland (1,955). 
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| —2ite; P 
Let P= Mas, | d «. wwe (02) 
j | 1—2tAt ( 


Then from (3) it is clear that 
[GO] <]1—2Biae| ar. u 3) 


Now the Maclaurin series for (1—r) * yields 


-2 ri 1 r?+1 
prs Dipti (14) 
a jelgi) orne phi) TON 
where 9 is some number satisfying 0 < 0 < 1. Hence 
|z| < ne a (15) 
m(p+-1)B(% ; p+l) 0 : (ri? 
Now i Oe t>0 
ae. E ao, G0 
where æ = max. | æ |. 
ms KA we MANY 
On applying the transformation (16) to the integral in (15) we obtain 
a rji AN 
~- 1 2 
WW na Pala) [< DR? | CE du a (18) 
a” 7 es ate 
(p+1)B(5, p+1) o gr 
where i= &. 
A (9) 


Finally, an application of the mean-value theorem of the integral calculus enabl 
us to write Se 


gk D) 


| mok 
apta B (+1. 3) 


By means of the duplication formula for Gamma functions 
22-1 ; 1 
La Lal fs + a. (2) 
Tt) 7 
it can be shown that 
PENA 24/ uae 
p | at Ti ) wees (22) 
ales) LEF TEH 
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Consequently 


ss ik 
R(x) | = aoe JE 3 say. ... (23) 


NI | = (p+l)Va Pa aie p+2 Fpa [Art A» 
wae DS AN =] 


2p+2 À 
Ld z saj a pen, pron ay (24) 


Since 


as is evident from Stirling’s formula, it follows that 


lim A 


= 0) | | | A 
we co aye 8) 
; ô 
provided < be (26) 
This implies that A must satisfy 

Q 
= max. Aj<AN <2 min. Àj. vw (2%) 

> J i 


Hence a suitable value of A can be found if the A,’s are close enough to satisfy ~ 


min Aj >S max. Àj- ae (28) 
J J RA 
It should be noted, however, that 
(29) 


lim Ra) = 9 
pon 


for every ca satisfying (2), and that the additional restriction (27) is required to ensure 


that the uniform bound A, approaches zero. 
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4, DISTRIBUTION OF AN INDEFINITE QUADRATIC FORM 


Suppose the quadratic form is 


ny 


Axi — A,X; < KA 
pa > 


where n = Nn, 


and A; > 0, i= 15:95 eins is 
Define a; and A as in § 3 and write the characteristic function as 


na 


satiate patah ME ao 
HO = (1—2 È (14 jit- - | II (1+ 5 2a ie W 
is J=n +1 


This may be expanded as a product of n power series to yield 


$i) =>) , (Ia aia T apain E i (82) 


where aj and b, are expressible as in § 3. 


The inversion formula may bea 
teristic function and a convergent series 
of (30). 
that 


pplied to this expanded form of the char: 
* obt 


ac- 
An equivalent but possibly simple: 


ained for the distribution function F(x) 
r expansion can be obtained by noting 


~ mi ri $ fa] b Tal boss Fa painy 


emita dt 


=~ sae > > om (fa) (1 2iag a? (paian Ems 


ededi n.. (33) 
and 


ieu ITA 2 T © (1+42iAt) Ts 
2 2i t 


eiti dt =H 


*This series is developed i in Gurland (1955). 
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In Gurland (1955) 


it is shown, under the assumption that fa is even, 


f 
= soa hh f di 8 
Kt ($+) Dasa) By? dv, x>0 
n=0 ò 
Hp. ja (2) = i = G) 
ri i f A z v Jiet o ? ra 
A 2 fe Zv? dwf e yo? dy , <0 
h=0 h -0 -v 
T K 1 { es a F : dw (36) 
where a —w w 
A) 
2° 213 
fitfe 
K eal 
and ga WIRE | (80) 
The repeated integral which appears above, for the case «<0, can be simplified, under 
the additional assumption that f is even, as follows 
a z f sa 
ri f Sa, -2 44-4 ates KEL 
| ook aa [er 2 dy = | e 2v? dv fe ANG 27 de 
-%0 v cu 0 
nb ih h+ fe l f Z adr = -1- t (38) 
Tian La = om 
KN Deeg hi 
T 3 => 
j= 
and this can be evaluated from tables of the Incomplete Gamma Function. 
Tf the inversion formula is 


applied to (32) and the result in (33) is utilized, 
the following expansion for the distribution function F(x) of the indefinite quadratic 
form obtains: 


F(x) = lim Sa) 
pron 


(39) 
where S2) = 3 3 oh Sb am ME. (40) 
k=0 j=0 r=0 s=0 
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The remainder term of the series will now be considered. Let 


Blt) = Pa) Se) = Kh 

2 —2it 
ee ee defiis = ora 
and r= l eee K Ii] 

by ja Cm a 

Tin -- IP@)| <| 1—2iàt! è hiat È TF - (42) 
and 
1 f 1—2 5 1 i 

Ræ) < aE om o A + — 4 b+ 

wiih morn) tar B("2, p+) B(% pa) 

p2P+2 


dt 
moso (i, ppi): a. psi) | = a 
as is evident from ( 15). 


On applying the result of (23) we may write i 


Raka) | z KE na 20241, /7 [ei 3) Jaka a 


D Najan A 


5 aig ts p+ ) 


mpiya) tema B ("2 | p41) a(" p+) ; vs (44) 


Similar remarks, of course, are relevant here concerning the closeness of the A,’s 
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5, DISTRIBUTION OF A RATIO OF QUADRATIC FORMS 


Consider the ratio = where Qand P arearbitrary sy mmetric nx nmatrices 
but P is positive definite. There is no loss of generality in assuming that the random 
X, are normal and independent, each with mean zero and 


variables X}; Xo ---: 
acteristic function of the numerator and denominator 


variance one. The joint char 


is given by 


dh.) = pelt XOX +4 PX) = |I—2it,Q—2it,P [E I (45) 


n matrix. From the theory of inversion formulae 


where J denotes the unit 2X 
function F(x) of the ratio becomes 


(Gurland 1948) the distribution 


a 5- af |G Bit (46) 


ymmetric its characteristic roots are real; consequently we 


Since Q—a’P is 83 


may write 


ni n 


weak) | = || ee |] atap "Kan 
j=l j=m+1 

where > 0; j=l Bie. oi ny, Mths ves M 

and n = mthe 


vident that the reasoning which leads to a convergent series 


From (46) and (47) it is € 
As before, take 


for F(a) closely resembles that of § 4 


i> max. A; 


21<j<" 
and let 4, = AAs 
then 
ny bs x am B 
jja- = S a(i iy * 
jal j k=0 
„.. (48) 


n 


TI « (12a)? DI JG) 2 


jamtl 
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i 4 ritten as 
and the distribution function F(x) of the ratio may be wri 


ng j (2i +t dt. (ao) 
Ba) -y lim X D (abi $ i ni n t 


! aoe ee 
2m pox a Tah (1—2iat)2 "(1+ 2408) 2 


The integral occurring in the generic term may be simplified by noting that 
= 


1 —2it K 2it e ang J 
2i § (3m 1+2iàt i 
ny Ny í 
j z 4 DH ah gi eee 
A c(1L—2iat) 2 (1+- 2:8) m 
— -yg i ... (50) 
=~ sara 2, 2 ) Og i 
afi fe 
and 1 1 fhe 2 (14 2iAt) 7 2 dt 
Q mi n 
i. * 
u 
= A See ee 
Bld | ESA 
a(h, 2) ° (+u) 2 


fi 


fe 
(1—0) 27? y2-1 = 1—Ty AB). = (51) 


ll 
poe 
bose 
wj 
es 

aaa 


say, where Jy,, f, (x) is the Incomplete Beta function evaluated at 8; 


Consequently 
the following expansion for the distribution function F(x) of the ratio obtains 
1 Pop b 3 ki Wii 
BY xs 5 a0, ae 4 
Wegt E 2 i 2, N a a kananga D xo 


By applying the same reasoning as in § 4, the remai 
the same inequality (44). This bound, however, is 
sinee ô, depends on the value æ here. 


nder Ra) 


is seen to satisfy 
not uniform fo 


r the present case 
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QUADRATI 
6. EXPECTATION OF A RATIO OF QUADRATIC FORMS 
. Let u =p ZZ. 
IPX 


and assume the same notation as ing5. Denote the joint moment-generating function 


of the numerator and denominator by 


Jih: t) = Pet KOK KPA) 


where t, fg are real, Then 
W(t, te) = | 1—2t,Q—2t,P|*. 


Now the k-th moment of =a is given by 


o 0 © ia 
f | = | {20} dadha. dhas ve (63) 
ag 


gm” 


where 
The present article considers only the case k = 1 although the method described 


below applies generally. Let 


{ir — 240-24? | = Ta T 


ty=0 J=0 


LA 
at, 


|1—24P = | 0—24) (55) 
1 


and 


On applying (53) with p= 1 it follows that 


n-1 n 3 


u=; | 5, of KII a—2tv;) dt. a. (56) 


5 g5, (ay e (67) 
Now (1—2tyy * = (1—2) DAA ( =) . 
k=0 


1 
v> 5 max Y> 
“  @ 


where 


Vou.17] SANKHYA : THE INDIAN JOURNAL OF STATISTICS [Parr | 


Consequently 


-3n 


il G2) = (1—2iv) “ 2 YA — 2) 1 —2t)-* zs (58) 
j= a= 


where g; is the coefficient of 7” in 


Il = ydr. 


j=1_k=1 


It should be remarked here that since the g's are symmetric functions of the roots 


Vy, Vy, ---+ Up it is not necessary to know these roots explicitly. 


In virtue of (58) which is uniformly conver, 


gent, the followi xpansi 
for M can be derived from (56) leila 


f ng 
M=} egy [MG 
LZ 59k T TIN dt. (59) 
(1 — 2tv)* 
But 
J— we Ue be a 
on +k (2v t+ Bn 
T= 2 3 tk 
ae (o) * 
= (AJAR É 3n . 
(aya Bkh, z =i. (60) 
h Te ey 
Thus M = =) z 
. gs PAN G; B (jtt, > —j-1) k (61) 


aa l : : 
Wik D2, 54k Ik B|j+t-+1, 3n —j—1 
2 (62) 
and write Wg n-1 
ty = Pol ‘a 2 2 Uj 
=0 k=0 (63) 
and E 2 
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First we consider R;p and note that 


0 k 
[rl < | igle |120 * PS lal = 
-œo 


KPH 
2at Qa |t] 
p = mar: | — | ES 
e max. | 323| [1—2ot| 
where a = max. |@;|- 
J 
IK. 4 aga 3n 
Then i {1—2ty] =< [1-20] ¥(1—r) z 


œ 


and PA % (7 aj < = = 


a 41 
=p+] (+B 3 p+) a—0r)? p 
by reasoning as in § 3. Hence 
0 ; 
| GAMA LALI 
[Rp] < 3n wo Toa = 
(p+ (2 > p+) == (1—r) 


The transformation 


ine —2at 
1—2vt 
reduces the integral in (69) to 
KA wets ( a yj dw 
JJH 3n 4 p41 ò 
\ (20) 0 ? 


From this it readily follows that 


igloe B(p+j+2 3 jaa) 
| R| < ty ne, p-+1)2ay( yH (1—6)2 "pai 


49 


(67) 


(68) 


(70) 


(71) 


(72) 
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This yields a bound for R, since 


n—-1 
[Bp] <2 | Rip. oe (73) 
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will all be different, having several superposed periodicities. 


A METHOD OF DISCRIMINATION IN TIME SERIES ANALYSIS—II 
By A. RUDRA 


Indian Statistical Institute, Calcutta 


1. [INTRODUCTION 


1.1 ‘his part of the paper is intended to give fuller discussion of certain 
points regarding the F-diagram method which was developed in part I of the paper. 
First we take up for closer study the subject of the configurations of the 7-diagram{ 
for Linear Cyclical series; next we consider the question of the distribution of the 
F-statistic; finally, we briefly discuss the computational aspect of the method and - 


suggest a method of dealing with fractional periodicities. 


2. CONFIGURATIONS OF THE 7-DIAGRAM 


2.1. It was mentioned in § 3 of part I that the actual appearance of the 
uenced by the length of the series as well as the relation the true 
We shall in the following probe this point, 
iodicity and then with reference to series 


F-diagram is infl 
periodicities with other trial periods. 
first with reference to series with a single per 


p any trial value relatively 
lumn in the M table for 
that constitute the 


2.2. Let py be as before the true periodicity and 
prime to po. Then the first pọ elements that will enter any co 
p will all be different, being, but for A, the different elements 


cycle: “hs 


Olp) = (Os(Po)> (Po); +++ Op (PO) 


neach column will constitute a periodic series with the p 
Po) but coming in different orders in the 


Il make the situation clear: 


As a result, the elements i eriod 
Po and the same elements as constitute C( 
different columns. The following two examples wi 


Example 1: 


p=5;  p=4; Cp) = {01s 9a: 9s» s}- 


columns (1) (2) (3) (4) (5) 
a, 6; 0s Os A, 
bz Os 0, a 0z 
Os a, 0; Os 


\ 


and so on. 


t All through this paper we shall make use of terminology and symbolism introduced in Part I 


(Sankhya, 15, 9-34) without repeating the explanations. 
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Example 2: 


p=3; Po = 4; C( Po) = (01; Oz, Oz, 03} 


columns (1) 


a 
0 


A 


6. 


w 


0. 


w 


and so on. 


2 


combinations of q(p) elements fr 
columns, The following two e 


Example 3; 


P= 6; m= 4; Lpp) = 12; 


(3) 


columns a) (2) (3) (4) 
0, VA A, 0; 
0; d; A [IN 
VA 0, Os A, 
and so on, 
Example 4: 
P= 4; Dy = 6:L(pp,) = 12; gp) = 3; 
columns (1) (2) 
0, 0, 
0; Os 
0; A, 
0, 0, 


and so on, 


52 


(3) 
0; 


Cp) = {(4,, 05, 0 


2.3. Let p be not relatively prime to p, and let Z 
multiple. The elements in each column in the M-t 


‘om the p) elements of Cc 
xamples ill 


(4) 


(ppo) be their least common 
able for p will again, but for A, 
constitute a periodic series, but now the periodicity will be Up) = “Pps , different 


Po) going to the different 
ustrate the situation: 


UP) = 2; Olp) = (0, 0,0; 04. 


3° 94; 05, Ag}. 


A METHOD OF DISCRIMINATION IN TIME SERIES ANALYSIS—II 
2.4. Let g, (p) be the mean of the distinct elements that enter the i-th column 
O,+0. 0+0, 0+0; 

=h at 43 glp) = ae 3; 


6, Oat Gy, 


; TAP) = 
a: es. 


(i = 1, 2, ... pọ). Thus, in example 3, 9,(p) 


gp) = Batê, and so on. In example 4, 9,(p) = gop) = 


Let r be the number of complete cycles C(p,) in “tis given series of rect 


and so on. 
(We 


N and h(p) the number of complete cycles in each column of the M-table for p. 
assume that there are equal number of elements in each column); that is, 


N = py + ty where tọ < pp, and x = n(p) = h(p) of (p)+ulp) where u(p) < q(p). 


We shall use the symbols AN AMp)aN(p) and 7% (p) to denote the functions f, A(p), 
m(p) and 7(p) for a given series of length N. 


Thus 
f = 2 65 os HOE 
BY = 1 7 >; ee Meo} = a {rm 1)2(po)+ [OiP + Jaa +Gig(Po)] 
mS [ Baked Cale) nn Oo) wl (2.2) 


so that, as N00, BY > Pra (Po). 
0 


N 1 — m.. } [n(p)—ul (p)Pg o) 4 
we = = 2 ee aye o(p— =e nip) 


(MEN _ yy | (Pal 5 ied 


D p 
+ >£ oe l4 -a n (p) 


i=1 | 
(2.3) 
where  g;(p) = ma(p) mp) — ME)APNg47)- ; 
(a) If p and py are mutually prime, gp) = 0 for all 7 so. that 
Sg Opt tO FL, BA) 
i T piP) N [ (Po i 
a (p—1)o* { Ža n(p) L N | ) 


so that it tends to zero as N tends to infinity. ; 
mon multiple of p and Po: then in 


zero for all i and so is to: M(p) 
£ p, py and NG 


If any given value of N happens to be a com 
addition to g,(p) being zero for all i, ø;(p) is also 
therefore identically vanishes for such a combination 0 
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Tt follows that when p and p, are mutually prime, 7(p) takes the value 


i. for all values of N which are common multiples of p and po. and that 
NSL y 
1+ NE B 
1 š 
it tends to the value of — faa Me No. 
1+ 2 olp) 
Po 


N 
(b) If pAsp(s = 1, 2,...) and p and Po are not mutually prime A (p) 


NG tends 
< 2 
to the limit ` gp) _ as N tends to infinity. Hence, from the relation 
A T P(p—1) 
Na Bd, Sg N— 
B= Fo Mo) wA TO) we (2.5) 
we conclude that 7N(p) tends, as N tends to infinity, to 
p 
Lo IS gp). 
—— Mp)— - i 
a Wa 3 a ws (2.8) 
p 
| gi(p 
LE AMp) . = 2. a 
and ia) 1s asymptotically equal to N P(p—1) Ep = 
14-20 op) 15 dip) 
pe o 
wl 
e. (2.7) 
(c) Ifp= 


So for some positive integral s, 


epee tas Net ys. 
p) Ey if 


80 that ( ) tends as NV tends to In t Pol Po m? the: efore 1s 
N fini y to ( ) P (p) h T 


asymptotically equal to Po—! 2(p,) 


ee 


Po sp,—l1 


points relatively prime to Po I 
blessing. While the sharpness o iodiciti 

the magnitude of some of the spuri aoe ey iia 
An increase in N is however ad 


Lia i ey 
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will be referred to in a later section. It should however be noted that what is important 
is the number of rows and not the actual number of observations. As along as the 
number of rows is less than po, the difference noted above between values of p which 
are relatively prime to po and which are not, will not be observed. 

2.6. So far we have been considering the effect of the values of p and N 
in relation to a single periodicity pọ- The matter becomes very complicated when 
there are more than one periodicity. Suppose that there are k periodicities p,.po,..-, Pi- 
Then it is desirable that when the series is arranged in a Buys Ballot table for trial 
... k) the elements of the other existing periods p; + p; cause the 


period p; (i = 1, 2, 
of the period p; to produce a peak 


least amount of damping effect on the tendency 
in the F-diagram. The effect of these other periods will of course depend on several 


factors. Thus, it may be surmised that the damping will be more, the more the rela- 
tive importance of these other periods compared with p; The relative importance 
may be measured by (Pp) (j # i). Further, the contribution to the mean within 
column sum of squares 7(p,) due to a particular period pj will be more if p; is relatively 
prime to p; than if it is not. Now, the smaller the value of 7(p;); the greater the 
magnitude of z(p;). Hence, we have a better chance of observing a peak of p; if the 
other periods p,(# pi) are not relatively prime to p; On the other hand for such 
values of p that do not correspond to any periodicity, it is desirable that #(p) is greater 
than A(p) and for this it is better to have as many of the values pi = 1, 2,,..-, &) 
relatively prime to p as possible. As to the effect of the sample size N, the same 
remarks apply here as in the case of a single periodicity. 


2.7. Ibis however more desirable to have the values p,(i = 1,2,..., k) relatively 
e point of estimation. Assume that this is true, 
ve integer. Then, when the 
.., k) there are 


prime to each other from th 
SP1Po-.-D, Where s is a positi 
Je for trial period p,(i = 1, 2. . 


) complete A complete cycles in each 


and suppose that N = 
series is arranged in a Buys Ballot tab. 


z rows, and the elements of the cycle C(p; 

i Pj | 

column. As each cycle adds up to zero, the column means do not get any contribu- 
o any other period than p, and hence 


tion whatsoever from elements belonging t 


mp) = A+0(p;) (t= 1, 2, «--Pi) 


and Mes =A 


The least square estimate of O(p;) is therefore given by 


2y(Di)—E(t =l, 2,..-Pi)- (2.9) 
.. py, are not mutually prime. Even 


This simple solution i ; oe 
ple solution is not available when p1 P2 baer, Sra hel 


when they are so, N would rarely be a common multiple 0: 
therefore in general have 
m,Ap,) = A+; (p) +9 (P:) E= 1 2 +3 Bi) 
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If p,p2... Pr are relatively prime, then. given sufficiently large numbers of 
rows, the contribution of each periodicity except p, to any column mean would inde- 
pendently amount to very nearly zero, that is 


dp) = 0. < (2.11) 


As A could in any case approximately estimated by &... we have, for large N, the 
following for the approximate estimate of 0,(p;): 


Ap)—B. (E= 1, 2, api). ss (2.12) 


3. DISTRIBUTION oF F(p) FOR A LINEAR CYCLICAL SERIES 


3.1. We have seen in § 2 of Part I, that F(p) for a Linear Cyclical Series 
is distributed as 


XAP) | N—p 
Xp) pr = (3.2) 


where y*[A(p)] and x*[9(p)] are noncentral chi-squ 


(p—1)A(p) and (N—p)n(p) respectively. W 
noncentral chi-squares are independent so th 
gven by formula (2.10) of Part 1, 


ares with noncentrality parameters 


e shall now show that these two 


at F(p) may have the density function 


Let us consider the following two quadratic relations 


WP) — ia Jp) as (3,9) 


Bleu(p)—e..}* = Sa 
ij 


tJ 


=e & 
D) EPI X {6,.(p)—€.,}2n(p). (3.3) 


There is an orthogonal transformation that 


; 2, ... M(p)) reduces relation (3.2) to se WD ies wk 


re DS = I, 


N-p NA 
72 = 
ee 12s ey ed Bae 
= = ESN w BA 
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and the same transformation applied to ¢,(p) (i = 1, 2,....p: J = 1,2, ..., Mp)) 
reduces (3.3) to 


> = { i v} a { pa 7). a Ga 
TA a t=N-p+1 
But l Yalp) = mp) Elp) 


so that Z, = ¢-+y, where &, is the same linear function of the m,,’s as Z, and y, 
are of y;(pys and ¢,(p)’s. But yrs are independent; hence Zs are also independent. 


N-P NA 
Hence Z? is independent of Z?, Hence 
t t 
t=1 t=N-pt1 


XA) = 2, [mg] 


D 
i=1 


and Xp) = yi y(P Gp) are independent. 
z 02 
ij 


ak 2{1-+2(p)} = 
3.2. The first two moments of einen are 1-+-7(p) and a toate respectively, 


so that as No the first moment remains constant but the second moment converges 


to zero. This means that xen converges to 1-+7(p) in probability. The distri- 
p)] is however not affected by the passage of N to infinity. 

i N= ; NAMPI. 

Hence the distribution function of KD x =i converges to that of Gan ET) 
3.3. We shall now endevour to justify our pr 

am on the basis of occurrence 
that y[A(p)] can be reasonably appro 
are with the fractional degree of free- 


bution function of y*[A( 


actice of arguing as to the oc- 
urrence of peaks in the F-diagr of peaks in the 7-diagram. 
Xl- 
We shall use the result of Patnaik (1949) x 
mated to by py? where xè is a central chi-squ 


dom v, v and p being given by 


— 1+2A(p) (3.6) 
1+A(p) 
Ap)? e (3.7) 


(I 
= (p—1) 1-42X(p)’ 
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Even for small values of p, v given by (3.8), may, depending on the magnitude of 
A(p), will be sufficiently large to allow of the treatment of \/2y2 as a normal variable 
with unit standard deviation and mean equal to y/2v. 


Using this approximation we can treat 
Fp) VHA) 

/F(p)— +4 

Re saa Vian) 


J IFA) m: a 
21+ A(p)}{1+4(p)\(p—1) 


as a unit normal variable. 


The probability that F(p) exceeds a certain quantity K, 


is therefore roughly 
given by the probability of the following inequality: 


JIH) 
E nk Gn 
1+2) NB 
2{1-+A(p)}{1+-4(p)\(p—1) 


where d is a unit normal variable, 


Now 


and _ 1+ 2A(p) See 
2U+A(p)}{1+-4(p)\(p—1) (1+4(p)\(p—1) 


so that the right hand side of (3.9 


)isa decreasing function of mp). 
bability of F(p) 


; Hence the pro- 
at a certain point exceeding 


a given level increases with 7(p), 
3.4. While it is difficult to say anyth 
diagram passing beyond a certain level at 


the joint distribution of the F- 


o Curve is at most “4%. This we prove by 
approximation for NA i 


further normal approximation, 


ponding to any true periodicity, A(p) and np) 


In other words, we treat F(p) 
ments 


i{ EB) s+ (3.10) 
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and the /-ratios 


pir) = = ae se (3:01) 
12 1448 
and Bp) = 3 + p—l (+28) ; 


If we denote by d[f;, A2] a standardised Pearsonian variable with f-ratios £, and 2», 
then the probability that F(p) exceeds a given quantity & is the same as greater 
than 1 


= = se, (8:12 
P, | dipp): b Eaa (3.12) 
p—1 (1+2) 
and this is less than 
P, | dihp), Bp > = : vee (3.18) 
5 


Now it is seen from Pearson and Merrington’s table (1951) that the res 
tail area beyond a certain point in the range of distribution of a standardise 
Pearsonian variable is an increasing ‘function of the /-coefficients individually. 


Using this empirical result to hold true generally, we have 


k—1 
p jawan , BA) >] < | dlp; (p); Bx) > ee 
ea pl 
where Bi (p) = A 


(3.15) 


,i8 & central chi-square having p-l 


which are the £-coefficients of A Xp! : where y2- 
) respectively. 


degrees of freedom, which are Cee greater than Ay(p) and pap) 
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Let now k be chosen such that 


k—1 + 0, 
P, fan (p): Ps (P >= t= %% 


Fol we (3616) 


p—l 
i.e., let k be the upper ~% point of the central F-distribution with p—landad 


of freedom. It follows from the inequality (3.14) that the probability of F 
ing the 4% curve in the F-diagram is less than eK. 
=> 


egrees 
(p) exceed- 


4. LIMITING DISTRIBUTION or F(p) WHEN THE SERTES IS LINEAR REGRESSIVE 
4.1. We shall now assume that the observed series is Linear Regressive and 
= |ø] converges. The density of F(p) then varies 
=1 

of the ratio of two sums of squ 


assume that V = np, 


an sit + 
normal and that $ as the density 
Vv: 


ares of non-independent normal variables. We shall 
that is, there are no fraction 


alrows. This assumption does not 
in any way affect our conclusions, 


= aA p 
4.2. Let ZY = Gz. (p)—¥..}4/n, so that = (ip) 
i=l 
ZY 0 = 1, 2, +++) pP) are distributed as multivariate normal variables w 
and a covariance matrix which we sh 


all designate by [o (N)]. 
as N tends to infinity, T(N) and T(N) tend for all values ofi 


2 Dn 
=j. jn = EZF. The 
isi 
ith zero mean 
It can be shown that 

and j to 


i P g 
74 = Vola—s+2 (P (p)—2) (4.1) 
i ; Š 
and ra= V f1- pte (m)-£) (4.2) 
Where s= |i—j| 
P= Lim “5 
= 1m i é 
Now i ii 
PP) = Lim S 
P No 2 Pp (4.4) 
Pip) = Lim Pstip +P. 
N>% A | *) (4:5) 


The limits exist as 


4 consequence of the existence of the limit S lp 
r i 
is] 


4.3. The distributi Sgn? ; 
istribution ot ZX is the Same as that of X r2 


AN)? where 
=I 


72, awang 0) are independent chi-squares with one degres., 


ee of freedom and 
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AN) G= T; 252-52) the latent roots of the matrix [o,(N)]. and its characteristic function 


D o D 3 
is given by II {1—2itA (N) >. For any ¢ this converges to II{1—2ity? as N>, 
i= i= 


where A,(i = 1, 2, ..., p) are the latent roots of the matrix [o;,]. Mj being given by (4.1) 
ME 
and (4.2). The distribution function of © Z** therefore converges. as N tends to 
i=1 
D 
infinity to that of = A,xj- 
i=l 
4.4. Let y, = {y; (p)—IAp)} where t is to be obtained from 7 and j by using 


the formula t = (i—1) p+j. Then y isa normal variable with mean zero and vari- 
ance: 4 
2 _v 1 ,n—l.| 25 5 46 
ay) = Voll a Eg 7 P(n, p)— 7 Piu, p)—P(v. P)} ( -6) 
= De. 
where (n—1)P(n, p) = Ey E (n—t)Pin; 
i=l 


a function that converges to 2P(p) as N>; 


P(w. p) = PytPap be Prop 3 


© 
and u and v the smaller and larger of the values ofn—jandj—l. As |p] converges 
v=] A 


1, 2, ...) is bounded and lies between+ $ lol = +0 say. 
r=1 


the sequence p(w, p) (w= 


Then oly) < Vo { 1-1 + d } x (4.7) 


It can be shown similarly that the correlation p(y ) between y; and yy satisfy the 


Si au (&8) 


inequality 
1 
lean)! SP nn 


when a= |]. 
Making use of the assumption of normality of y, (t = 1; 2, ..., N), we now have 


for the second moment of 2k > WP) — HADI $ 
n—p & 


N ` N 
2 IS aik? 5 opoz Pug} < WAH {1- Lpf ols 


(N—p)? £ a n n 
N-1 2 
x [n+ > a] nl. +50 | | WA 
s=1 
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‘The limit of the right hand side as No is equal to zero. 
considered cannot be negative it follows that 


[PART 1 


As the second moment 


— (F hea 5 


(4.10) 
N-co ij N=p 


n 1 2 
4.5. The first moment of N y EORNA, is of course es 


= & =p 
N 
= of and this is directly found to be Vo{l1— p(n, p)}. 
t=1 


This tends to the limit Vo, as 


N-1 j 
Lim Pmp) = Lim 2 __ —)P»y = Lim 2 = 
N00 N>% MR) 2. OM yes ae” 
(4.11) 
The statistic _1 j í 
istic N a funo) therefore converges in probability to Bos 
The distribution fune 


tion of the ratio F(p) therefore converges to that of 


ea Aix? 
pT (4.12) 
the first two moments of which are 
mp) L AL ta i_< 
tee 8. OV, eae J ki 
Sn fe A 
ae lam?) (4.13) 
p 
and {F(p} = 1 
2 )) (p17 {3 2 TRI das} — i ay] 
x 173 i=1 
| D 
(p—1? V3 2, | (4.14) 
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E (p—1) V? 


aaa] +2 (30-2) p 08} DP 


D = ižj i<j 


ie + (7m $) ao UA 


1 
O;j p 
where p,; = = = — - 3 
Vy Moqve” aaa pa?) 
P Dp 


p-l 
we (4.16) 


ip 4 Pp 


being the autocorrelations of a Stationary Process, they 


4.6. PiP- PN-1 
must satisfy the condition 


y tipu > 0 


1) 


for any set of real numbers 2; (i = 1, 2, ..-, N). 
Let aj = ty = ++ = tp = l. Then, 
N-1 
w+2 5 (N—s)P, > 0 
or N+N(N—1)a(N) > 0 
5 N-1 
where aN ee ee N—s)P, 
P(N) NNI ( 
1 (4.17) 
or 5 Sots ee 
BN) > — yy 
Now, for not too small D, : 
AL UGI 


E[F(p)] = 1—nP() 
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a! 
so that E[F(p)] < 1+ yet ; „a (4.19) 


The first moment of F(p) therefore cannot exceed unity by any large quantity. 
Multiplying the inequality (4.17) by V and proceeding to limit on both sides, 


we have 


$ =D m ie (4.20) 


It is interesting to obtain expressions for p for particular cases. Let the series be a 


a moving average: 


k 
% =E iei (t= 1,2, p N). : we (4.21) 
Then P, = FO Meh basahan Oya vee (4.22) 
i atait... bog 
S (aoar... ban) 
and A= > pp aaret jah ves (4,23) 
2, ` NGT ) , 


p therefore lies between E ana —4. 


Let us now consider an autoregressive process of order k having the charac- 
teristic roots y, ya... Yy Then 


P, => Ay we (4.24) 


i=1 


where A; (i = 1, 2,..., k) are constants, 


t 
Hence P = > A, E ; which however has no upper bound. 

7. Yi 

isl 


5. Tue COMPUTATIONAL ASPECT OF THE METHOD 


5.1, An important point in favour of the F-diagram method as against the 


previous method of Schuster’s is that it takes much less computational labour. For 
the present method involves only the squaring of a large number of figures which can 
be done by a computing machine reasonably quickly. Schuster’s methods involves 
the calculation of the covariance between the group totals in the Buys Ballot Table 
and certain sine and cosine terms which vary for every period length and which 
require the use of appropriate tables, The calculation of F(p) involves only the cal- 


A 


culation of (1) the total sum of squares 2 xë — TAN and (2) the between group sum 
=1 


of quares 2p n(p)— NG 
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if our diagram is to consist of k ordinates, we need calculate only k+1 


Hence 
y- For a long series or when there 


sums of squares which can be done reasonably quick] 
are several series to analyse, means may be devised to simplify the work. In analysis 


of isolated series, the ‘observations may be entered on cards and the cards dealt into 
riod. The total of each group will then give the cor- 
t Table. It was however found that for 
o write down the observations in actual 
nd get the column totals directly from these. 

d out on a routine basis, the punched-card-method 
he column totals of the Buys Ballot Table. We 
multaneously analysing 25 series. 
method of Periodogram analysis can be directly applied to 
integral as well as rational fraction periodicities though the ordinates for periods of 
irrational length can only be interpolated. The F-diagram method can however 
be directly applied only to integral periodicities as the method is based on the arrange- 
ment of the series in a Buys Ballot Table, and a Buys Ballot Table with a fractional 
number of columns is not possible. The present method can however be adapted 
to the purpose of fractional periodicities by various means. Two methods are des- 


cribed below. The first, used by Whittaker, for his own periodogram and described 
, is useful only in regard to fractions that can 


in the book ‘‘Calculas of Observations” 
are positive integers, M preferably small. The 


p groups, where p is the trial pe 
responding column total of the Buys Ballo 
a not-too-long series, it would be quicker t 
Buys Ballot arrangements ar 

When analysis is to be carrie 
can be used with advantage to get t 
have actually made use of Hollerith equipment in si 


5.2. Schuster’s 


be expressed as p + a where p and M 

+ 5 

second method is useful for any fractional length that can be measured in & scale. 
1 : tye 

al period of length (p++) where M is a positive 


would be a Buys Ballot Table 
y the elements titi: 


A. The method for a tri 


data in a table which sa Sn 
at -+-1)th column is forme nt 
a no elements of the first, the (k+1)th the (2k+1) th, 
in with every pair of rows with a gap of k rows m 
d od 5} the data should be arranged as follows: 


for trial 


integer, is to arrange the 
period p but for the fact th 
Topktis Vappi CCC SO AS to br 
ete., rows in phase, and simi 
between them. Thus, for trial peri 


Columns: (1) (2) (3) (4) (5) (6) 

i Xe ay å a 5 4 

To tı Vg Ty vwo “u 

t “g Wa tis Te f 

Win Ws X19 Xoo Vor Taz 

Za = 5 
For trial period 45, the data should be ao as follow: 
Columns: a) (2) (3) (4) (5) 

a Ta v3 Ya 

Xs Xe Xq Vs , 

Lo to Ma Tis 

tu tse 
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The argument is that the concept of fractional periodicity is acceptable only on the 
basis of an underlying continuous stochastic phenomenon. If we assume that the 
amount of variation between possible values between any two successive observations 
is much less than the total variations among the observations in a complete cycle, 
the confounding of different phrases in the same column will not have any very 
effect. Hence the F-ratio of the between-column variation of the (p+1) columns 
to the within column variation should serve as a test criterion for the periodicity 


(» + yi reasons exactly similar to those in the case of integral trial periods. It 
J 


serious 


should be noted that for all fractional trial periods between p and p+1, the degrees 
of freedom of F(p) are p and N—p—1. Hence, the significance curve for the F- 
diagram will not be continuous but will be step like. 


B. The second method consists in dividing up the time continuum from 


1 to N into intervals of length pit where p-+ô is the trial period , p being a positive 


integer and ô any positive proper fraction. 


Each interval will contain at least one 
and at most two observations. 


Let the intervals be marked 1 


»2,... ete., up to (r) 
where N = zt r+s and s < pro. 
P 


Let the intervals, each of which carry one or 


at most two observations, be now arranged in a Buys Ballot Table with p columns. 


This can be done by writing up the series on a tape, the entires being at equidistant 
points, cutting up the tape into lengths of p+6 units, making 
compartments, and arranging the pieces in succession one below 
up all the observations that belong to compartments in the sam 


out each piece into p 
the other, and adding 
e column. 

This method involves the use of (p—1) and N—p-+1 degrees of freedom for 
all fractional periods between p and p+1. The significance curve in the F-diagram 
is ine broken, and is everywhere one step above the Significance curve of the first 
method, 


While the first method 
differ in ph 
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ON THE TESTING OF OUTLYING OBSERVATIONS 
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1. INTRODUCTION 


f testing outlying observations concerning the mean value of 


The problem 0 
various authors such as W. R. Thompson 


Pie population has been treated by 
42), E. S. Pearson and C. Chandrasekar (1936), K. R. Nair (1948), F. E. Grubbs 


195 . 6 
(1950) and N. V. Smirnoff (1940). The statistics suggested by these authors are mostly 


base ; 
d on the difference between the extreme value and the mean value, when the vari- 
ame and known to us. When the variance is unknown, 


ce divided by the estimate of the standard deviation. 
ted by Grubbs and Smirnoff seem to be 
tionis estimated from thesample in hand, 
yiation should be estimated from 
Pearson-Chandrasekar statistic. 
property of power func- 
In this paper, We propose statistics to meet 
ndependent samples containing 
e variance of the population. 
We shall prove that 
for special class of alter- 
f testing procedures. 


ances are assumed to be s 
the statistic is the differen 
atter case the statistics trea 
andard devia 
at the standard de 
former is called the 
e efficiency Or optimum 


Concerning the 1 
essentially the same where the st 
whereas K. R. Nair suggested th 
Sipe independent sample. The 

e characters of these statistics, lik 


tion, have not been fully treated so far. 
tuations, where we have got other i 
n mean value and th 
] case of ours. 


th 

: e more general si 

in ati _ 
ormation about the populatio 


T} e” a 
he Pearson-Chandrasekar statistic 1S a specia 
our statistic is optimum in the sense that it is uniformly best 


nati 4 pe 
ative hypotheses among ain reasonably restricted class 0 
the case when the variance is un- 


hich will be proved to be optimum 
ndrasekar statistic is 


briefly the problem 


a cert 
ate the problem in 
esting procedure, W 
ll observe that the Pearson-Cha' 
In § 4, we shall discuss 


In § 2, we shall formul: 


known and we shall propose a t 
in §3. As a corollary, we sha 

statistic is not. 
is known to us- 


for our test procedure, 
a forthcoming paper. 


opti me 
ptimum whereas Nair’s 


in , 
the case when the variance 
ables to be used 


hich will b 


b Concerning the t: some results have 
gati obtained. by the author, W e discussed in 
2, FoRMULATION or THE PROBLEM 
stributed as N(7 


and #9 (i= Be 
values of these param 


6 pe KD aa) S ec- 
Let a) (i= 1 9 ni 0°) p= Jpeca 1) TSP 
tivel ie Ng ., Ng) a8 N(m®), o°). 
W ay A- 1, 2ye Na) t eters 

e assume that they are mutually independe: 
mi = 1, 2,..., Ny), ms mi?) and g are ur 
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Our null hypothesis Hy is Hy = H(m, = m, == my = mi) where m®, 
m®) and o are free. We have N, alternative hypotheses H,, Hy...., Hy, where 
Hi = 1, 2,...,N,) is the hypothesis H; = H(m, = =m,_,=m;—A = Ma, = 


= My, = m®), A > 0). In other words, under H, the observations in the first and 
the second groups are all from the same population, while under the hypothesis 
H; the i-th observation in the first group only is from a different normal population 
with greater mean and the same variance. 

Let D; (i = 0, 1, 2,...,N1) be the decision to accept H, (i = 0, 1, 2...., N). 
Our problem is to find out an optimum decision procedure as to these N,-+1 decisions. 


At first, we have to make the meaning of optimum clear. We introduce the 
following requirements or criteria: 


(1°) We want to accept the decision D, with the pre-assigned probability, say, 
1—p, when D, is true. 


(2°) The decision procedure must be invariant (a) the addition of any 
constant to all the first V,+-N, observations and (b) under the addition of any constant 
. to all the last N, observations. 


(3°) The decision procedure must remain invariant when all the observations 
are multiplied by any positive constant. 


The last two conditions require that if we have two groups of observations 
( f. 3 4 2 
(M,..., aD , 2P,..., a, a...) and (y(,..., YP Yrs YD, YO, y®) and 
ai 3 


there are the following relations 
yP =a +b, (i=1,2; j= 1, 2,..., N,) 
and y = ax +e, (j = 1, 2,..., Ny), 
where a is positive and b and care constant, our decision procedure must give the 
same decision. 


(4°) The probability of a correct decision when the i-th 


population mean is 
shifted to the right by the same amount must be the same for all i. 


(5°) We want to maximize the probability of making a correct decision when 
D, is correct. 


Now our problem is to find out a decision procedure satisfying the conditions 
(1°) —(5°). 


4 Ni 
Let a= D AN, B= NGNE) JIAN) 


j=1 


Ni 
mas MIN, m= (NaON mDAN 4.N,, 
i=l 


68 


ON THE TESTING OF OUTLYING OBSERVATIONS 


. Ni ‘ 
S; = 3 (a2 P/N, 
ja 


2 Ni ar Na a 
By = (3 aaa ha a 


j=1 


gt = NGANG) SANGGI +N +N) (2.1) 


» ,%® y 
sg, SAS (mom ES N,(m®—m) } IN +N) 
j=1 s 

S? (a) = (Niı+Ne—1) 
(i = 1, 2, 8). l 


Let M be the suffix of the popula 
first N, observations, 50 that 


tion which has the greatest sample value among the 


ty = Mex z9. 
j=l, Quer 


Our optimum decision procedure will be shown to be as follows: 
if mm <A,» select Do: 
6 2 (23) 
if ae Ags select Dy, 
N,, Na Ns and p. Concerning the numerical 


ant which depends on 
ve been tabulated by ENIAC (see 


where À, is a const 
N= 09: the values ha 


calculation of Àp: when N: = 
Grubbs, 1950). 

or THE OPTIMUM PROCEDURE 
ocedure can be expressed by 


denotes the observation (BO bey 


3. DERIVATION 


Tn the usual manner, our decision pr 
N,+1 functions, dX) A(X) dy (A) where X 
D), @=9, lawas Na) denote the probabili- 


x) and 4,(X); 
respectively when the observation X is 
ision function. Naturally these 


d(X)>0, @ = 0 bev Md) 


the following 


a 

a) , WD aas 22, Dp 

Gas of electing: D= ba e Ng) 
is set of N: itl functions a dec 


given. We shall call th 
N,-+1 functions must satisfy the following relations 1 > 


we shall assume that they 


Ni 
and X aŠ) = j, Zo meet our mathematical necessity 
i=0 
are measurable functions. 
By condition (2°) we see that our decision procedure must depend only on the 
| NGANGANGTÉ values of F 
_ Aa 
y = yd —aQ srr Wa spa tN | 
l | 
ge. T Ua) yer 4 P a apy M1 | 4 
ME 
= AG x Ns J 


3 
y® = aa? Pee oe 


Vou. 17] SANKHYA : THE INDIAN JOURNAL OF STATISTICS [ Part 1 


Further by condition (3°) we see that our decision procedure must depend 
only on the V,+N,-N,—2 values of 


t 1 1 
go = a eee (1) = YP,- ay = ISi- ] 
Twat’ m eal I ay 
A Ni- INi- 
(2) (2) 
(2) y a) Yy. 
7 = agak o-, Z = Ng 
1 a) | 2 &y, E ran , «ww (8:2 
iv) | 2 "PS pas Ge) 
) (3) YD 4 | 
1 = Sa Wa Faal aana 
EA 29 =D] 
1 J 


Clearly the joint distribution of Z’s does not depend on any parameter of 


the population when D, is true, while it depends on the value of A/o and the suffix 
i when D; is correct. 


Let Z denote N,+N,4+N,—2(=M say) sample values; f,(Z) be the frequency 


function of Z when D, is correct; f«Z\a) be the frequency function of Z when D, is cor- 
rect; and a = A/o. As we have seen the decision function of our procedure must 


be a function of Z only, and hence we can write our decision function as d(Z), 
d(Z),..., dy,(Z). 


Then our problem can be formulated as follows. We want to find the decision 
function (d,(Z). d(Z),..., dy,(Z)) such that 


| ot) fl) 4% = 1—p (3.3) 


and | 4(% F(Z \ aad (3.4) 


is independent of i and is maximum. 


Here we need the frequency function of Z. At first we shall find the probabi- 


does not depend on any parameter and 
f(Z|a) depends only on a, we can assume that g = l, md =0. m® — 9 


lity density function of y(’s. As SoZ) 


Let M, = My—My, s My a = mua — Mg. (3.5) 


(1) (2) (2) a rmally distri i 
Theny™,..., YR- Yi -Y are normally buted with mean values My soe My, 
iances equal to 2 ; 
~My, > — My, and common var q and common covariances equal 


to 1; while y®,... YẸ, -ı are distributed with mean values equal to zero and with 
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same variances and covariances as those of the former group. and these two groups 


are independent. Therefore the probability density function is given by 


Ni=1 


o wo [=H y By, fia (Seta a Bere) 
N,-1 Ne 
(Soot) +>, (y®+ms,)") x 
x exp -ine uo? — ( 2 WF aa 8) 


he exact value of which is not needed for our purpose. 


where C is some constant t 
t the frequency function of 


By a simple transformation we ge 


Ni-2 
NB) = OPO oe exp |- 3.54"; Jan Na > (20 Nar Jaa J 
I= A - a= 
+ Sa t+-my,}— (5 atm. (tM) + Ser tema) JJ 
a=1 ği 
Ns— Nacl 
wieg- Eee 
asl 
Nı—2 
HOP D <0) eer ae +N, ay te) TAG -Zt Ma +(—t—My, Py F 
Ns 
is zM) (tEn) t Sizim) P 
a=1 


N: 
+È (22t my,) Da x 


a=] 
Niz 


1 eim a ze — t 22) pæ = BM 


ex 
A p [- 2N; al 


nd (3.5) we can easily see that this is equal to 


Ny-2 


[ort {> (a A t—M.) + 


As we have relations (3-1); (3-2) 2 


0 P,(Zy,-1 = -for exp i= 4 wa 


ly? 
4(t-Mx,) DAs nee J 


Rt M,)+( -My + >: | ie t 0) | A 
N,-1 1 
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—l1 
| oe 
yg 


NÑ, 


-J-> 


iN 2 
E 


Na 


x S WE, Ma) +y 9 TM, a + A YOH HIR, 


a=1 


XxX ex 


=) PEE 
a C| YY, -—ı! 


Nil 


N;—1 


"Lge (sl ve" -E wo) 


YN Nii a=1 


0 


Nı—1 No 


1 f M exp | -4x iy 
S 


a=1 


a=1 


N,-1 


1—1 
=f yPt—y9 4 (> My E Se yt- +09, 
a=1 


Je 


=i 


G (N, +N) (> yo? >a s2 )— 


Nip 


1 


l ya j 
a) y} dt 
YN,—1 


1 7 y 
LT 


ga 


JIPANG 


amn] |x 


a mia ap las 


a=1 


a=1 


N,-1 


kiri et vald vM, >, emu, )—(>, wars vo) 2 M, =N amy na) 


2 C la ag, 


x | exp |- 


0 


a=1 


Nı—1 


a=1 


a=1 


N,-1 


Je { NGANG) (Sar ym}, -> M—Nymy, ji | x 
a=1 


Ns 


Ny 


«oo EE eS ol] 


[ares exp |- 


asi 


2 


1 
z NAN) ] x 


E (Wi +N,+N,)5*| exp [ t + Meld 


a=] 


Ni 


dt 


am, il Jlis = (3.8) 


a=1 
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It should be noted here that this is not the joint density function of ‘X, but is only an 


expression for the frequency function of Z in terms of X. This enables us to make 


our discussion simple. 
Now let us consider 
Mi 


| Aad alse UDHÊNG wae (39) 
i=l 


d the values of A anda. The decision 


n function an 
value when A and a fixed, is easily 


hs 
This value depends on the decisior 
function for which,(3.9) attains the maximum 


proved to be the following 
d(Z)=1 if Af Z) > F(Z) for all j ; 
d= # A> Af Ds HA) > 40% 
for all j(i#j). 
function and arbitrarily, because it 


e define the value of decision 

ntegral (3.9). 

alue a and probability P. 0<p sl, 
) attains its maximum for the decision 
is the correct decision. 


(3.10) 


(3.11) 


For other points w 
does not affect the value of the; i 
We shall prove that for any positive vi 


sitive number A such that (3.9 


there exists a po | 
—p of selecting Dy when Do 


function (2.2) with probability 1 
Tt will then immediately follow 
if it is not optimum, there must be another decision proce 
the integral (3.3) but with a greater value for (3.4). 
This leads us to 2 contradiction. 
hat the following relations 1 


that the procedure (2.2) is optimum. Because 
edure with the same value for 


Therefore, the value of (3.9) 
must increase. 
Tt is sufficient to prove t hold for some suitably 


chosen A. 
AKI) > f(Žlo if and only if (a,—2)/8 < Ar (3.12) 
(3.13) 


10 f(Ž1a) > f(Žla) if and only i x, > Be 
ons show that the decision function (3.2) 
f the relations (3.10) and (3.11). As 


makes the value 


This is so since these relati 


of (3.9) maximum because o l 
&; pla) > f(Zla} = (X ; g(X la) > gil X la} 


= gas MA =>" 
= Mia = TN NG EN 


where  g,(X|a) = Xl = °° 


We have 
ead coi 


1 2 
gi x (N,4 S; x 
 g({Xla)—g(X lay = C le -1 SUN) zl tN) a0) 


i 


[[c Ga) expan] a (3:14) 


x | o exp (= # ay ANANG] P 
| 3 
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This is non-negative if and only if x; > aj. Therefore (3.13) is proved. 
Similarly, Af,(Z) > fla) is equivalent to 
Age X)—gi(X | a) 
ij mai a (- ENN +N) m 
= C| a} 1-2), | | exp z ANG 
l 1 2 z 5 
x[a- exp [- 5 Vit Na) Sa) | exp( a(x, —)) | di, awa (8.18) 


By a simple transformation this is equivalent to 


f ar exp|- 4 (NG ANGANGGE | x 
0 


5 ep (— (Nat Nets) 92 4 ( ka Tamak bp 

x [4 exp ( 5 Sala) exp [af 5 )| dE SÒ. ... (3.16) 
As the integral in (3.16) is a continuous increasing function of A and a continuous 
decreasing function of (x;—=)/S, for any a and p there exists a positive number A 


such that (3.16) holds if and only if (a,—z)/S < A, Therefore (3.12) is proved. This 
concludes the proof. 


4. AN OPTIMUM DECISION PROCEDURE WHERE G IS KNOWN 


In case when ø is known to us, everything becomes quite simple. Under the 
same notation as in § 2, we can easily see that the procedure will not 


depend on the 
values of Dan, but it will depend only on 2®,..., 29 a), a 


Naturally we 
must cancel the condition (2°). Our optimum solution is found to be the following: 


E YM < Àp select D), 
o 


(4.1) 


If “u— > A, select Dy, 


where A, is a constant which depends on Ni, N, and p. 


We are not going into the details of the deriv 


ation of the optimum solution, 
as it is exactly similar to that of § 3. 


In this case, our decision procedure will de 


YD, aan yg, -1 and y®,..., YP defined by (3.1). Instead of the joint density function 
(Z| M,,..., My aa: my,) which was required in § 3 and given in (3.7 
density function of YD aan UA ang YS 


pend only on N,+.N,—1 values of 
). we used the 
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Let ite i 4 | 
us write itas f(1 (Mi-o My,- my) This is obviously given by 


f(¥ |My, My as M) 
1 


Ni-} N: 
= Cex = 1 1 7 oN i < k , 
exp | 2 (N, +N) la JANG) (>) (yP—M a) + > ; gema) )- 

a=. a= 


Nı—1 


Ne 
(F yp—Me) + So wet, JI a) 
a=1 a=1 


where C is some constant. This is equal to the following function of t9, .. 259 
ben BS 


(2 
x), sees xi) ). 


ae) (1 (2) (2) 
gl E 5 Brees A aro Mt) 


-N N. 
|- LANG) ts, ME, maji) Sat |p = (4.3) 


= C exp 


e that the decision procedure given in (4.1) 


n easily prov 


Proceeding as in § 3 we ca 
e left to the reader. 


The details ar 


N,=9 tables of e been given by Grubbs 


is optimum. 
In the case 
(1950) and Nair (1949): 


the values of A, hav 


5, FURTHER pISCUSSIONS 


ed in various Ways. For 


s given in this paper can be generaliz 
Jues of first Ny, observations are all 
y one is different 


A The argument 

instance, if we know that the popula 

equal to that of the secon 

ie. shifted to the right oF the optimum solution (in the same 

sence as before) will be found to be based on the statistic [ape — 8] /s which is the 

maximum of |%;—# 15 i=l 2 Na) On the other hand, if we know that 2 

mean values are shifted to the right by the same amount, the optimum procedure will 

be based on the statistic (ar, +? arg 9%) /s which is the maximum of (a; + %—22)/8 

(iAj. i, j=l, 2 oni Ng). This does not seem to coincide with the statistic pro- 

posed by Grubbs for testing tw outlying observations. 

As we should n ability set-up and the decision P 

ples, we must be ful in using these procedures: Further investi- 
y necessary: Suppose we have a group 

e from the same population or from 


tion mean va 
E observations or onl 


rocedure after 


ot select our prob 
getting our sam very care 
gations on the following problem are obvious! 
of observations and we know 4 priori that they ar 
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two different populations and we have only a vague knowledge about the 
of the parameters of these two possible cases. For instance, in the notations of § 2, 
we may have the alternation hypotheses that the tis ty.-+-s Ting and i,-th OP Cre heen 


<ty SN, w= 1,2, ..., V,) observations are from another normal population with a 
n 4"4q> ? z 
. . P N 
different mean and the same variance. In this case we have 2 


theses, Our problem is how to make decision concerning tł 


actual values 


1—1 alternative hypo- 
hese hypotheses. 


> 6. ACKNOWLEDGEMENT 


The author is deeply grateful to the Indian Statistic 


al Institute, where this 
work was completed and to Mr. D. Basu for his kind sugges 


tions. 


REFERENCES 


GRuBBs, F. E. (1950) :. Sample criteria for testing outlying observations. 


Narr, K. R. (1948): The distribution of the extreme dev 
form. Biometrika, 35, 118-144, 


Ann. Math. Stat., 21, 27:58. 


iate from the sample mean and its studentized 


Pearson, E. S. and CHANDRASEKAR, C, (1936) : 


the rejection of outlying observations. Biometrika, 28, 308-320. 


SMIRNOFF, N. V. (1940): On the estimation of the maximum term in a series of observations. ©. R. 
(Doklady). Acad. Sci., New Series, 38, 346-350, 


Tomeson, W. R. (1942): 


The efficiency of statistical tools and a criterion for 


. On a criterion of th 


e difference between the extr 
sample mean in samples of n from a nor 


eme observation and the 
mal universe, 


Biometrika, 32, 301-310. 


Paper received : September, 1954. 


76 


ON SOME QUICK DECISION METHODS IN MULTIVARIATE 
AND UNIVARIATE ANALYSIS 


By J. ROY 
Indian Statistical Institute, Calcutia 


0. INTRODUCTION 


0.1. A statistical procedure optimum in some classical sense amongst all proce- 
dures based on the same number of observations may not be an economic procedure 
when the cost of observation or of computations are taken into account. For instance, 

uality of means of a number 


the optimum procedure (in some sense) for testing the eq 
he same variance is the method of analysis of variance, 


abour involved is heavy. quality control engineers prefer 
If the cost function for various computational methods 


can be properly formulated, it may be possible to incorporate this in the general decision 
theory and optimum rules can be obtained. The difficulties involved in such proce- 
dures can be easily imagined. In such circumstances, methods that appear to be cheap 
and easy to apply have theiruse. The control chart method, for instance, has not yet 
been ‘proved to be the most economic procedure, but its justification is that it works 


quite well. 

‘0.2... Methods based on 
times been used in industrial problems. 
of setting up of control charts by “gauging”, 
of items’ in' a sample with, quality characteristic above o: 
limits. To study the errors of a gun, it may be more convenient to count for a round 
fired the number of shots hitting the different concentric rings with the bull’s-eye 

hot with respect to ortho- 


as centre rather than to measure t rdinates of each s rth 
gonal axes with the pull’s-eye as origin. Tn this case, two measurable characteristics 
as ; 


are involved. Methods based on counting may therefore be very useful in certain 
ough they may not be the optimum m the classical sense. | 

amine some hypothesis about the underlying distri- 
teristic, We develop methods that are based mostly 
urement. Counting sometimes is cheaper than 
e method is that no new distribution problem 


of normal populations with t 
but since the computational | 
the method of control charts. 


counting rather than measurements have some- 
Stevens (1946) considered the problem 
that is by counting the number 
r falling short of specified 


he c0-0 


situations, even thi 


0.3. In this paper to 04 


bution of some measurable charac 
n on meas 


òn éounting rather tha 
ty of th 


measurement. Another proper 


has to be solved. 


HYPOTHESIS AGAINST A SIMPLE ALTERNATIVE 

BINOMIAL DISTRIBUTION 

al chance variable with a continuous probability 
hypothesis H, that f= fo against 


t the simple 
the basis of a random sample ty, Vas ++» Vn 


1. A TEST OF A SIMPLE 
, BASED ON THE 


1.1. Let bea p-dimension 
dénsity function f. The problem is to tes 
the simple alternative H, that f = f on 
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of the sign n. The most powerful test when the first kind of error is fixed at æ is 
given by: 
reject Hj if I fala) <A I A=) «xy (11) 
i=1 = 
accept H, otherwise 


where A is a constant to be so chosen that the first kind of error is. The crux of 


the problem therefore is to derive the sampling distribution of the likelihood—ratio 
statistic 


T= T {flea} = (12) 
when the hypothesis H, is true, from which A may 


be determined to ensure 


Piob (P< AH) = a, sas (a) 


one. 


The alternative method that we Suggest here, though less powerful than the 


classical method, has certain advantages. The method is based on counting and 
no new distribution problem has to be solved. 


1.3. Let o be a sub-set of the p-dimensional Euclidean space such that 


™>mM>0 


(1.4) 
where 7, = Prob. (xe | H;) (1.5) 
i= 0,1l 
Let a pseudo-variate Yi be defined this way 
Hw=1 ia eg 
= 0 otherwise (1.6) 
Let is 
d= È W sa (1.7) 
Then 
Prob. (d=alH)=[" gaga a 
i x )Ti(l—z7;) += 0,1, we. (1.8) 


> statistic d can therefore be used to test the hypothesis Hy against the alternative 
p 
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Let c be the smallest integer to satisfy 


> ( id n(1—M)"* < 2 sa E9) 


az=ct1 
Then the test procedure is: 
reject Hy if: d>c 
otherwise accept Ho. (1.10) 


The power of this test is given by 
Prob (d > c|H,) 
n 2 n=% 
25 (2) am) se CA 


a=et1 
=p (say): 


at # is an increasing function of m, for 


It should be noted th 


[MEN i Py 
dm, m(l— T) 


n 
m = >X | "agama > nmb 


where 
Tek] 
and therefore > 0, (1.12) 
1 


and uniformly so far all simple alternatives H: for 


The test is therefore unbiassed, 
which 

Prob. (wew|H) > To a I3) 
OMIAL TEST OF A SIMPLE HYPOTHESIS AGAINST + 


WERFUL BIN 
ALTERNATIVE 


2. THE MOST PO 
A SIMPLE 


r of the pinomial test discussed in § 1 depends on © and the 
is: How should be chosen so that the power is maxi- 
rtial solution to this problem which states that the 


particular class. 
of the p-dimension 
nple condition it 


2.1 The powe 
question that naturally arises 
mised? Below we give a pè 
opitmum œ must be a member of a 


2.2 Theorem: Let w be a 


al Buclidean space 


given sub-set 
is possible to find 


der certain si? 


satisfying (1.4) and (1.5). Then un 

a sub-set eg belonging to the class: 

inside wy : fa) < k fhe) w (2.1) 
is at least as powerful 


such that for the same sample size the binomial test based on Wo 
as that based on ©. 
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Proof: Choose i: to satisfy: 


| hede = m Z ve (2.2) 


wo 


Then from Neyman and Pearson's (1938) fundamental lemma it follows that 


m= | fade > | filede = m. we (2.3) 
wo o 
But the power of the binomial test is an increasing function of 7. 


Therefore the 
test based on e), is atleast as powerful as that based.on o. 


2.3. The problem therefore reduces to that of finding 
for k. If one wishes to maximise the difference between 7, a 
k = 1, but this by itself will not ensure maximum power. 
get a general solution for a fixed sample size. 
approximation to the binomial is satisfactory, 


an optimum values 
nd 7 the solution is 
It has not been possible to 
However, if n is so large that the normal 
the power of the test is approximately 


given by 
aig T(1—T) Ti io ? 
cis i eE ) vm (l1 — m) } (2:4) 
where Ha) = f ae eo! de a (25). 
“and 7, is defined by 
Ta) = a ' (2.6) 


fr 0<« <l. 


Since 2 increass as the argument of 


9 decreases 
solved if kis chosen to maximise 


» for large values of n the Problem is 


numerically. 


2.4. Example 1: To tes 
with a known standard deviatio 
Hr 


t the hypothesis that the mean of a 


; 3 normal population 
N O IS Ho against the alternative h 


Ypothesis that it is. 
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Here, 
; Wi = eh 
inside ay 3 oy 2n k 
1 < 
1 — 352 (w—71)? 
o/ 2 
or || = 
Mott É 
v> O if ja > Ho A sa (2a) 
where | is a constant to be suitably determined. 
Consequently 
To = d(l+-4 ô) (2.8) 
an 
ng m, = HU) . (29) 
where _ fat 
s= fo (2.10) 


and g(x) is as defined in (2.5). 


As a numerical illustration 
i. n= 100 and d=0.1 with a=0.05 for different vi 
y using the approximate formula (2.4). The power 


is also presented. 


we tabulate below the power A of the test for the 
alues of l. These were computed 


of the optimum classical test 


TABLE 2.1 POWER OF DIFFERENT BINOMIAL TESTS AND OF THE CLASSICAL MOST 
POWERFUL TEST OF THE MBEAN OF A NORMAL POPULATION WITH KNOWN 


D DEVIATION 


STANDAR 
n=100 «= 0.05 § =01 
power 
test (normal 
approximation) 
binomial test 
with 1 = 
—0.2 0.19 
—0-1 0.20 
0 0.20 
+0.1 0.20 
+0.2 0.19 
most powerful 0.26 


classical test 


2.5. Example 2: To test the hypothesis that the standard deviation ofa 
S Oo Iternative that it is Oy 


normal population with 


a known mean jel against the a 


sl 


11 
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1 2 
Here 1 Tag 
2 
prin CoV 27 i ah 
inside o : 1 Tu 
— oe Zs? 
o,V 2m á 
or (z—u} > Po if o>? vx (2,11) 
where J has to be suitably determined. 
sih mg = 2900) asa (19) 
T, = 291p). ve (2.13) 
=: Go 
where p= a" 


The following table of values of 2 for n = 100, æ = 0.05 a 
computed for different values of l. 
also presented. 


nd p = 0.9 was 
The power of the classical most powerful test is 


TABLE 2.2. POWER OF DIFFERENT BINOMIAL TESTS AND OF 


POWERFUL TEST FOR THE STANDARD DEVIATION 
LATION WITH A KNOWN MEAN 


THE CLASSICAL MOST 
OF A NORMAL POPU- 


n = 100 a = 0.05 P = 0.9 
aaa aaa 


power 
test (normal 
approximation) 

binomial test 

with l = 
0.2 0.10 
0.3 0.13 
0.4 0.15 
0.5 0.18 
0.6 0.17 

most powerful 

classical test 0.47 


2.6. Example 3: 
a p-variate normal distribu 
nation that it is ji, 


To test the hypothesis that the vector of mean values of 
tion with known dispersion matrix X is Ho against the alter- 


Here, l gaoze — oy’ 
2 + 
inside o : (27)* | | 
= 1 e` Re )zemy < k 
-E a 
(27)? |2] 
or 


(442-12! > IAH Hu — MEM nu) (2.14) 
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wher 2 
ere l A? = (4 — fp) Ma — Mo) (2.15) 
and Zis a constant to be suitably determined. 
Therefore 

m = GUN) a (2.16) 
and m= g(l—4A). avo MBAH) 


t depends only on l and Mahalanobis‘s distance A. Ifwe consider 


The power of this tes 
e have already tabulated the power of the 


the case n = 100, A= 0.1,%4= 0.05, w 
binomial test for different values of J in Table 2.1. 


OF SIZE OF SAMPLE WHEN BOTH KINDS OF 


3, MINIMISATION 
RE-ASSIGNED 


ERROR’ ARE P. 
in testing a simple hypothesis against a simple alter- 
Je size to ensure that the power of the test is 
p. For any given we can find the smallest integer n such 
omial test based on a sample of size n is at least 8. Of course, 
ned values of æ and £ and the region w. The problem is 
d. Here again we need restrict ourselves to regions 


3.1, Another problem 


native is to determine the smallest samp 


a pre-assigned quantity 
that the power of the bin 
n will depend on the pre-assig 
to so choose w that n is minimise 


of the type: 
fo <i 


fixed values of a and £. 


ation to the binomial distribution, we get 


sure that the first kind of error is a and 


e Ato minimise 1 for 


and try to determin 
l approxim 


3.2. Using the norma 
the following requirements On n and c to en 
that the power is f: 

c—nTo iy 


——* 
Mal — To) 


C— NT. [EA 
aaa ae TB 
Vam (l=) 


From this we get 


(2.6). 
s/m ( 1 Zm )}/ (mo): 


with 7, and Tg defined by 


a/n = fr, VTI T0) —78 


(3.1) 


nimised. 
to test that the mean of a normal 
the alternative that it is 


So w has to be so chosen that this quantity is mi 


3.3. Example 1: Suppose it 
wn standard deviation 7 18 Ho 


and power P- Then if /4 


is required 
against 


population with a kno 
> fig and we take 


ji, at level of signficance & 
(3.2) 


inside wy : > Bot hs +10 
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we have F To = ġ(l+}ô), 

; m = oll) 
= a 

where a= en = 


The problem is to so choose l as to minimise n given in (3.1). This was done numeri- 
cally for a = 0.05 and # = 0.90 and 0.95 for = 0.25, 0.30, 0.35 and 0.40. The 
values of Z and n for the optimum binomial test and the s 


ample size ny required for the 
optimum non-sequential test are presented in the table below: 


TABLE 3.1, SAMPLE SIZE REQUIRED TO TEST THE MEAN OF A NORMAL POPULATION 
WITH KNOWN STANDARD DEVIATION AT 5% LEVEL OF SIGNIFICANCE 


B = 0.95 


B = 0,90 
alternative = 
binomial classical binomial classical 
test test test test 
8 a n ng l n no 
0.25 0.275 271 74 0.325 214 138 
0.30 0.300 188 121 0.350 148 96 
_ 0.35 , 0.375 137 89 0.375 109 70 
0.40 0.400 105 68 0.450 83 54 


It will be seen that the binomial test reguires 


guired for the classical non-seguential test, Consequently if the ratio of the cost 
per item sampled for the classical test to that for the binomial test is greater than 
1.5 the method suggested here should prove more economic, 


3.4. Example 2: Consider the 


of a p variate normal population with a 
follows from 2.6 th 


a sample size about 1.5 times that re- 


problem of testing the vector of mean values 


known: dispersion matrix. It immediately 
at the sample size required for the test at level of significance a to 
attain a power f for an alternative value of the vector of mean alues which is at a dis- 
tance A (in Mahalanobis’s sense) can be read off directly from Table 3.1 (with ô replaced 
by A) independently of the number of variates p involved so long as A is kept fixed. 


4. TEST or A SIMPLE HYPOTHESIS ABOUT A SIN 


GLE PARAMETER AGAINST 
A CLASS OF SIMPLE ALTERNATIVES 


applicable. 
a test which is uniformly unbiassed, we ma Suppose that the 
problem is to test the hypothesis H, that the value of the parameter 0 involved in 
the probability density function of the chance variable x(not necessarily unidimensional) 
is Oj. Then if we can find a region & such that 


ed to build up 


TA = | fx, Ode < f fe, Oyda =, 


kal @ 


for all 0 ~ 0,- 
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QUICK DECISION METHODS IN MULTIVARIATE AND UNIVARIATE ANALYSIS 


i that the binomial test based on o must necessarily be uniformly 
unbiassed. If then we want to build up a binomial test that is uniformly unbiassed 


and most powerful for a particular alternative H, that specifies the value 6, for 9 
lar to that used in § 2 and Neyman end Pearson's (1933) 


to show that under the usual regularity condition of 
ourselves only to regions 


it is immediately seen 


by using a line of argument simi 
fundamental lemma it is easy 
differentiability within the intergral s 


of the type: 


ign, we need restrict 


inside o : flee, 01) > USE: O0) +42 (4 fle, of D 


aed except for the stipulation that ~ 


where A, and A, are undetermir 


[5 | fle ode] = 0 


(4.2) 


This in general ensures To, < To only for values of 0 in the neighbourhood of Oa, but 


e this uniformly for all niformly unbiassed 


if it happens to ensur 0, then only we get u 
tests. 

This restriction (4.2) gives one of the two constants, the other one has 
to be determined numerically as in the previous section to maximise the power of the 
binomial test when the value of the parameter is 0, for a fixed sample size , or for 


very large values ofn. 
4.2. Example 1: Supp 


s to examine the hypothesis that 
dard deviation 7 is ptg against the 
4 the search for the most 
are uniformly unbiassed. 


ose the problem i 
own stan 


the mean of a normal population with kn 
with the stipulation tha 
hose that 


alternative hypothesis that it is /4 
amongst tl 


powerful binomial test must be restricted 
me simplification: 


From (4.1) we get after sor 
iidaws ara?) > AHAT (48) 


| tole, 

where T 
p= pazko 

[4 


From the convexity property of 


r the present. 
e written in the form 


t follows that (4.3) may b 
wee (44) 


and A, and As are undetermined fo 
the exponential function i 
SEKANG hy <T < he 

The restriction (4.2) implies that —k = ko and consequently (4.4) may be written 
in the final form: 

inside o: inp > 
uitably determined. 
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It is now easy to see that 
To = Prob. (xewj zo) = 24(k) 
and Tm, = Prob (xew| y) = ġ(k—8)+ġ(k-+ô). 
This incidentally brings out the symmetry of the power function of the binomial test. 
For the special case n = 100, æ = .05,6 = 0.4, the following table gives the 


power of the binomial test for different values of k as also th 


at of the most powerful 
uniformly unbiassed classical test. 


TABLE 4.1. POWER OF DIFFERENT UNIFORMLY UNBIASSED BINOMIAL TESTS AND 

ii OF THE CLASSICAL TEST FOR THE MEAN OF A NORMAL POPULATION WITH 
KNOWN STANDARD DEVIATION 

(n = 100, a = 0.05, ô = 0.4) 


es 


power 

test (normal 

approximation) 
ES sae 


binomial test with & 


0.5 


0.14 
1.0 0.21 
1.5 0.25 
2.0 0.25 


uniformly unbiassed 
classical test 0.98 


Sama aa 
MPTOTICALLY LOCALLY MOST POWERFUL ON 

5.1. An alternative approach in problems of testing a simple hypothesis about 
a single parameter is to try to maximise the rate of increase of 
of a test in a neighbourhood (one sided) of the v 
the null hypothesis, A test for which this proper 
locally most powerful test. (Rao & Pati) 


5. Asy E SIDED TEST 


the power function 
alue of the parameter specified by 
ty holds may be called an one sided 


5.2. In this section we consider the problem of finding the locally most power- 
ful binomial test when the sample size is large. In the illustrative example considera- 
tion is limited only to a very special class of the binomial tests, as a general solution 
to the problem could not be derived. 

5.3. Suppose th 
tested is that the value 0 
based on the region o w 


for large values of n b 


at f involves a single par 
f the parameter is A. 
hen the value of the p 


ameter and the hypothesis H, to be 
Then the power £ of the binomial test 
arameter is 0, is given approximately, 


y 
P = G2) (5.1) 
h 4 To(1—779) a moiy i 
where z ten =m aa] wes (8:2) 
where 


To = Prob. (zew) 


mı = Prob. (zeo |0). 
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Therefore, the rate of increase of the power at the point 0, is 


af mania) 
at (m, — $) V To M 
he mlm) Vm (1—7) 


pe ( (m, — me) =>) +e K a ). 


m(1—m) vm (1 =) 


Consequently 
1 28) Vict = To—t H om ) | 
(a) = A KA Tol — To) 001 Í 01=00 
00; 61=90 Man bs 
The dominant term in this expression 18 
— I -¥2 /1-™My ( dm, | a 
wa Mi ; To 1 /01=00 
27 
i o that 
The problem therefore is to 50 choose 
(5.5) 


LE (ate aan 


is maximised. ld not b 
; oblem cou 
But a general solution to this pr fle—9) and th 


ig if fla, 8) = 
location parameter, that ks s 4 ely aa ie 


e derived. However, if 0 is a 
e range does not involve 0 and 


consideration is limited per ea 
ov: 
it is easy to see that 
Om, ) = f(k). 
EA 01=00 
simise 
hosen tO maximi! 
tly k has to be ¢ 
Consequently Es ar 
To Fk 
U = ET 
5.8 
” (5.8) 
— Í fot 
and, here To | 
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The condition a= 0 gives 


21 — mg) (I) AA f(k)}2 = 0. 


It follows that for the problem of testing the mean of 
with unit standard deviation the value of kisa root of 


a normal 


2k = ee 
á (1—¢) 
l —iMe 
where a ie 
V 20 
oa 
and : o= wit oo dt. 
5” | v zi 
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ON THE METHOD OF OVERLAPPING MAPS IN 


| SAMPLE SURVEYS 
By DES RAJ 


1. [INTRODUCTION 


In multipurpose surveys involvin 
usually found desirable to select the units wi 
one group of characters and with a different set of probabili 
group of characters. For example, in th 
population is made the basis for selection for the house 
land utilisation survey. An important problem arising 


able selection procedure, S 


designing a suit 
most identica 


of the NSS) for the two types are al 
procedure will greatly reduce the cost of opera 

Lahiri (1954) has given two methods of se 
‘serpentine’ method and the ‘two dimensional’ meth 
into the mathematics of the problem. 
problem mathematically and offer general solutions. 


2. FORMULATION OF 


Suppose a tract contains ù villages. 


The object of this paper 


We are required to select a pair 


Indian Statistical Institute, Calcutta 


g the estimation of several characters,.it is 
th one set: of probabilities for estimating 
ties for estimating another 
e National Sample Survey (NSS) of India, 
hold enquiry and area for the 
in such a situation is that of 
o that the sample units (villages, in case 
l or near to one another. Such a 
tions in the field. 

lection for the purpose, called the 
od. He has not, however, entered 


is to present the 


THE PROBLEM 


of sample 


villages, one with probabilities 
ay ae 4 
G G G 
proportional to area and the other with probabilities 
B Ba ak 
a’@ G 
ft villages are close to one 
i ion i -manner that the two villag' 
proportional to po ulation mM such at : 
another, if not ae, Let c, be the distance (in some sense) between the i-th 
| area village and the j-th population village. EA 
TABLE 1 AMOUNTS oF PROBABILITY MASS TO BE DISTRIBUTED 
+ 5 . ŻAL AN 
by population a 
village no. A 5 f i i 
5 7 8 
(1) (2) (3) (4) (5) (6) (7) (8) 
1 x. ang wij kah 7 
J a v 3 f vaj Wan > 
2 TA Wa? a : 
by area üi Gin ai 
t vir wi: vij ; 
D t 
7 Uni ng @pj Unn n 
Xp Tu? 
; on G 
total bi by bj n 
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Let x,,/@ (i,j = 1 n) be the probability with which the corresponding 
by I = 1,.., 
pair of villages is selected. The problem is to find x; such that 
n 
ty =o, 3 tj =>; 2 tp Se Oy = e x; > 0 
and Z= XY cjs; is minimised. 
Stated thus, this is the familiar ‘transportation problem’ (Koopmans, 1951) in linear 
rogram The solution by the simplex method due to Dantzig is given in the 
P ; 5 
book referred to above. ; 
Starting with the arbitrary basic solution of Dantzig, one gets the final solution 
in a finite number of stages. If the villages are arranged in a serpentine fashion and the 
a fini a serpenti i 
3 e arrangement is used for area as well as for population, it is Interesting to see 
i ip’ $ . . 
i t Lahiri’s ‘serpentine method’ is the same as Dantzig’s arbitrary basic solution 
a 
with which the iterative process starts. 


3. ÅN ILLUSTRATION 


As an illustration of the method, we consider the following ten villages, the 
map of which is given in Fig. 1 below: 


Fig 1. Map of ten villages 


The villages are numbered in a serpentine fashion and their areas and popula- 
tions are given in the table below: 


TABLE 2, AREA AND POPULATION 


village no, area population | village no, area population 


_ (1) (2) (3) | (1) (2) 


á (3) 
i 3 8 6 15 20 
2 4 5 7 15 10 
3 6 10 8 ll 5 
i p 5 9 5 10 
b 11 6 10 5 1 
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Measuring the actual geographical distances (from the centres) between the 


Villages, the cost matrix is obtained as the following: 


TABLE 3. COST MATRIX cij 


slits by population EPE 

no. 1 2 3 4 5 6 7 8 9 10 
(1) 2) (3) 9 6 © mo & 9 AN AD 

1 0 5 10 5 5 n l4 20 15 21 

2 5 0 7 5 8 13 13 21 18 23 

3 10 T 0 6 ll 14 8 17 16 20 

4 5 5 6 0 6 9 9 16 13 18 

5 5 8 11 6 0 6 11 16 12 17 

by area 

11 13 14 9 6 0 10 11 5 10 

7 14 13 8 9 14 10 0 9 9 12 

8 20 21 14 16 16 11 9 0 6 5 

9 15 18 16 13 12 5 9 6 0 5 

12 5 5 0 


arbitrary basic solution (of Dantzig), the final 


The tables below give the 
ve- process. 


solution and salient features of the iterati 


BITRARY BASIC SOLUTION 


TABLE 4. AR 
ae ee 
by population 
= 1 g 3 4 5 6 7 8 9 10 total 
(1) 2) (3) (4) (5) (6) (7) (8) (9) a0) AN (12) 
3 
1 3 
2 4 4 
3 1 5 0 6 
4 5 5 
5 5 5 1 ll 
by area 
6 5 10 15 
4 10 5 15 
8 5 5 1 11 
5 5 
|: 
10 4 1 5 
total 8 5 10 5 6 20 10 5 10 1 80 


91 


VoL. 17 ] SANKHYA : THE INDIAN JOURNAL OF STATISTICS [ PART 


TABLE 5. FINAL SOLUTION 


by population 


village 
no. 1 2 3 4 5 6 7 8 9 10 
a) (2) (3) (4) (5) (6) (7) (8) (9) (0 (an 
1 3 
2 4 
3 6 
4 0 5 
5 5 0 6 
by area 
6 15 
7 1 4 0 10 
8 5 s i 
9 = 
” 
10 


TABLE 6. BRIEF DETAILS OF THE ITERATIVE PROCR 
_OO 


SS 


step (i) Zi = Zi1—Mi-, Oji Mi = max.(cj— ci) ii 
a) (2) (3) a 
a a o e 
2 355 28 i 
3 253 29 5 
4 243 23 n 
5 243 13 i 
6 230 10 3 
7 190 8 a 
8 158 16 ‘ 
9 158 13 
10 158 7 i 

11 151 


| It is found by the author that in problems of this ¢ 
contains all zeros in the diagonal, instead of 
15 very inefficient in this case, one 
se, should start with an i i 
ika ; i | y solution wit} axi 
maka q diagonal (obtained by putting min (a;i. b) in the lena Ta i on 
s example, seven steps were necessar ob re 
| ) ssary to get at a soluti i i 
ji, on with th ass 
e diagonal and then only four further steps were required to eae na 
7 ne op imun 


a Sv ps where the cost matrix 
Starting with Dantzig’s solution, which 


solution, 
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is connection that Lahiri’s two-dimensional solu- 


Tt is of interest to note in th 
s good as the optimum 


tion (in table 7 below). obtained by 
since Z = 152 in this case. 


inspection, is almost a 


LAHIRI'S TWO-DIMENSIONAL SOLUTION 


TABLE 7. 
by population 
village Pp” a ai 
no. 1 2 3 4 5 6 7 8 9 10 
a) @) o © 6 © () e END GD) 
1 3 
2 4 
3 6 
4 1 4 
5 5 5 
by aren 
6 15 
7 4 1 10 
s 4 5 2 
9 5 
1 3 1 


4, Tue OPTIUM CHARACTER OF THE SERPENTINE METHOD 
ance between two villages is defined 
es of the villages. To simplify 
een the serial numbers 
entine fashion. We 


pasic solution 


above the dist 
e between the centr 
the difference betw: 
n numbered in a serp 
antzig’s arbitrary 
mum solution in the 


Tn the illustration given 


as the actual geographical distanc 
the problem we may define ‘distance as 


of the villages when the villages have bee j 
shall now show that, with this definition of distance, D 


(which is the same as Lahiri’s serpentine method) gives the opti 
t minimises the expec Without any loss of generality we 
gpi n f” 


ted ‘distance’. 
y= 5 villages with areas and populations given in Table 1 before. 
, = ges 


e given by Table 8. 
cell containing the basis, 


sense that i 
shall take the case of? 

| Dantzig’s arbitrar 
b E i he first to the last 


of this solution is that if one tr vate a 
the path is a continuous one and is always parallel to LG ees 


The essential feature 


TABLE 8- ARBITRARY SOLUTION 
by population ee 
village = a i 5 
mo. 1 2 . 
(1) (2) (3) (4) (5) (6) (7) 
a 
1 w 4 = 
wo wan was t: 
b; ii 293 Tyt as 
y aroa 3 a cd 
5 X54 U5 as 
5 
b bs G 
total by be by 4 
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TABLE 9. COST MATRIX c;; 


cij 
by population 


Wi 1 2 3 4 5 

(1) (2) (3) (4) (5) (6) 

1 0 1 2 3 4 

2 1 0 1 2 3 

by area 3 2 A | 0 1 2 
4 3 2 l 0 1 

5 4 3 2 1 0 


With this definition of distance, the (direct) cost matrix is given by Table 9. To obtain 


the indirect cost matrix é;, we have ¢, = c for any element (i, 7) appearing in the 


basis. The other elements j are given bya; = Uitv; where u; and vj are to be 
determined from the elements in the basis, 


Let u, = c, and v; = 0, Then we have in succession 


Me = Ci 8s ba; 
Va = Co9—Us = Cy— Cys, 
Ya = Cyg—Uy = C23— C1, 


Uz = bg ug = Cag Co1— Cag, 
Ug = Cag—Ug = C3a— C33- Ca3— Cpi, 


Ya = a. = C44 C34 + C33 Coy 


Us = Ca Vi = 


= Cog; 
C54— C34 +C53—Cost Coy, 


% = Css—U, = Cis — Coat Coy C33 + Cog — Coy. 


TABLE 10. COST MATRIX Cy CORRESPONDING TO BASIS 


= ee oe population = 
no. 1 2 3 4 5 
(1) (2) (3) (3) (5) (6) 
1 C11 
2 Coy C29 Cog 
by area 3 C33 C34 
4 Cag 
5 Cs Cis 


Substituting ĉi; = li-—j|, we have 


Wu = 0, Uy = 1 


and y= 0, v = —] 
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Hence indi i 
the indirect cost matrix é, is as given in Table 11. 
TABLE 11. INDIRECT COST MATRIX cij 


by population 


village 
no. 1 2 3 4 5 


(1) (2) (3) (4) (5) (6) 
0 —l1 0 1 0 
2 1 0 1 2 1 
0 —l 0 1 0 
by area —1 2 -l1 0 —l 
0 —l 0 1 0 
ith the direct cost matrix ¢, of Table 9, we see that 


ooe w o e 


Comparing this w 
‘ M =max (&j—is) =0 


so that the solution obtained is optimum. 

RPENTINE METHOD 

s emerge from the result proved above 
din a serpentine fashion, the serpentine 


ple to arrange the villages in a 


5. SoME FURTHER REMARKS ON THE SE. 


f interesting conclusion 
arrange 
But it is possi 
Since for any 
changed (they may occur in 
e of the expected ‘distance’ is achieved, in whatever 
arrangement is serpentine. This 
hen the serpentine arrange- 
llages in such 


A number 0 
at if the villages are 


imum solution. 
a number of ways. 
d bis would remain un 


We have proved th 
method gives the opt 
serpentine fashion in 
marginal totals 4; s an 
order), the same minimum 
manner the villages be art 


proves that the method given by 


or less at our choice 
tive density fluctu 


re the situation. 


serpentine arrangement the 
a different 


valu 
anged provi 
Lahiri ( 
we should endeav 
ates as 
Any serpentine arr 


ded the 
1954) namely wi 
our to arrange the vi 
frequently as possible about the 


ment is more 
angement will do as 


a manner that the cumula 
tehsil density’, cannot improv 
well. 

6. THE PRO 
e of the wor. 


thin strata are to be 


case when fir 
at two successive occasio. so that the Pr 
ximised. State 


| BLEM OF KEYFITZ 
units at the two occasions is ma 
same as discussed in § 2 where the cost matrix is giv 


k of Keyfita(1951) who considers the 
selected with different probabilities 
ing identical first stage 


obability of havi 
d mathematically, the problem is the 


en in Table 12 below: 


Mention must be made her 


st stage units wi 
ms, 


T MATRIK IN KEYFITZ PROBLEM 


TABLE 12. cos 
1951 


unit no. a 3 
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By the general theory (and obviously enough) the optimum susien er 
in putting in the diagonals as much mass as possible, viz., min (a;. bi) = the (č. 9 = j 
We shall now-show that the somewhat unwieldy selection procedure given by Key sui 
is equivalent to the simple procedure given by us. To take a concrete oai, let n F 5 
in Table 1 and a, > by, ds > bz, dy > by. ar < by. a; < b; (there is no loss of generality 
involved here). Then the probability of getting identical villages in our method 
is given by 


5 
A = min (a; b) = = (by +-b.-+b3+-a,+-4,). 


By Keyfitz’ method, probability of getting identical villages is equal to 


iiss a (by+-b,—a,—a,) 


so that the two methods are equivalent i.e. Keyfitz’ method is also optimum. It 
may be noticed here that Keyfitz is thinking of a situation where the selection is to be 
made at two different occasions viz., a’s are the sizes for 1950 while b's are the sizes for 
1951. In such a case, we will select a village with prob j 


abilities proportional to a’s 
in 1950 (say village 1 is selected in the sample). 


Then at the second occasion we will select 
tional to %4/@,, %45/a,, ... 
(say) (1, 3) is selected is 


a village with probabilities propor- 
> %4;/@, so that the overall probability that a combination 


a = = a as desired in the method, 


7. THE PROBLEM OF GOODMAN AND KISH 


Another related problem occurs in str 
of stratified sampling, units within one str 
within another stratum. But more gener 


atified sampling. In the usual type 


atum are selected independently of those 


ally, one may select ‘a pair of units, one 
from each stratum, in a dependent way such that certain preferred types of pairs have 


a higher probability of selection and consequently others have a lower probability 
of selection. Such a problem has been considered by Goodman and Kish (1950). 
Their population consists of two strata, one containing 3 coastal and 3 inland units 
while the other contains five units of which one is coastal and the others are inland. 
Two units have to be selected, one from each stratum, with assigned probabilities 


within strata. The object is to maximise the probability of selecting one coastal 
and one inland unit. It is obvious that this problem easily reduces to the one considered 
before. The cost matrix is given in Table 13 below: 
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COST MATRIX IN GOODMAN AND KISH’S PROBLEM 


— 


TABLE 13. 


stratum 1 
h costal inland 
units pa nanjak al 
B Cc F A D E 
a) (2) (3) (4) (5) (6) (7) 
inland @ 0 0 0 1 1 1 
i b 0 0 0 1 1 1 
stratum 2 c 0 0 0 1 1 1 
0 0 0 1 1 1 
dif 1 0 0 0 


The optimum solution; giv 
is presented in Table 14. 


OPTIMUM SOLUTION AND KISH’S PROBLEM ' 


TABLE 14. IN GOODMAN 


stratum 1 
units Se a en ai total 
B Cc F A D E. 
| a 69-4 a g a 9 
| 
15 15 
b 0 10 20 0 30 
stratum 2 F 10 0 i 
é 20 5 25 
d 20 20 
15 10 20 10 20 25 100 


total 
In the previous problem 


problem, however: raises new issues. 
timation of several characters and a particular scheme 


affect the variances of the estimates of individual characters so 
strata were selected with certain assigned probabilities. But 
j tion in the two strata, the vari- 


s under investiga’ 
to the dependent manner in which pairs 


re specific, let there be two strata of sizes Ny and Na 
unit is to be selected with probabilities 
two with probabilities 


er unit is to be selected from stratum 
that the expected cost (of travel) is minimised. 


_N,) is the optimum set of probabilities for 
andthe j-th unit from the second stratum. 


This type of 
we were concerned with the es 
of selection did not 


long as the units within 
in this case since the game character i 
ill be affected due 


ance of the final estimate WI 
To be mo 


of units are selected. 
first stratum 2 


respectively. From the 
pi=l,..., Ny) and anoth 
Pj = 1,25 >> Ng) in such a way 
Suppose pi (Gisele j 

selecting the i-th unit from t 


A ny” 


. Ni) = 1; 25 
he first stratum 


Then a {ćĉa2 
Yaep Di Dj 
is an unbiased estimate of the population total. 
Š jè MEE T 5 , Wi vj _y, 
Aleo V (Yaer) = A + 2am rA Pü p; p 
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In case selection within one stratum is independent of that within another, 
we have 
, 
Yi Yj 
+ 


A 
E aeng Wih 
Pi Pj 


q H Yj 72 72 
V (Yina) = > s T Yi —(Yi+ Y?) 
so that 


Vaep— Vina = 2 = >, “oa Yi; - 


One cannot establish that Vj, is always smaller than Ving 80 that the possibility 
is there that the new method, though decreasing the travel cost, may increase the vari- 
ance of the estimate. 


Another point worth mentioning is the estimation of error yariance in such 
designs. Obviously enough, it is not possible to get unbiased estimates of the sampling 
error even in case of independent. sampling within strata by 


from each stratum. If, however, a duplicate set of units is se 


as before), it is possible to obtain unbiased estim 


selecting only one unit 
lected (in the same way 
ates of the sampling error. If Vaden 
A . 

and yogep denote the population total estimates based on the first 


and the second 
A, 
set and yu, denotes the pooled estimate, we have 


Ny aA A 
Yaep = 2(Yraep+Youcp)> 


she 


A, 
V (Yep) = Viyaep)s 
B iby Yraep—Veaep \* 
In case sampling within one stratum is independent of that within another, 
we have the comparable quantities: 


A, u^ A 
Yina = 3(Yrina+Yeina)» 


A, 
Vina) = V Oina), 
A A 
A 7 
Vina) = ("tna taaa)" 
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BOOK REVIEWS 


in Poona District : 
and Economics, Publicatio 


N Survey of Fertility and Mortality By V. M. Dandekar 
and K. Dandekar; Gokhale Institute of Politics n No. 27; Price 


Rs. 5/-. 
e work done in the Section for Demography and 


ale Institute in 1951 with a donation from the 
amics of population growth 


This is the first publication on th 


Population Studies, established in the Gokh 


nr Foundation. In contemporary India study of the dyn 
has not received the attention it deserves and it is heartening to see & new contribution on 


the subject. The authors have devoted 2 good deal of labour and thought to analyse and 
present the results, and to interpret them objectively. The difficulties with which an operator 
has to grapple in the field are brought into relief in this work. The book is thus a welcome 
and valuable addition to our limited store of knowledge and experience in the sector. Some 
points in the design and methods adopted are however open to criticism and one could not 


agree with the views expressed by the authors at some other places. 
he Survey are stated in the foreword (pil) by Dr. Gadgil, 
nformation regarding births and deaths and the 


The main objectives of tl 
was however disappointed in the morta- 


the Director of the Institute, 35 collection of i 

attitude towards family planning. The Institute 

lity data collected, scrapped the Survey data and fell back on the municipal birth and death 

registration and 1951 census population figures to produce life tables for Poona City. Birth 

and death registration statistics in India are generally known to be very much defective. 
Il death rates; but in this 


One would view them with ven for obtaining overa 
publication, they have peen accepte without any adjustments, for construct- 


ing a set of age specific mortality rates- 


grave suspicion € 
d on face value, 
a detailed life table from 
integer pias’ and devising means . 
disposed of in para A.4 and qui- 
ng the efficiency of the system, 
imum pull, quinary age 
ple to suggest the most 
1 ages has not 


ographer in framing 
the so-called $ 


T summarily 


The primary problem facing a dem 

raw data is the testing of the 98° returns for 
The problem has been rathe 

ith end digits 3.7 18-2 adopted without testi 
apparently in the belief that since the digits 0 and 5 have the max 
groups centred round them would jent. It is not possi 
efficient system of age grouping of t sic data in individua 
been given in the report, nerjence it looks probable that the 2-6: 7-1 
or even the straight-forward 0 system might ha _ With the system 
concentr’ arly as in age-groups g-12 and 18-22. 
and AZ, wit at the age-groups round end- 
t doubts in the 


urring 1 publi 


to cure the fault. 
nary age groups wW: 


be most effici 


ation show 
h their mark 


of grouping adopted, age 
mind of any OP 


A look at the Tables 2.11 
digit 0, should have at once cas 
n-residents were 


se occ ; 
her side of the account, of migration 


ised that the ot 


99 


c hospitals to no! 


From the registered deaths tho 


rightly excluded, but it should be real 


A y ART l 
Vou. 17] SANKHYĀ : THE INDIAN JOURNAL OF STATISTICS [ PART 


to home outside City on attack of sickness and death there, has also been missed. Tt is not 
clear how the population commuting to the City has been treated. As to the under-repre- 
sentation of deaths in the actual Survey data (Chapter VI) it is also relevant to rennet 
that shifts in relation categories and in exposure quantities are inherent in the design in the 
event of death of the household-head during the previous year. It is advisable to take the 
average of deaths over 3 years, say, around the census or survey date to get working piset ical 
rates of mortality. but only a single year’s deaths have been used by the authors. It is thus 
a matter of guess how much of the resulting improvement in the expectation of life in the 
Tables A.7 and A.8 arises from under-registration and how much from chance short period 
fluctuation. But such detailed life tables for an open City like Poona based on a single 
year’s experience is of ambiguous practical value anyway, and no new techniques which 
could be of theoretical interest have been introduced. 


Coming next to the Survey proper and the design of the Survey, it is to be noticed 
at the outset that the frame for Poona City (and othen towns included in the Survey) is the 
ration register. The inflation in ration lists, both in aggregate numbers and in ages (at the 
crucial age line dividing children from adults) is notorious. While inflations are more 


numerous in certain sections, omissions are perhaps likely in others, specially among the 
agricultural classes and the lower income groups in the fringes of towns. Table 3.1 gives the 


number of families registered in Poona City frame as 1,40,098 while Table 3.2 gives thenumber 
of households in the City according to 1951 census as only 1,01,460, 


There is thus about 
40% inflation in households with the census enumeration as standard. 


The total number 
of individuals on ration lists has not been given, but the total population of Poona City at 
1951 census is quoted in Table 2.1 as 4,80,982; distributed in the families registered at the 


ration shops, this works out to less than 3.5 members per family as against over 4.7 members 
per census household. 


The inordinate difficulty experienced in the Survey (para 3.16) in tracing the house- 
holds selected was only natural in this background. Ward names in Tables 3.1 and 3.2 do 
not all tally (Guruwar, Nagesh, Shivajinagar, Nihal, Vetal, Ghorpade) and it has not been 
stated how the selection made in one ward in Table 3.1 has been allocated in another ward in 
Table 3.2. Attention has not been drawn in the body of the report even to this fundamental 
inflation and discrepancy in the frame. The under-registration of certain wards in the final 
sample mentioned in para 3.17 and the serious fault in the fr 
doubt affected the results in a number of ways. 


by a haphazard procedure (para 3.18) 


ame pointed out above have no 


The sample towns were apparently selected 
with bias for rationed towns and so were the sample 
villages with bias for villages with population less than 1,500 (para 3.20). On the top of it, 
the selection of the sample households in the villages was left to the choice of the investiga- 
tors, provided they covered all sections of the village site (para 3.21). Incidentally, it is 


interesting to find a small rural population in Poona City area, as shown in Table 2.2. 


The ‘biological family’ has been chosen as the unit of investigation. The authors 
were very forthright in condemning the ‘household’ as the unit for such surveys. In para 
3.6 they even go to the extent of saying that some definitions of the households as unit work 
only to the extent that they are kept vague and any clarification of the term only tends to 
defeat its purpose. Though border-line conceptual difficulties do arise, there is a definition 
(and perhaps there are more than one) of a messing-cum-resident household unit which 
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iede a eri eae as the definition of any other unit. That may not be known 
Patel ie panes t = enthusiasm to run down the household as unit might have originated 
eae ae y 5 nH : ut tie oe bad dhemselves to fall back on the basic unit of house- 
: ermine their unit of ‘biological family’ (para 3.8). They have however, not de- 
inea the ‘household’ used by them in the Survey to reach the ultimate anih, Para 3.8 = 
vides that if there were any adult male ina selected household with de facto Pons ak 
he was to be treated as the head and his bio-family was enumerated. It is not known es 


happe i 
ned if a servi ras F 2 4 £ i 
PY if a servant was the only adult male member of the ‘household’ (or if a servant 


could never be a member of the ‘household’). 
ations were to be treated. The schedule 


be of small significance in the 
than one wife living, 2 birth 


The report again does not indicate how step-rel 
does not provide for polyandric marriages, though it may 
: vered. If the head had more 
during the year only to the latter wife and her fertility history were presumably to be re- 

mess of the first wife, the 


corded; if the subsequent marriage Was occasioned by the barrer 
ld have been overestimated to that extent. Tt is also not clear 


resulting fertility rates wou 

if a birth during the year to a wife dead on the date of investigation was to be counted. 

Possibly these points were dealt with in the instructions to the field staff, but they are men- 
f the resulting fertility 


particular i 
particular geographical area co 


tioned here as they are important in assessing the proper import © 
rates. Subsidiary families, SAY a first cousin, his sibs, wife and children, or an employee and 
| his relations staying in the same household had no chance of inclusion in the Survey. The 
4 characteristics including fertility derived from the Survey results, therefore, relate only 
hich the head is the ‘head ’ of a ‘household’. The bio-family 

are likely to be diffused and obliterated in 


to a population of families ofw 
| unit is overlaping and environmental influences 
working with it. 
to surface the bias in the design 
and the procedure. 


The family composition st 
Tt has been men 


atistics clearly brings 
that the members of families with 
bigger number of adult male members 


tioned in the report 
(and more of them living separate) had greater chances 

of selection as sample (par? 4,15), but t of such bias are not fully explained. 
ater chance lies in the sample, 

arate households 


pio-families 


he implications 
s of selection of mothers of big fami 
io-families (if there were sepi 


favour of bigger 
al number of children born 


There were not only gt 
but chances of repeated se 
of sons). It is evident that a samp 
and the historical fertility rates would be exaggers” 

z to be affected mo 


to the generation of ‘mother’s was likely 
2 and 4 at durations over 


historical fertility curve in graphs nos. = 
explained by this. 
From Table 4.17 it would ap 


Jection 
will be piased in 


The actu 
st by this pias, and the lift in the 


20 might at least be partly 


yes at marriage duration 1 
and wives at marriage 
a to date 640. It 
Jdren in the 1 year 


ation of their 


ile a thousand wi 
ng the Survey, ® thous 
me yeat with total children bor! 
at marri 2 had 640—240 or 400 chi 
The productive performance during the 1 year dur 

e duration 2, is thus eight times the performance of the 
These results are definitely inconsistent and confer an 
ration specific fertility rates- This inconsistency 
A probable explanation might be that the 
porn babies were missed from sample. 


pear that wh 
the year precedi 


during the s® 
age duration 


had only 50 children during 
duration 2 had 240 children 
follows that the 1000 women 
duration. of their marriage. 

e wives at marriag' 
ent year. 
f cumulated du 


the authors. 
ves and newly 


marriage of thes 
wives married in the subsequ 
initial handicap to the series 0 
has not at all been examined by 
small families with recently married Wi 


101 


OOO _ 


A ! 1 
Vor. 17] SANKHYA : THE INDIAN JOURNAL OF STATISTICS [ Part 


The curve of cumulated fertility rates for Poona City (graph 2) again logea ground 
sharply at marriage durations 6-8. It is not unlikely that this sudden and sharp rise a one 
historical fertility curve might have partially resulted from the motive to describe the children 
as adults for rationing purpose. This suspicion is reinforced when it is see 
in the historical fertility curve from the cumulated fertility 
marriage duration 15, for the towns and villages (graph 4). From Table A.4 it uiaesinit 
appears that the total births registered in the year ended August 1951 at the Poona C atin! 
tion were 13,966, which is over 30% inexcess of the 10,796 births registeredin the year endec 
August 1950. Perhaps much of the reference period in the present Survey fell in the later 
year, 1951. There is thus some external evidence that the ye 
fertility rates are built up was not an unfavourable ye: 
7 deaths to daughters, under | year of 


n that the break 
curve starts much later, at about 


ar from which the cumulated 


ar for births. Two deaths to sons and 
age, Were reported in the 
expected in each category on municipal registration basis 
serious under-reporting of dead infants. 


Survey as against 15 death, 
(para 6.3): this was indicative of 


The figures of total number of children born 
husbands also living, and 


cause of the devi 


are from th 
association between mortality 
ation between the historical and cumul 
lysis therefore appears necessary before the 


were subjected to higher actual fertility at v 


e category of women living, with 
and fertility may be a contributory 
ated fertility curves. Further ana- 
conclusion drawn in para 4.25 that the women 
arious durations than those 
accepted. A considerable 
ance of the effects of v 


derived from births 


ata and the spread of the bio- 
ed in some diffusion and 
ave been made at studies with control 
ce of the important factors. 


and isolation of some factors in evaluating the influen 


It is important to note that the Institute has now 
field investigators were not the suitable agency in small t 
the acquainted was difficult (para 3.2) and embarassing, 
tribution. of the families is interesting, though it was no doubt 
to give the income of the members residing away in other income 
been sought to be made out that the marriage r 
better indicator of the future pattern. But if 
rates at the lower age groups should be 
behaviour of recent marriage cohorts; on 


acquired the experience that local 
owns (and villages) as questioning 
Table 4.4 giving the income dis- 
difficult for the informants 
units. In para 4.41 it has 
y of daughters is a 
are recorded, the marriage 


and interest- 
here were no overlap in the 
just temporary visits, The 


sting, though it is not first of its 
ve data o 


ween migration and 


kind in India as has been claimed in the fo 


attitudes were gathered by Dr. Chandrasekaran and Dr. Mukta Sen 
tute of Hygiene and Public Health, Caleutta and tables based on them were published in the 
book by Davis on the ‘Population of India and Pakistan’. The data on family planning 
collected in the present survey are however broader based, 


Teword; objecti 
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non-response is di i i anni 
onse is disturbing. It is significant that i i 
i a ss a hat question: a 4 i i 
offended a number of informants. d i; een Raa e 
arning administered in para 5.11 of the report to all investigators 
ga 


In concluding, the we 
against the belief tha ini i 
belief that to obtain information on any point one has merely to frame a questi 
y me a jon 
hat some nods are inevitable in a work 


and ask, ec 4 
= sk, could be profitably re-iterated. It is realised t 
his nature w i 
s nature when the authors ventured in a rather unchartered field, and the criticisms 


are no i : : 
t meant to detract from the merit of their achievement. 


Ajit Das Gupta 


Time Series: By Herman Wold; 


s of Stationary 
Almquist and Wicksell, Stockholm; 


A Study in the Analysi 
by Peter Whittle; 


Second Edition, with an appendix 
Price Sw. Kr. 28/-. 

of Professor Wold’s well known book will be 
Time Series analysts who are 
k is not only ‘the first of its 
This is the only book on 
after its first publi- 


a second edition 


The publication of 
atisticians, 


welcomed by all mathematical st 
all indebted to this book in & very l 
kind’, as Neyman noted in 1939, it also happen: 
Time Series Analysis we h al literature; 
cation, it remains indispensable to ted in the subject. 


and especially by 
arge measure. For, this boo 
s to be the last. 


ave in statistic: and even 15 years 


all interes 
f the English empiricists Arthur Schuster, 


line of work 0 
al Probabilitists, Kolmogoroff, 


Professor Wold joins UP the 


Gilbert Walker, Udny Yule ete.» with that of the Continent 
Khintchine, ete. The first three chapters contain a penetrating analysis of the consequences 


of discrete time parameter | tationarity as defined by Khintchine. All the different models 
that have been in use for describing observed oscillatory series are shown to be just parti- 
cular cases of the Diserete Stationary Process- Professor Wold himself proves some interest- 
ing theorems, of which perhaps the most important is the Decomposition Theorem laying 
down a canonical form for the Diserete Stationary Process- This is an important result, 
mathematically elegant, and e of great practical usefulness. In two other 
important theorems, he extends the a spectrum to Discrete Processes and lays 


down the necessary and sufficient C0 al numbers might be the first k 


autocorrelations of a moving average process- 
lications of his theory to observational data. 


s devoted to app 
The method of estimation and of fitting mo ka may not be regarded as very satis- 
| remains that these are problems 


and point. Be as it may, 
s have not as yet been provided by any body else. 


at the same tim 
notion of 
ndition that k re 


The fourth chapter i 


factory from a modern st 
to which satisfactory solution 

were several prob- 
in future editions of the book. 
esearch since that time. 
alterations, the 


e it up-to-date 


a of this book, noted that there 


be solved 
ject of intense T 
Except for minor 
mak 
The first of these appen- 


itior 
t they might 
been the sub, 
hope. 


Neyman, reviewing the first ed 
and hoped tha 


lems that were unsolved 

Many of these unsolved problems have 

But this second edition does not fulfill Neyman’s 

text of the present edition is unchanged. Attempt has 

by providing two appendices that replace those of the first edition. 
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dices by Professor Wold himself consists of some notes referring to points in the main text. 

The second appendix by Peter Whittle purports to be a survey of the Spectral Theory and ~ 

methods of Inference in Time Series. Unfortunately, it does not discuss any other methods 

of inference except those due to Dr. Whittle himself, Even Professor Wold’s own goodness 

of fit test for the moving average is not even mentioned. Ably written as these fo appen- 

dices ain they cannot provide satisfaction to those who would like to have a connected and 

systematic account of recent developments of the subject. We therefore hope that Pro- # ` 
r Wold would bring out a new volume dealing in detail with such topics as the Spectr: y 

theory the concept of Ergodicity, the problems of estimation and testing’ of alen in 
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1. INTRODUCTION 
4 


5 


The object of this note is to make further ¢ 

combined intra and inter block analysis of experiments 

earlier in 1947, derive explicit expressions in the case of lin 
ble to designs which admit easy es 


more suita 
ase of LB, lattice and similar designs (Roy 


aring in this issue). 


suggested by the author 


timation of block 


suggest a new method 
and Laha, 1956; 


parameters as in the ¢ 

Ramakrishnan, 1956, appe 
2, Tur Q METHOD 

In the intra block anal 

tal differences can 


ysis of varietal trials the 


: Zie dhe general analysis. 
normal equation for the estimation of varie 


equal replication for all varieties; 


-à 


~ 


omments on the method of ` 


ked block (LB) designs and 


be written, assuming | 


ha) a Berea ee 211 
Q= tr sih Wa i 7 ty < ( ) 
i=l, 
together with the consistent equation 
0 = tt ai +t, 
in which ~ 


where Q; =the total yield for the i-th variety minus the sum of block means 
it occurs, together 

I rareti » toge l 
Ay = the number of blocks jn whieh the ¿i-th and j-th V arieties occut WOS , 


r = the number of replications, 


p= 


: and k= the block size. 
105 


yp TQ J PART 3 
5 TA: N JOURNAL OF STATISTICS i 
Vor. 17] SANKHYA : THE INDIAN D 


i < analysis is shown 
h esponding equations for the combined intra and inter block analysis = aa 
i ; S fo ië 
b pain 1947. eguation 3.12 with P changed to Qc) where ce stands for combit 
to be j ; 
= 2.1.2) 
R(k—1) Ay Soin D a. (21.2 
Oo) = ~ ih t F t A t,, 


together with the consistent condition 
f=} 


=p ty, 
where R= rw" [(e—1)), 
Ay = A(w—w’), 
Qc) = wQ;-+-w'Qs we CLI 
Q; = sum of means of blocks in which the i-th v 


3 4 EEE Seana 
ariety occurs minus r times the grar 
mean 


w = the reciprocal of the estimated intra block variance and w’ that of inter block 
variance (Rao, 1947, equations 4.1, 4.2), 

It is seen that the equality of an 

A; Since the equations (2.1.1) and (2.1.2) are similar, 

a” 

that the solutions of the former as functions of Q,r 

tions for the latter by writing Q(c), R, A; for Q, r, Aj- The same is true of the e 

sions for the variances, ry for the application of this method that r and 
solutions are obtained 


y two A, imply the equality of the corresponding 
it was noted in Rao (1947) 


and the distinct A; provide solu- 


It is necessa 
Aji are treated as parameters and the 


as their functions without 
recognizing the relationships such as 


r(k—1) = Zà; ne (2.1.4) 


y Values, since such rel 
ationship such as (2.1.4) i 


or any other relationship among the À 
true in terms of R and Ay. Ifa rel 


ationships may not be 
R and Aj; should be defined ag 


S explicitely used then 


R= rww toky] 


(2.1.5) 
Aj = Ai (w—w') 4. Ik w, 

v 
With these new definitions it 


is immaterial whe 
parameter or not in solving t 


ther + ig Considered 
he intra block equations, 
It is, however, Possible to 


solve the intra blog 
any relationship among 7 and À; in which case the ex 


can be obtained by changes given in (2.1.8). Ena bo hades” 
sary involving the actual examination of solution instead of depending 
on published formulae, It will be seen that the met ; 

equations (2.1.1) and (2.1.2) thus 
solutions. Let us Consider a few e 


48 an independent 


k equations þ 
Pressio 
A certain 


Y not recognizing 
ns for the combined case 
amount of ¢ 


xamples, 
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2.2, The balanced incomplete block. The intra block equations are 


a MEN GA 
Qi r z, 6, isles? (2.2.1) 
0= tit See +t 
Eliminating Xt by using the last equation 
iwi 
FA r(k—1)--A 
q = a 
from which i= kQ; 
i r(k— +4 
and Y p=) = V kQ:—@)_— 2k 2 
(6) (k—1)-+A TETE i 
Tt is clear that, if instead of the equations (2.2.1) we had 
v (2.2.2) 


qi= Ea tj E c g 


0 = tte the 
s for estimates and variances with Q, r, À changed to 


sion: 
formation is 


We obtain the same expres 
case the trans 


Qc), R.A. In this special 
A= A(w— w") 
R= rawa (KT 1). 


is already taken into account in the above 


For the variance, g? has to be dropped since it 
transformation. 


2.3. Partially balanced ir 
sses of associates 


Let us consider a partially balanced 


ir and Rao, 1942). 


complete block. 
d Nair, 1939; Na 


design with two cla (Bose an 


The Q equations are 
= a) -7 Dy; ya Iyi t= ben v A 


41 


Debu ti 


yely the summatio 


ns over the first and second asso- 


w > as 5 
here X}; and Eş indicate respecti 


ciates of the i-th variety. 
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To soive these equations we follow the method followed by Bose and Nair 
(1939). By summing over the i-th equation and its first 
Zat; by using the last equation we find 


associates after eliminating 


i ZQ = Aati Bos Zrt 
while the equation (2.3.1) can be written 
Q; = Ajati + BoD yt, 
where k A = r(k— I)+A, 
k By = As—A, 
k Ag = (Az—Ay)p2. 
k Boy = (e—a HAAN php). 
Eliminating Zıt; and solving for 4, we get 
ti = [Q,Boo+ By 5 Q)]+A 
= [(Byy+ Dia) b, SO jan 
A= AB — Ay By. 


“The second formula is convenient 
number. The variance of ti—t, is 


where 
e. 


if the number of second associates ig smaller in 


2(Boo+ Byo)o2/A 
if t; and t, are first associates and 
2Boo2/A 
if they are Second associates, 
In this method the solution for varietal differences 
for the variances would have been the same if Qc), R, Nas A 


were used instead of Qira As As. Hence the 


can be obtained from the above by changing Q. r. A to Qc). R, A. In the expressions 
for the variance, o? should be dropped. 


and the expressions 


The analysis is similar associates, Special casos 
such as lattice desi, considered in à similar way 
above may be used 


with special values of Ay, Ay and Die ns for designs with three 


associate classes are given in Rao (1947) in such way as to provide combined 
estimates by changing Q, r, A to Qc), R, A, 


2.4. Linked blocks. In linked block (LB) designs introduced by Youden 
(1951) there are v varieties each replicated y times, b blocks of 7; 


plots and any two 
blocks have x varieties in common. Roy and Laha 


(1956) Provided a very simple 
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method of analysing such designs using only the linked block property- This method 
will be explained in § 3 (the P method) where an alternative approach to intra and 
inter block analysis is considered. 

in proving some resu 
of matrices. 
ng the blocks and varieties. 
and zero otherwise. 


Its, we introduce matrix notation and 


Let N be the incidence matrix with b 
The (i, j)-th element is 
It is easy to 


For convenience 


express the equations in terms 


and v columns representit 


rows 
block contains the j-th v 


unity if the i-th 
see for LB designs 


ariety 


kop ww ih 


NN = = (k—4) IKU 
k L k 
ts unity and J is the unit matrix. Also 


where U isa matrix with all elemen 


Aw 


ro Ags 


NIN = 
Ay Aga see b. 
ogether. 


-th and j-th varieties occur t 


is the number of blocks in which the 4 


where Ajj 
The intra-block @ equations are 
ly’ (2.4.1) 
a (a IN t 
ga (rip)! 
where Q is the column vector (Qoe Q,) and t, the column vector (fi: +++ ty) 
Multiplying poth sides by N'N and simplifying 
NING = (N N— 7 N'NN'N) i 
= (arw—" wo“ N'UN)! 
= (7 k ri t 
(2.4.2) 


k—F\ N'N 
alp N'Nt 
[ e ) G 
since N'UN t = 0. 


ating N'Nt from (1.4.1) and (2.4.2) 


Elimin: 


(r(k—1)-+HIQ+N NO = kD 


Q Pit: we (243) 
rc ae ee 
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Comparing elements on both sides 


pan Q; 7Q;+2A,,0, 
“= y fee) Hyd] 


IAQ, 
xbr 


= oil ta ` 


)+ 
since r(k— 1) = Mb— 1). 


The variance of ¢;—t, is 
1 1 As 
2( Tes rad) o 
r + po ybr 
which depends only on A; besides the parameters v, b, x as shown by Roy and Laha 


(1956). 


From the above analysis it is not clear how the combined intra and inter block 
estimates can be obtained. We shall write down the combined equations and follow 
the above procedure, Using matrix notation the combined equations 


i — R(k—1) Ay; ad Aj, 
Uo = i E ae Ate q, 


of (2.1.2) can be written 


Qo) = (rwr e N'N) t. we (2.4.4) 


We follow the same procedure as above, Multiplying both sides by N’N and 
simplifying we get 


NING = | rw my Eg) N'N]: 


= [rw om (k— n) ] N'Nt= glw—w') N'N t 
where g= [hrw—(k—r)(w—w')]|(w—w'. woe (2.4.5) 
Eliminating N’NT from (2.4.4) and (2.4.5) as before 
IEN NQ) = grwt, vee (2.4.6) 


Comparing the elements in the vectors on both sides 


t; = WANGKOT QE). 


grw 
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The variance of t;—t; is 


gg tras 
gro : =, G47 


which depends only on Ay besides other parameters common to all pairs (i. j)- 

We thus obtain the expressions for the combined analysis by following the 
although it may be difficult to obtain the intra-block 
provide the combineds olutions by changing Q. 7; A to 
ssary unless it is simpler to do so. 


same method of solving 
solutions in such a way as to 
Q(c), R and A. But this is clearly wunnece 


3. Tue P METHOD 


3.1. Intra block analysis. Adopting matrix notation as in sub-section 2.4, 


we write the Q equations 


Q= [25 N'N) (3.1.1) 


Instead of solving these equations directly we may add to it b other consistent equations 
Ba=kb+Nt (3.1.2) 


where B = the column vector containing the block totals 
ey bp Which may be 


p = the column vector of b additional constants bi: be: 


referred to as plock constants. 


1 y’ and adding to (3.1.1) gives 


Multiplying (3.1.2) bY 5 


T= rt ND 4 zo GLa) 
where T is the column vector of total yields of varieties. 

Eliminating ¢ from the equations (3.1.2) (3.1.3) 
| ma pe NUN, (3.14) 

P= = T Ne= (i r 2 

Writing these equations in full 
lj 3.1.5 
p o MDa thn (0.18) 
J m r 


i 
san yields of varieties 
F j _ aiaa the sum of the mean yiel 
where P, = total yield of the pe = th 
occurring in the j-th blot k. | : 
a es common to the j-th and j-th plocks- 


[i = the number of varieti! 


| aurea Ednil. 
mg i “ANING 


111 = SS 
Ney, Reser” 


——— 


GOL. 
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“The equations (3.1.5) will be referred to as the P equations. It may be easier to solve 
these equations for the b constants which may be subject to a restriction of the type 


Bpr 
Having obtained these values they may be substituted in (3.1.3) to obtain £. 
The i-th equation in (3.1.3) is 
T; =r Xb, 


where X, denotes summation over the blocks in which the j-th variety occurs. Hence 
= 1 
| ad a Zib, 
i ane 4, e a 
The estimate of ¢;—t, is F TT, (Bb, b) and the variance of (4,4) is 


1 
Wi) = = WUTA B 


where o?C,, = VE, b, —> b). 


To compute this variance the sim l i 
plest way is to find the e i ey 5 
in terms of P, and use the following general result, EER E a 


If hb hb, = GPi+--+d,P, 
then V(b ++ 4+1,b,) = (dil, add). 


The sum of squares due to varieties can i : 

P equations as was first shown by ates pala Er nggk. Pamade A solutionis hen 

carried out by using the P equations (3.1.5) and the 7 eqations (3.1 niet analysis can be 

totals. This may be referred to as the P method. In the a ) involving varietal 

that the P method could be used in the intra and inter block esen p it is shown 
also, 


3.2. The intra and inter block analysis, 


To the Q eguatți 3 
combined intra and inter block estimates 2 equation Lee] Dae tits i 


= rp v—w' 
Qe) = (wr p NW) we (32.1) 
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5 

we add the consistent equations 
B—kmu = ko+Ni (322) 

- ~~) 


vector with all its elements unity and m, the grand mean, 


where w is the column 


Eliminating NING as before 


1 


w—w')N'b 


Ql) + w = NB —kmu) = wrt +( 
or writing out in full 
w(7;—-7™) = wrt (w—w Ebs i= l, U . (3.2.3) 


Substituting for 4, in (3.2.2) we obtain 
(3.2.4) 


——— 


' nati 
„piro jep Babe 


3.2.4) are solved in the same 


The equations ( 
3) to obtain a solution for t; 


as defined in (3.1.5). 
ed in (3.2- 


where P; is same 
b are substitut 


way as (3.1.5). The values of 
wrt; = wT (ww ibs (3.2.5) 
pap = wi? Lam) engh d 
A wr wr 
i Spy- Ebe = apent 
then JU, = = pa at) 
The P equa: 


tion let us consider the analysis of the LB design. 


As an applica 
stimation are 


tions (3.2.4) for combined & 
| slo ait) og 
aa Se 


= b; pr aadb): 


Setting t +O = 0) the solutions are 
b; = TW PJ k Ak) 


= rw Pilg) 
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in (2.4.6) 


constant m since only the differences of f,...., t, are to be considered 
LP) 5p 
(ti—t;) = ry lame are LP) 


Wi) = SG A] 


ch is same as the expression (2.4.7) obtained by following the Q method. 
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CLASSIFICATION AND ANALYSIS OF LINKED BLOCK DESIGNS 


By J. ROY and R. G. LAHA 
Indian Statistical Institute, Calcutta 


1. [INTRODUCTION AND SUMMARY 


In comparative experiments involving a fairly large number of varieties. 
p ji © ki = 


when for lack of homogeneous experimental units, complete block designs are not 
available Balanced Incomplete Block (BIB) designs prove very convenient in two 
respects. Firstly, the analysis is very simple and secondly, comparison between 
any two varieties has the same precision. On the other hand. a BIB design requires 
a large number of experimental units, because balancing is not possible unless the 
number of blocks is atleast as large as the number of varieties. To obviate this dif- 
ficulty. different t ypes of incomplete block designs have been introduced, of which the 
Most notable is the Partially Balanced Incomplete Block (PBIB) design introduced 
by Bose and Nair (1939). Another class of incomplete block designs, called Linked 
Block (LB) designs was introduced by Youden (1951) which he obtained by dualising 
Several BIB designs. that is by taking the varieties and blocks of the BIB design 
respectively as blocks and varieties in the LB design. The LB designs so constructed 
by Youden happen to be all PBIB designs, but this is not necessarily true. A great 
advantage of LB designs is that the analysis can be easily worked wi 

In this paper, we show how the intra-block analysis of a LB design can be 


neatly carried out. The efficiency factor of a LB design is obtained. ine methods 
| An exhaustive list of all LB designs with 


are illustrated with a numerical example. ncaa knee These desi 
ten or less plots per block and involving ten or less replications is given. These designs 


fall into three groups: (1) symmetrical BIB designs, (VARDIN SA a 
(3) Irregular designs. For plans of LB designs belonging oy ce (2) pitti Fa 
made to the es number of the two-associate class 3 me sae : y 
Bose. Clatworthy and Shrikhande (1954). Plans for other a eee 
groups (2) and. (8) are given in detail. Certain theorems are i a 
ameters of a given two-associate class 


useful in determining from the par à 
design whether the design is of the LB type or not. 

2, BOME DEFINITIONS 
arieties in b blocks, each of & plots, k < v such that 
: altogether in r blocks will be called 


An arrangement of v v: 
a design is completely character- 


each variety occurs atmost once in any block a 
and equi-replicate incomplete block design. Such 
ized by its “incidence-matrix” 
; N = ((nij) 

where n, = 1 if the j-th variety occurs in the i-th block 
weep DEG = I, D vag We 


i 
and 0 otherwise 7 = 1,2; 
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Let À; denote the number of blocks in which the i-th and the j-th varieties 
occur tebihe 15£j=l,2,...,v and Mij the number of varieties which occur both 
in the i-th and j-th blocks i PS 1, Qos bi 


Then 


For the sake of completeness write 


b 
A => ni = 7 


=1 
ae 
K= ni, =k 
u=1 


We shall call the matrix A = ((A;)) the ‘association matrix’ of the design and 


M = ((;;)) the ‘block-characteristic matrix’ of the design. Obviously A = N’N and 
M = NN’. 


An equi-replicate incomplete block 
design if Mij = pe for all i #~j=1,2, 
Block (BIB) design if Ay = A for 
necessary and sufficient condition 
is that v = b. 


design is called a Linked Block (LB) 
-b and it is said to be a Bal 


anced Incomplete 
all 7 AI = L Bras 


+0. It is well known that the 
for a BIB design to be a LB design and vice-versa 


A design obtained from a given design by consideri 
and varieties as blocks is said to be its dual. Obviously a LB 
BIB design and vice-versa. Since a BIB 
the number of varieties in a LB design the n 
of varieties. 


ng its blocks as varieties 
design is the dual of some 
least as many blocks as 
n not exceed the number 


design requires at 
umber of blocks ca 


The following definition of a 


PBIB design from Bose 
will be required in later sections: 


and Shimamoto (1952) 


“+7 OF m-th associates and any 


1 A; blocks, (P= 1, Qs.) 
(b) Each variety has n, s-th associates 


(c) For any pair of varieties which are s-th 


associates, the number of varie- 
ties which are simultaneously the j-th associates of 


the first and u-th associates of 
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ALYSIS OF LINKED BLOCK DESIGNS 


CLASSIFICATION AND AN 
we start. 


the sec is p is is i 
ond is pi, and this 1s independent of the pair of varieties with which 


Furthermore 
s Ni : 
Pia = pi; LU j, 8; W% = LZ asa mY- 
tions are satisfied by the parameters: 


Tt ig known that the following condi 


m 
rn, = v—l 
s=1 


£ NAs = r(k—1) 


| n—1 if i=j 


sp = 

DP gi”. 
3 mn if A) 
Phu = Ni Pin = My Dis 


ALYSIS OF LINKED BLOCK DESIGNS 
ies in b blocks, each of 


varieties in 


3. [xTRA-BLOCK AN 


Consider a Linked Block (LB) design involving 
ety replicated r times in which any 


y variet 
two blocks have /! 


k plots, each vari 


common. Obviously, 
bk = 10: b—-l) = kr) bv 
Let N = (mi) be the incidence matrix of this design. 
5 k, > ny tij = A 
=1 ` 


M 
| 


b 
Then E njn 

i=1 jel 
h block which gets the j-th 
that of the j-th 
ters from intra- 
d treatment 


that plot of the i-t 


t of the i-th block by Ai and 
parame 


stimating these 
additivity of block an 


Let y; denote the yi 


treatment. Then. denoting the effec 
treatment by 7; the normal equations for e 
er the usual assumption of 


block differences (und 


effects) are: 
(3.1) 


b 
T; =f Tj = Ni bi 
(3.2) 


B; = kpi D "i Tj 
ja 
and B; that 


for the total yield of all plots £ 


where 7; stands 
-th block. 


for all plots in the @ 
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Eliminating 7,8 from (3.1) and (3.2) we get 


= pig 

t yb EF B 

8 A = 
and finally %Z=h—B 
12 ‘ 
skere R= B= PAL T; sa (8.3) 
1 I e 

t= = Bs = ny P, se (3.4) 
Thus the parameters #, and T, are estimable except for an additive indeterminate 
B. 

Let us take i 
and b p ve (3.5) 
pb 


for a peztionlan solution of the normal equations (3.1) and (3.2). Then any varietal 


contrast 3 lr; with = l; = 0 is estimable and its best intr 


a-block linear estimate 
is z bh or variance given by 


sy UL, wae (8:8) 
jj'=1 
igi 
h Qly] 
where m= +5 
and Gu Age 


ra we E 


which the j-th and j j 
‘Tor variance which can be esti 
riance given below: 


A, denoting the number of blocks in 
and o? is the intra-block er 
nent in the analysis of va 


‘th varieties occur together 
mated from the error compo- 


TABLE 1. ANALYSIS OF VARIANCE 
— ee, saka 
‘ary i 7 
variation due to LAA df. SS, variation due to 
blocks Sapan * DI 2 ig 
(unadjusted) an i ay > P= Sn pores 
(adjusted) 
sandi jai, 49% ge 1 2 
adjus (unadjusted) 
error a 8-5, S3 Wb Bik —S = error 
A v E 
2 WA A 
total S=23.9,,~CF bk— 1 Sof CP total 


Grand total = (i. CF = G2jbk. 
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We have seen that the variance of the best estimate of a varietal difference 
? 


say, 7;—T) Is 
20° ee Leo Ay | 
yb rub 


so that the aver : ; 
hat the average variance of the estimate of a treatment difference is 


à = rk- D)o): 


Inar ; ; s : 
a randomised block design with the same intra-bl 
ance of the estimate of 


where 
ock error variance and the same 


nu ' enlicati i i i 
mber of replications, the vari any varietal difference is 20°/r 


This bears to the former the ratio 
yr: 
R= uj] {1+ a \ (38) 


y of the design. Since 7 Z PAE) 1 and E = 


which is defined to be the efficien¢ 
implies v = k. 

4, NUMERICAL ILLUSTRATION 
w the computational details of the intra-block analysis of a 
9 blocks each containing 8 plots, in which each 
d the number of varieties common to any two blocks 
ven in $ 7. The peculiarity of this design 


blocks, but it does not belong 


We give belo 
LB design involving Is v 
variety is replicated 4 times an 
an 3. This is design number 24 in our list gi 
is that pairs of varieties May er in 0. 1: 
to any of the well known design he PBIB designs. 

The plan and the yield Table 2. Varieties are indicated by 


numbers in brackets and correspon e written by their sides. In Table 
o varietal effects are given and in Table 4 the 


f estimating 
e 5 gives the estimated standard 


arieties in 


occur togeth 2or3 


3 , ‘ 
eo the numerical details © 
1 TA- A . 5. 

ntra-block analysis of variance 15 p 


errors of estimates of different types of yarietal differences- 


blocks hera of vains 

Doo 9 gi oo ss ue 
: “ae Tae e (a 68 A) x fe T 
2 iy a 5a W ay se 13 a oe TAN GA 
5 aay 6 U7 a7 WA a (S pg) oe Co 3 Ka NAN 
4 ua a ao co (7 © ar EN gg BN ae 
5 qy oa (2) 60 03 ga uo) BF cs) 9 a 1) 7 we) vi 
6 (16) 39 gap 58 (6) 47 ay 52 (13) 41 u5) 54 (5) Š o j 
7 qas s (5) 3 0P age (a Che an he $ b a 
8 as) 32 cn 8 (9) 60 as) 57 (18) 53 an 98 (5) 60 (3) x 
6 (10) 46 gi 1 an 54 an 50 cs) 48 (7) & (6) 39 (9) A 
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TABLE 3. ESTIMATION OF VARIETAL EFFECTS 


; P i Bi rPi 
i 

D (2) (3) (4) (5) (6) (7) (8) E 
l 229 93 6090 56.39 1 428 1756 -H 
2 222 —4 5998 55.54 2 435 1756 => 16 
3 201 —79 5506 50.98 8 481 1839 85 
4 239 102 6351 55.81 4 451 1856 68 
5 229 0 6183 5 478 1810 102 
6 187 —135 5184 48.00 6 425 1746 —46 
7 243 —84 6645 61.53 7 432 1769 il 
8 206 —113 5675 8 453 1790 22 
9 218 —39 5925 54.86 9 404 1746 — 130 
10 217 24 5835 54.03 total 4017 16068 0 
11 212 —233 5957 55.16 Kna a anaa 
12 249 96 6627 61.36 

13 208 62 5554 51.43 

14 246 79 6563 60.77 Computational checks; 

15 217 — 149 6008 55.63 

16 249 209 6514 60.31 SUP) = 6 

17 222 20 5974 55.31 sangi Pj =0 

18 223 151 5870 54.35 i TE = 

total 4017 0 108459 1004.26 


Here v = 18, b = 9, 


Grand total G = 4017, 


Total S.S, = § = zy? —Cr 


Block S.S, (unadjusted) 


Variety S.S, (unadjusted) = Sp = 


= s* 
= Sh 


Block 8,8, (adjusted) = S= 


Variety S.S 


Error 8, 8. 


(adjusted) = 


r=4, k=8 p =3 


OF = @2/6k = 224115.12 


= 2019.88 


l 5x8 r 
= | 3B; —CF = 796.00 


= 1280.63 


1 
abr TP)? = 422.46 


=S a a 907.09 


y + Í =g y 
Sgp =S SNG S Sa 8t 
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TABLE 4. ANALYSIS OF VARIANCE 


variation due to df. 85 m.s. F m.s. s.s. df. variation due t 
Se f. ue to 
blocks $ 796 
| 96. 00 — 7.66 52 23 
Eda) 7 7.66 52.81 422.46 S boaz 
(adjusted) 
varieties 17 907.09 53.36 7.7 2 5 7 i 
Pikun 7 7 53.36 7.74 — 1280.63 17 aed 
S 
error 46 316.79 6.89 6.89 316.79 46 error 
total 71 2019.88 2019.88 total 


TABLE 5. STANDARD ERROR OF VARIETAL DIFFERENCES 


number of blocks standard error of 
in which & given varietal difference 
pair of varieties 0C- 
cur together 
ns o? 
bk—b—v+1 


` 
a) (3) 
0 1.988 
1 1.956 
2 0.537037 1.923 
0.518519 1.890 


amine any particular 


Table 5. has t a t-test to ex 
varieties 1 and 7 are different, 
f the difference 


varietal difference. For example, if we 
we observe that they occu" together in A= 2 blocks. The estimate 0 
Ta —Tg is t— t: = 56.39 — 61.53 aj, AA obtained from Table 3 and its standard error 


n Table 5. Hence the statistic to use is 


o be used in carrying out 
have to see if 


is 1.923 as given i 


t= —5.14/1.923 = —2.673 
dom is significant at 1% level. 


which as a t-statistic with 46 degrees of free 


p BLOCK DESIGNS 


khande (1952 
ociate classe 


5 CLASSIFICATION oF LINKE 


als of BIB designs and Shri 
a PBIB design with two ass 


) has shown that 


LB designs are du 
s in the following 


the dual of a BIB design is 


cases: 
(a) if in the BIB design jl Y # b) 
r = k+2, kak. 


(b) if in the BIB design 
reduced BIB design (that is & 
arieties subject 


A=2, 


Roy (1954) has shown further tha 4 
design obtained by forming 2 plock with ea¢ possible combi ; i 
is fixed) is necessarily of the 


to the condition that the number of plots ina 
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PBIB type. Again. if a BIB design is symmetric. that is if in a BIB design the 
number of blocks is equal to the number of v 


arieties, then its dual is also a BIB design. 
However, the dual of any 


BIB design is not necessarily a BIB or even PBIB design. 


We may therefore classify all LB designs into the following three main grou IS: 

; sJonging 

(1) Symmetrical BIB designs (2) PBIB designs and (3) Irregular designs not belonging 
to any of the known types. We shall omit the symmetric 


al BIB designs from our 
consideration as they do not present any new features, 


In order to get the LB design of the PBIB type. one w 
plans of all BIB designs, dualise them an 


PBIB type. This, however, is a formid 


ay is to start with the 
d then pick out from them the designs of the 
able task. On the other hand, Bose, Clat- 
worthy and Shrikhande (1954) have Prepared a list of useful two associate PBIB 
designs and enumerated their plans and parameters. Tt is considerably simpler 
pick out from this list the LB designs with the use of the theorems derived in the next 
section which state the necessary and sufficient conditions on the 


parameters of a 
PBIB design so that it may be of the LB aes 


In §7 we give a detailed classified list of 


all LB designs with ten or less repli- 
cations and ten or less plots per block, 


6. CONDITION THAT A TWO-ASSOCIATE PBI DESIGN MAY BE OF THE LR TYPE 
It is a well known 


such that the matrix produ 
two determinantal equati 


Property of matrices that 
cts AB and BA 
ons 


given any two matrices A, B 
are possible, the non-zero roots of the 


[BA —al |=0 
are identical, 


It follows therefore that fi 
the block char. 


or any design, the association matrix and 

acteristic martix have the same Set of non-ze 

Now the block-characteristic matrix of 

equal to k and all off-diagonal elements equal 
block and pi the number of 

block-characteristie matrix of a LB design h 

k-+-(b—1)u = rk and k— the latter of mul 

the block characteristic mat: 


ro latent roots, 
a LB design h 


to x, k 
varieties common to 


as all diagonal elements 
being the number of plots per 
any two blocks. Consequently the 
as only two distinct latent roots, namely 


“a tiplicity (0—1), On the other hand, for 
TIN, if rk is a latent root with (1, l; ..., 1) for latent vector: 
and kg is another latent root of multiplicity (6—1), all other roots being zero, the 


design must be of the LB type, Again, it follows from the work of Connor and Clat- 
worthy (1954) that latent roots other than rk of the “Ssociation matrix of a two-ass0- 
ciate PBIB design are except for repetitions the same as those of the matrix 


A= is = 


Ga Ugg 
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where ay = pap H-Aspla— Ah q 
Qe = Apa tAsPiz— Mala 
as (Gd 
dn = Apt Apio Aona | Ez 


Qo = napa HAP Aah 
They have also shown that the 


s have their usual significance. 
ve the following 


] latent roots. Hence we ha 
cient condition fora PBIB design with two 


of the LB type is that the matrix A= ( a aa ) defined in (6-1) 


and this occurs (b—1 


where the parameter 
11 Piy 
natrix A can not have two equa 


r 
Theorem 6.1. The necessary and suffi 


associate classes to be 
has only one non-zero root ) times as 4 latent root of the asso- 
ciation matrix of the PBIB design. 

Two associate PBIB designs have been classified by Bose. Clatworthy and 
Shrikhande (1954) as (1) Group Divisible (a) Singular (b) Semi-Regular (c) Regular 
(2) Triangular (3) Latin Square Type (4) Simple and (5) Cyclic. Theorem 6.1 gives 
the following conditions ON the parameters of the first four of these designs which 


ensure that they belong tO the LB type. 
For a Group Divisible (GD) design 
2 and * > A: rk > vag: 


ea 
= n—1,™% = m(n—1); Pu = n—2 


v = mn, n = 
rk = và and regular if 


= Ài: semi-regul 
r > Ay. rk > VAa For a singular GD design bpm and for a semi-regular GD design 
b> v—m+1. “These results are due to Bose and Connor (1952). Application of 
ves the following result. A regular GD is never of the LB type: the 
dition for 2 singular GD to be of the LB type is that b = ™ 
GD is, that b = v—m+l1. 

= 4n(n—1) 


as defined by Bose and Shimamoto (1952) v= 
2). The necessary and sufficient con- 


ither (i) 7 = 2A,—Aa 


A GD design is singular ET ar if r > Àx 


theorem 6.1 gi 
necessary and sufficient con 
and that for a semi-regular 

In a Triangular design 


(n—2)(n—3)> Pla = (n—2 
Jar design tO be of the LB type 19 that e 


8) a —(n— 4) and b= n—1)(n—2)- 


pe design with 


n, = An—2), Ne = 4 
dition for a Triangu 


and b=n or (MW) "= ( 
i constraints, 


For a Latin square ty 
sues wh tg = ip), te = (NA and pir = i(i—3) t 
; me it i gsary and 
Tn order that a Latin Square type design may pe of the LB type it 18 necessary an 


sufficient that either 

Gr = indt and baie 

on Gi) r= i(Ay—Aa) +A and b= in) 
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For a Simple design A, Æ 0, Az = 0 Bose and Clatworthy (1955) have a 
that the complete class of simple designs with A, = 1landk >r > 2 is characterized 
by the parameters 


v= Heee b MG NELI) t] 
nı = r(k—1), ng = (—=1(k—1)(k—t)ji 
Pi = (¢—1)(r—1)+(k2 
where LEIZE, 
The necessary and sufficient condition that 


this is of the LB type is that t= r, 


Using these results, we haye picked up all the LB designs amongst the two- 


associate PBIB designs tabulated by Bose, Clatworthy and Shrikhande (1954) and 
the designs are presented in ș§ 7, 


INKED BLOCK DISIGNS WITH r, k < 10 


an the symmetrical 
plications and blocks of atmost ten plots, The 
the number of varieties, blocks and replications, 
precisions is de- 
r of varieties can occur together 


is denoted by #. 


noted by m, and the number of blocks ; 
is denoted by A, Naseer Ag. The effici 
Column 3 gives the nature of the desi a reference is made to the 
serial number of the design (if j 


) in Bose, Clatworthy and 
Shrikhande (1954) where the plan of + 


the design ig given. The plans for designs other 
than two-associate PBIB are given in the It is interesting to observe 


» being of the order of 90%. 


for 


Hence the number m< A (mk), 

This is one of the Trregular Linked Block 
of differences between pairs of treatments can be 
a different precision. The peculiarity of this 
and has an efficiency of 91% but is not partial] 
ciation matrix given below: 


designs, In this design estimates 
divideq into four groups, each having 
design which can be easily analysed 
y balanced will be clear from the asso- 
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TABLE 7. DESIGN NO. 24 (Irregular) 
Ka = 3, As 
r = 
los z 3 3 4 5 6 7 8 
2 1 2 3 9 10 11 12 13 
3 1 4 6 9 12 14 16 17 
4 1 5 7 10 12 15 16 Is 
5 2 4 8 10 13 14 16 Is 
6 2 5 6 11 13 15 16 17 
7 3 4 8 11 12 15 17 Is 
8 3. 5 7 9 13 14 17 15 
9 6 7 8 9 10 11 14 15 
TABLE sg, ASSOCIATION MATRIX Op THE DESIGN NO. 24 
number of blocks in Which the pair of treatments 
a (i, 7) occur together 
W Tag 34°65 6 7 8 9 10 11 15 13 14 15 16 17 18 
= wi 2 2 2 2 2 9 t SS 3 1 1 1 2 J i 
2 2 2 2 2 1 2 4 22 f @ 1 I 2 l | 
3 Z 4 1 2 2 2 1 2 2 ə I 1 0 2 2 
4 1 2 1 3 l 1 1 2 1 2 1 2 2 2 
5 2 3 1 1 1 1 1 2 1 2 2 3 2 
6 4 22 a & | P22 & » 4» 
7 "BS. a 4 22 ¢ 4. # 
8 
1 2 2 1 l 2 ğ J l > 
9 i 
22 ZS g Ligj 
10 
2 2 2 2 8 4 0 2 
11 
2 2 4 3 1 s 1 
12 
BS a ws 
13 
sig gg 
14 i 
i 3 2 
15 
2 & g 
16 A 
2 2 
17 5 9 
18 
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CLASSIFICATION AND ANALYSIS OF LINKED BLOCK DESIGNS 


TABLE 9. DESIGN NO. 25 (Irregular) 
——_————— 
18, b 9, r=5 k=10 #=5 E=0.95 
a= t = wm=? n=l 


v 


m=+t 
plan 
blocks 
1 1 7 s 9 wW 2 MW E WW B 
2 2 3 6 s 9 w rrua yg 
3 1 2 5 7 s siu pp rn 16 
4 2 3 5  `6 7 1 WM 18 u B 
5 3 4 5 9 10 12 13 15 16 18 
6 1 2 4 5 6 s 12 14 l 15 18 
7 1 3 4 + yw @ WwW i Ie ow 
s 1 2 3 4 6 5 WwW % im i 
9 4 5 6 T 8 10 ll 16 17 18 
TABLE 10. DESIGN NO. 26 (Irregular) 
pais b= 10 5 k=9 B=t B=093 i 
m=4 a-t Na = 3 hg = 2 a 
plan 
blocks C O E z 
1 1 2 3 4 5 6 7 8 9 
2 1 2 3 a i ao Se Tee 
| A 3 1 2 5 e wo m w se w 
| 4 1 3 7 s w 2 % © 18 
| 
| 5 1 4 7 9 nu 8 P UW B 
| s g p 2m A. 17 18 
| 7 2 4 6 9 ww E der B 
8 4 5 6 8 10 12 13 17 18 
9 3 5 8 y a a u mo 
10 6 7 8 e ah TW Bh ge we 


— 5 
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TABLE 11. DESIGN NO 33 
(Partially Balanced with Three Associate-Classes) 
v= 24, b 16;, r 6, k 9, K 3, E = 0.92 
m= 5, Ai Bie 2, ^M 0, ny =4, ns = 18, ny = 1 
plan 
blocks i l 
1 1 2 5 a F ë 3 F “5 
2 1 2 3 10 m 122 13 u 5 
3 4 5 6 10 n’ 6 17 ig 
4 7 8 9 138 14 #1 l6 a 18 
5 1 4 7 10 18 16 19 20 94 
6 1 5 8 11 14 16 19 22 23 
A 2 4 8 11 13 17 20 22 24 
8 2 5 7 10 14 17 21 23 24 s 
a 3 6 9 n l+- IT 19 “80 94 
10 3 4 7 l 15 17 19 22 9 
11 1 KB lk as sy 58 94 
12 1 4 2 n 15 RB 91 95 84 i 
as W io wg i ag 2] 
DA 
A MG NRG 03 
5 E 5 z | 
soe BB a w p a 24 | 
5 a a p 7 | 
16 g- 6 & - iB. -Bi i | 
| This is a partially balanced design with three-associate classes 
Pix parameters are given below: asses. The values of the 
~ pi = 2 pig = 0 1 
12 Dy 1 
pho = 18 1 
22 Pos = 0 
Pi; = 0. | 
Pi = 0 Pig = 4 2 
me Pis = 0 
2 ay 
Poo = 12 pis =) 
| 
i ~ Px =0 
“Pu=4 ph =0 3, 
12 Piz = 0 
P = 18 3 
Dos = 0 
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CLASSIFICATION AND 


TABLE 12. DESIGN NO. 38 (Irregular) 


»=30, b= 10, r=3, k= 9, #=2, E= 0.90 
m 3 M 2 Ma 1, = 0. 
plan 
blocks 
1 1 2 3 4 5 6 T 8 9 
2 1 2 10 bi 12 13 14 15 16 
3 1 3 10 17 18 19 20 21 22 
4 2 4 11 17 18 23 24 25 26 
5 3 5 12 13 19 23 24 27 28 
6 4 6 10 14 19 25 27 29 30 
7 5 7 14 15 17 20 26 28 29 
S 6 S 12 16 18 21 26 2} 30 
9 7 9 13 15 21 22 23 25 30 
10 8 9 11 16 20 22 24 27 29 
TABLE 13. DESIGN NO. 39 (Irregular) 


»=30, b=21, 1 


ANALYSIS OF LINKED BLOCK DESIGNS 


m = 4, 
i a 
pleas ; a i 
2 2 3 5 
3 1 3 7 
4 2 6 T 
5 1 5 6 
6 å 5 7 
7 3 4 6 
8 4 5 9 
9 3 4 8 
10 2 3 B 4 Ww 18 08 25 
11 1 2 11 13 17 21 22 24 25 30 
12 1 7 10 12 16 20 23 24 28 30 
i 6 7 9 11 15 19 22 23 21 30 
j 5 6 8 10 18 21 22 26 28 30 
f i ; m 2 16 2o 28 ag B 29 
i : 0 11 15 20 24 26 27 29 
a A : p w B a 93 20 26 29 
ji j : : 9 18 20 22 24 25 29 
i ‘ : 14 17 19 23 24 28 29 
ke f j ` 14 16 18 22 23 27 29 
ee j 7 13 15 7 2 2 238 29 
21 4 7 = 
181 
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ON THE DUAL OF A PBIB DESIGN, AND A NEW CLASS OF 
DESIGNS WITH TWO REPLICATIONS 


By ©. S. RAMAKRISHNAN 


Indian Statistical Institute, Calcutta 


1, INTRODUCTION AND SUMMARY 


By interchanging blocks and varieties in a given class of designs, we get a 
1al of the original class. Bose and Nair (1939) gave 


new class of designs called the dt 
examples of PBIB designs obtained by dualizing some BIB designs. Youden (1951) 
He called the dual of a BIB design by the suggestive 


investigated these further. 
Elsewhere in this issue of Sankhya. Roy and Laha 


name of Linked Block designs. 


(1956) have made exhaustive § 
pal. In this paper: 
sociate classes. 


o derive a new class 


tudy: classification and enumeration of all Linked 
we give the analysis and structure 
By dualizing a simple class 
of useful designs with 
five associate classes, 


Block designs with 7. 
of the dual of a PBIB design with two as 


of designs with 2 plots per block, we als 
two replications. These turn out to be PBIB designs with 
but the analysis of these designs by the dual method turns out tobe extremely simple, 


whereas a straightforward analysis of these as PBIB designs with five associate 


classes would be tedious. 

2, GENERAL REMARKS ON THE DOAL METHOD 
n types of designs sometimes leads us to new designs 
already known. For example. most of the Linked 
to be PBIB designs with 


ce associate classes. But even 1 the dual method gives usa 
ng these designs. Before starting the analysis of a design, it 
to see whether the dual is easier to be analyzed, in which 
al method of analysis. The labour involved 
ual of a design is almost the 


analysis of the original design. But there is additional 


labour in getting the standard errors of treatment contrasts. We have to impose 


restrictions on the original design to start with, so that in the dual design we may 
a small number of types of varietal differences with different precisions, 


for the standard errors. 
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Dualization of know 


and sometimes only yields designs 
Block designs given by Roy and Laha (1956) turn out 


two or thr in these cases, 


simpler way of analyzi 


is always worthwhile 
ably follow the du 


case we may profit 
f variance table for the d 


in preparing the analysis © 
same as that involved in the 


have only 
and neat expressions 
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3. THE DUAL OF A TWO ASSOCIATE PB 


Consider a PBIB design with two associate classes. 
notation (except for an asterisk) of Bose, Cl 
the parameters of the design be v*, ry kt B 
constants c, and c, define 
{tj} take the form (ag: 


IB DESIGN 


We adopt the standard 
atworthy and Shrikhande (1954). Let 
MA Roos nis Tin 
d by them. The normal equ 
ain adopting the notation of the 


Let us also introduce the 

ations for treatment effects 

above authors) 

r* (k*—1) = *— ea) le, — c) SCQ) 
1 

where Q; = adjusted yield of the i-th treatment., 


S (0) = sum of the Q*'s of all the first 
1 


associates of the i-th treatment. 


The dual of this design will have parameters 


v= b, f == kr, k= pE b = yx, 


Let [n;] be the incidence matrix of this design, 
ox 

T, = total yield of the j-th treatment, 

Q; = the corresponding 


adjusted yield, 
B; = total yield of the i-th block, 
P. 


i = the corresponding adjusted b 
Then the normal e 
of the two followi 


lock total, 


quations for treatment effects Ít} ana block effects {b} take one 
ng forms (3.1) or (3.2): 


T = rh+ X n; b; | 


B, = kb, E ny t, 
J 


(3.1) 
' dies 
1 — AE j OD; = 7 (LE 1 
Q; J k ym B; r (k 1) ii > Mitty 
i ial 
Fai w (8.2) 
1 
Pi = B;— ny L; = k (ri Bd NG 
5 >, atj ( ) re > Mar by 
where A,’ = number of blocks in which treatments jand J’ occur together 
and fy = number of varieties common to blocks ; and ï ; 
If the given design is the dual of the origi 
Ne original Pp i ions 
for block effects take the form = naian, uy eee 
k(r—1)b, = (7—c,) Piero) 8(P,), (3.8) 
S ; 
We compute {bi} by the above formula, 
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A NEW CLASS OF DUALS OF PBIB DESIGNS 


The over-all analysis of variance table may now be set up. 


TABLE 1. ANALYSIS OF VARIANCE 


souree formula S.S. d.f. S.S. formula source 
blocks 1 blocks 
(ignoring E X Bef. B b-1 BE LDHPi (eliminating 
treatments) 7 treatments) 
treatments é l wpe treatments 
(elminating v—-E-B Ve v—l || 7 et —ef. (ignoring 
blocks) blocks) 
error E bk—b—v+1 E T—V—BE error 
total T bk—1 T total 


asts, We compute t; from (3.1) which may be 


To obtain estimates of treatment contr 
rewritten as 
j= = —5 ny bil- m MBA) 


alculations is got by computing S.5- due to treatments (eliminating 
ative formula AU Estimate of any linear contrast of treat- 
at 

i 


ponding linear fu 


A check on the ¢ 
blocks) by the altern 


ment effects is the corres 
We now turn to the problem of getti 


The method usually given in books is to add on 
5 ; d i “It is not recognise 
and invert the matrix of coefficients. It is g 


a simple and elegant way through the “a technique Se i 
is this. Obtain any solution of the normal equations, pa j : A 

; ba ; ` RAA efficient of Ty in this expression, then the 
tion of Ts and Bis: Then if ĉj be the coeffi J ; 


i z ; sis given by 
variance of any linear function of the tj g 

nisi b= 2 

V (a4 t) È T j “j 


nction of the t;s. 


ng the standard error of any contrast. 
e more equation to (3.2) say 25 = 0 


d that these can be got in 
(1952). Rao’s method 
as a linear func- 


(3.5) 


a block error variance. 
9¢..1) 0%. 
i; = ) = (Gj Loji 205") 7 
ard errors will depe 


where g? is the intr 


V ( 


Hence the number of distine 


of distinct cj’. 


t types of stand nd on the number 


; , 
ase, following Rao’s method 


i= 1 fa, — zm} 


In our ¢ 


|| 


” >) 
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| i Spy E e an v} 
Then c; = coefficient of T; P f ERD k=l) 9 
3 1 T— Ca t Ge... | 

and Cy = coefficient of T, = 7 k 1) Aj 4 kr—1) “iif 


5 ates č 4 s in which 
NG. J S j rst associates of all the block: 
where v,; mber of times occurs in the first t f 7 | 
hi jiji nu 5 : i 
J occurs. Thus Cj; depends on Ajjr; Yj and y..,. 


For a general PBIB design, calculation of jris tedious, ‘ag 
impose restrictions to limit the number of distinct types of errors. A very effective 
restriction is imposed by taking r = 2, 


and we have to 


4. A NEW CLASS OF DESIGNS 


Here we derive a new class of designs with r = 2 


by dualizing the following 
simple class of designs. Take v* to be even = 


2m, write down all pairs and omit 
the pairs of the form (2i—1, 2i) 
(13) LA)... (1 2m) 
(23) (24)...... (2 2m) 
(3 2m) 


(2m—2 am), 
This is a Group Divisible design (Bose et al, 1954) 


(2m—2 2m—1) 


groups v’ 


=m; mM=min= 2; 
1 2 AL=0; à= 1 
3 4 m =1; na = 2(m—1) 
2m—1 2m k= ys 


Ya fF = 2m(m—1). 
Let i, be the associate of the i-th tre 


atment 

= ti if i is odd 
=i-1 if i is even. 

The dual of this design has v = 2m(m— 


D; Js = 2(m—1); 
Following the method 


r=2; b= 2m. 
of § 2, normal equations for blo kafica A sent- 
ment effects {t} are cK effects {b} and tre 
Ak) 2 

La LA 
WEKA) O apga) Pie 

(k-42) -Wi 

26; = Tb) ba 


where 4j, bP are the effects of the two blocks in which the j-th treatment occurs. 
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A NEW CLASS OF DUALS OF PBIB DESIGNS 


Solving for b; and then for ¢; we can get estimates of any treatment contrasts, 
and s.s. due to treatments. The analysis of variance table is easily set up, as in 


§2. 


To get the standard errors, we compute Cjj and cj- We get 


1 k-+1 
yj = 0: Gy = 3 4 WES =c (say) 
= k+1 Ayr L Sp (4.2) 
Ak+2)k P k++ 2k? 
V(t,—t) = 2(¢—Cj;1)o*. l J 


There are five distinct types of errors for treatment differences corresponding 


to the following five combinations of values of Ajj‘ and yj". 


(1) dyn = Ty w=0 ) 

(2) Ay =1 vi = 

(3) Ayr = 0 y= 2 } cee CARY 
(4) Ay = 0 vye=l | 

(5) Ayr = 0; ype oy 


Actually, the new design turns out to be a PBIB design with five associate classes, 
if we define association between two treatments j and j’ by the above five conditions 
on À; and v. We shall say that jand j’ are first associates if Ayr = l, Yyy = 0; 
second associates if Ajo = l, yy = l; and so on. An easy way of writing down 


the association scheme is as follows. 


Let p and q be the blocks in which j occurs and Pa: da the respective associates 
of these blocks. Blocks form a Group Divisible design with Af = 0, à$ = 1 with 
| groups (12), (34), ..., (2m— 1 2m). and block size k = 2(m—1). Consider the four blocks 


| Ds Pas Is Un We shall give a method of writing down all the associates of treatment 
The blocks p and g have one variety 


j by a mere inspection of these four blocks. 

be the varieties common to P; da and 
Pas q respectively. These two varieties are those for which Ajr = 1, Wu = 1. Thus 
for any treatment j. there are exactly two second associates Ag = l; Ne = = The 
remaining 2(k—2) varieties of p and q (omitting the above three namely j, jp, 2nd 
These are first associates, A =i, 


in common namely j. Let Tias and Ipaq 


Jag) are those for which Aj, = 1, Yy = 0. 
ny = Ak—2). Blocks (Pa; 4%) have exactly one variety in common and this 
9 


cannot occur in either p org. Call this Jpagw' This satisfies Aj. = 0; Vjj = >. Thus 
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Pam PO A. 
there is exactly one third associate: A, = 0, Ng = 1. The remaining none 
varieties in the blocks p, and q, are the fourth associates Ag: = 0; fare 
Às = 0, ny = 2(k—2). The varieties not occurring in any of the above four block: 
are the fifth associates: A; = 0, n; = 2(m—2)(m—3). 

Following the above method. the association scheme 
[pk] can be written down. For m = 3 we have n, = 0. 
ciate classes and we get a design given by Nair (1951). 
new designs with five associate classes. For m=6, k 
are not desirable. 


and the parameters 
There are only four asso- 
For m=4, 5, ete., we get 
=10 and higher values of m 


It may be noted that the an 
classes is tedious, whereas the dual 7 
the usefulness of the dual method 


alysis of these designs as PBIB with five associate 
method of analysis is e 


xtremely simple, illustrating 
of analysing designs. 


d. NUMERICAL EXAMPLE 

Here we give numerical details of a 

No. 2. in our list, Par 
Ar =A, = 1, 


nalysis of one of our new designs, design 
ameters of this design are v — 24; m = 4; b = S; k= 6, 
Às = À = À = 0, n, = 4. 


> M=2, m= l, 


TABLE 2, PLAN AND YIELDS 


block no, varieties and yields* 
1 M iS W 3.4 


G) 35 (4) To G 5 2 


5.7 (9) 4.0 (10) 4.9 (11) 7.6 (12) 8.1 
3 D 34 M 4r 03) s4 (14) 4.4 (15) 56 a6) 6.l 
4 (3) 44 (8) gy 07) 7.8 (18) 10.3 (19) 5.3 (20) 6.9 
5 (3) 7.4 


O 94 13) 4.9 a: 13 Gi ss 22) 9.3 
6 (4) 10.2 a0) 9.7 4) 8.0 (8) 11.0 (23) 10.5 (24) 12.3 
6) 14 (11) 9.6 (15) 7.6 G9) 6.1 ÈD 91 (8) 10.3 
8 (6) 10.2 (12) 11.8 a6) 80 (20) 7. 


“I 
9 
= 


(24) 11.1 
*Varieties are indicated within brackets, Yields are writte 


n by the side, 
TABLE 3, E 


ESTIMATION OF BLOCK EFFECTS 
blocks I I 111 IV dika.” VII sum for 


X VI VII VIII sum for 
a checks 
B; (unadjusted 
block totals) 0-4 93.1 ogg 40.8 60.8 dr 54.1 56.1 354.6 
ZnijTj (sum of totals of 
4 treatments in that 76.4 84.4 4 5 : 
block) SLE 86.0 asy 109.7 984 106.0 709.2 
Pi (adjusted block 
= SHS SBI cii aa w 8G 4s 4, d 
aut +85 4. 3. 
bj (estimate of 
block effects) TA te ap cag mo if ey 7 0 
Computational checks; y Bi = Qal 


total yield, 55 nijTj = 26, 
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TABLE 4. ANALYSIS OF VARIANCE 


source aa m.s. F d.f. F m.s. S.S. source 
blocks blocks 
(ignoring 197.74 7 #16. 7 10:88- 76.19 (eliminating 
treatments) varieties) 
varieties varieties 
(eliminating t135. 84 5.91 *9.06 23 257.39 (ignoring 
blocks) blocks) 
error 11.09 0.652 17 0.652 711.09 error 
total 344.67 47 344.67 total 
T obtained by subtraction, * significant at 1%. 


TABLE 5. ESTIMATION OF TREATMENT EFFECTS 


I 
(treatment no.) 1 2 


1 
wn 
=> 
~ 
w 
to 
A 


Ti (unadjusted KA T 7.5 11.8 13.4 14.6 17.2 19.9 


treatment totals) 


= nijbi (sum of the block 


effects in which 
hd D 04) LS BS NG DE Org 1 Ad 


the treatment —2.7 —2.7 
occurs) 
tj (estimate of A . 


treatment effects) 3.8 5.3 5.6 8.8 9.6 9.4 5.2 7.3 6.9 7.6 9.1 10.8 


J = n P 9 29 F 9 
(treatment no.) (contd.) 13 14 16 17 18 19 20 21 “a 23 24 


Tj (unadjusted 


gentang toida) 959 124 IRB 14.0 IML 23 Ma MG We 16-6 20-8) 28.4 


= nijbj (sum of the block 
effects in which 


the treatment 1.3 1.2 0.8 0.2 1.8 1.1 0.8 0.2 3.2 2.6 3.0 2.4 
occurs) 
tj (estimate of 


treatment effects) 4.0 5.6 6.2 7.0 8:9 10.1 63 72 72 70 8.9 10.5 


Computational checks: > Tj = G; 
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TABLE 6. STANDARD ERROR OF VARIETAL DIFFERENCES 


—— 


estimate critical dif- 

E, jj’ ry of ference at 
V(tj—tj') 5% level of 

significance 


1 1 0 0.75 1.83 
2 1 1 0.76 1.84 
3 o 2 0.87 1.97 

4 o 1 0.85 1.95 

5 0 0 0.84 1.93 


The above table can be used to test the significance of any varietal difference, first 


by determining the type of associates, and then comparing with the correspond- 


ing critical difference. For example t,—t, = 1.4. This does not exceed 1.84. the 


critical difference for second associates, and hence is not significant. 


6. PLANS OF NEW DESIGNS 


Here we give plans and parameters of all designs of the new class, with 
k <10. There are four such corresponding to m = 3, 4, 5, 6 


giving constants for calculating standard errors. 
We tabulate K,;, where 


We also give a table 


V(tj—ty) = Kj o, 
for the five types of associates. 


TABLE 1. VALUES OF PARAMETERS 


r= 25 M =M = l; dg M4 As = 0; b 2m; k = 2(m—1); 

v = 2m(m—1); ny = n; = 4(m—2); n; = 2(m—2)(m—3) 
design 

no. m b k v n=n Ns 

A) 3 6 4 12 4 0 

2 4 8 6 24 8 i. 

3 5 10 8 40 12 12 

4 6 12 10 60 16 24 


TABLE 8. PLANS OF FOUR NEW DESIGNS 
Numbers of blocks are indicated within brackets, 


: Treatments 
in the block are written by the side, 
DESIGN No. 1l. 
a) 1 2 3 4 (2) 5 6 7 8 
(3) 1 5 9 10 (4) 2 6 nu g 
(5) 3 7 9 11 (6) 4 8 10 12 
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TABLE 8. (Continued) 


(1) 1 2 3 4 5 6 (2) 7 s 9 10 j æ 
(3) 1 7 13 14 15 16 (4) 2 8 17 18 19 20 
(5) 3 jn n a 2 (6) 4 1 4 B 3 24 
(7) arpe a 23 (8) c pa 16 so 22 88 


DESIGN NO- 3 


ay; © 2 8 s 5.6e7 8 (2) 

gy) 1 9 ig 19 20 2 2 @ 2 10 2 = 25 26 27 2 

wy «Ol ə3 29 30 3I 32 () + 12 18 a4 33 34 35 36 

m 518 19 95 29 33 37 38 wy oR 2 96 30 34 39 40 
97 31 35 37 39 ao 8$ 16 92 28 32 36 38 40 


By rn a 2 gg. 24 25 26 27 28 a 2 1 ee 30 32 32 33 34 35 36 
l (3) 3 18 21 29 37 ss 39 40 a 42 (6) eu 3 30 43 44 45 46 47 48 
50 51 (8) 6 16 24 32 38 44 53 54 55 56 


qo) 8 18 og 34 40 46 50 54 59 60 
að 28 36 42 48 52 56 58 60 


(ii) a w m 388 41 47 51 55 57 59 ag 10 20 2 


where V tt) = Kyo? for the five types of associates. 
2, Vtt) = o?. Hence 1/ Kj" stands 


= 2; 


We give below Kj, 
For a randomised block experiment with r 
for the “efficiency factor’ as usually understood. 


TABLE 9. CONSTANTS Kjj FOR THE CALCULATION 
T STANDARD ERROR 


- 
design number 


type of 
associates A 2 3 4 
= à 
a) e (3) (4) (5) 
1.09 
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CONCLUSION 
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Rao for suggesting the problem and 
for guidance and to Shri J. Roy and Shri R. G. 
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FRACTIONAL REPLICATION IN ASYMMETRICAL 
FACTORIAL DESIGNS AND PARTIALLY BALANCED ARRAYS 


By I. M. CHAKRAVARTI 


Indian Statistical Institute, Calcutta 


l. [INTRODUCTION 


Hypercubes of strength “d” were defined by Rao (1946). Later Rao (1947) 
extended the definition of hypercubes of strength d to cover a wider class of arrays 
called orthogonal arrays. Rao (1946) has shown how these hypercubes may be used in 
the construction of a system of confounded designs which accommodates maximum 
number of factors and preserves main effects and interactions up to the order (d— 1) 
provided a hypercube of strength “d” exists in the case of a symmetrical factorial 
experiment. It has also been shown there that hypercubes of strength 2 supply 
balanced confounded designs for asymmetrical factorial experiments defined by Nair 
and Rao (1941, 1942a, 1942b) and later (Nair and Rao, 1948) treated in detail by the 
same authors. 

Plackett and Burman (1946) constructed a class of designs: called multi- 


factorial designs which accommodate maximum number of factors and preserve only 


the main effects. 

Rao (1947) has shown how orthogonal arrays of strength d may be made to 
yield multifactorial designs which will allow estimation of main effects and interac- 
tions of order upto k (d > k) when higher order interactions are absent. He has 
also used orthogonal arrays in the construction of block designs for symmetrical fac- 
torial experiments involving only a sub-set of treatment combinations and preserving 
main effects and interaction up to a given order, when higher order interactions are 


absent. 
The existence of block designs allows construction of fractional replication 


al experiments. The method of actual construction 


in the case of symmetrical factori 
s has been treated fully by Rao (1950). 


of fractional replicates using orthogonal array: 
oblem of construction of arrangements of fractional re- 


al designs has been considered. It has been shown 
obtain fractional replications in some of the 
important asymmetrical factorial experiments which find ready application in actual 
fields of research like industrial experimentation. These fractional replicate designs 
lead to a considerable saving in the number of experiments to be conducted or 
observations to be made. Method of construction of these designs are flexible to 
a certain extent to suit the needs of the varying nature of experimental enquiries, 
Experimental situations which have actually occurred in practice in the fields of 
industrial experimentation are considered. A list of useful designs has been supplied. 


143 


In this paper, the pr 
plication in asymmetrical factori 
that orthogonal arrays may be used to 
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A new class of arrays called partially balanced arrays has been defined. 
The combinatorial problem and analysis of designs derived from these partially kah 
lanced arrays are given. These designs economise considerably the amount wt SEDA 
mental material to be used in the experiment. These will be found useful in those 
situations where the most economic design does not exist. 


2 ORTHOGONAL ARRAYS AND FRACTIONAL REPLICATION 


Let A be a matrix with m rows and N columns, elements of the matrix being 


the integers 0, 1, 2,...,s—l. If amongst the N columns of any of (7) d-row sub- 


\d 
matrices from A, all sf d-tuples occur e 


qual number of times, say A times, then A is 
an orthogonal array with N assemblies, m constraints, strength d and index A, symboli- 
cally denoted by (N, m, 8, d, A). Then it follows that N = As". If N = & then 
A =s-* and such an array is called a 


hypercube. The following two general 
inequalities due to Rao (1947) 


connect the parameters 


YA > (Phen) oa (cay 


when d is even and 


N-1> (Te-a e-u +a yje- pe 


when d is odd. 


For a symmetrical factorial experiment invo 
N columns of an array are identifiable with N tre: 
mM rows stand for m factors 
which it is shown, These W assemblies then for 
of the complete factorial experiment, 
main effects and interactions of 


up all the s”—] degrees of freedom lea 


lving m factors each at s levels, 
atment combinations or 


assemblies, 
and an entry stands for the level of 


a factor against 
possible assemblies 
ial experiment all 


(m—1) are estimable but these take 
ving none for error. 


From a complete factor 


In such situations, one 
ces or one may derive 
r order interactions to 
a single complete replication 
nney (1945) introduced frac- 
tionally replicated designs which using only a sub-set (Properly chosen) of s” assem- 
blies provide estimates of main effects and lower order interactions on the assumption 
that higher order interactions are absent. 


ssuming certain highe 
e to set up even 
To get over this difficulty Fi 


Rao (1947) has proved that a sub-set of 


N assemblies 
array (N, m, s, d+h—1, À) yields a fr 


forming an orthogonal 
actionally replicated 


design from which : 
(i) all the main effects and interactions upto order 


(k—1) can be measured 
when interactions of order equal to and greater th 


an d—1 are absent, 
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(ii) the expressions for main effects and interactions are simply obtained 
from the usual definitions by retaining only the treatment combinations present in 
the array and these expressions belonging to different contrasts are orthogonal. Later 
Rao (1950) gives an elegant method of construction of fractional factorial experiments 
in blocks from orthogonal arrays when s is a prime or a prime power. 


3. ASYMMETRICAL FACTORIAL EXPERIMENT 


An experiment involving m factors Fy. Fə, ..., Fm occurring at s}, so, ..., A 
levels respectively is called an asymmetrical factorial experiment, provided not all 


ss are equal. 


But the situation that occurs most often in practice is that there are g groups 
of factors—there being m; factors in the i-th group, each occuring at s; levels (i = 1, 


g f: 2 
2,..., g; E m; =m). So the experiment s™ x sl? XX 87 may be regarded as 
tel 
a compound of g symmetrical factorial experiments. The problem of finding a 
suitable sub-set of the assemblies of the complete experiment, which preserves 
interactions upto desired order is important here for the same reasons as in a 
symmetrical factorial experiment and besides, it has an added interest because of 


its general nature. 


A solution to the above problem is provided by the following. 


ima l: If orthogonal arrays (Nis mj, Si G+R—1, A) t= 1, 2,...,9 


. . oe | g 
exist, then there exists an array which yields a fractional replicate design in JIN, = II 


isi iel 
A;sli+ki—1 assemblies of the asymmetrical factorial experiment sj" X+ x sma, KI 
ther, if i-th orthogonal array (ù = 1; 2, ...; g) preserves all main effects and interactions 
of order upto (k;—1) on the assumption that interactions of order (d;—1) (d; > ki) 
and higher are absent, then in the derived array, all main effects and interactions 


involving r = 5 r; factors (0 < r < gk, 0 < r; < k) become measurable, where r, factors 
i=l 
are chosen from the first group of m, factors, s factors from the second group and so on. 


Proof: The theorem will be proved for the case g = 2. The extension for 
any integer g> 2 is almost immediate. Consider the two orthogonal arrays 
(Nis ma, S daka — 1, Ay), (Wo, Mo, Sa, dotko— l1, Àa). A column is taken from the 
first array and just below it is put a column from the second array. As there are 
N, columns in the first array and N, columns in the second, the above method oi coni: 
bining the columns of the two arrays will generate N,N, columns with no combination 


repeated and each of these new columns will have (mı +m) rows. In this new array, 
factors of the first group and f, factors from the second 


any combination of levels of t, 
sda th2—1—t columns {t, < d,+h,—1; 


group will be repeated in A,s@it%—!—%, Ay 
to 4 da ka— 1). 
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Let F,, F,,..., F,,,, represent the m, factors of the first group and Gi, G,...5Gn, 
represent the m, factors of the second group. Defining symbolicall y 
Fe = my, Pigt...+-ms,—10F is, —1 E= 1,2 a. my) 


Ec Tis Giot...--les— lar —1 ia aa My) 


ra = 9 when a40 
E mum, =0 when a #6 


n=l forallr when a= 0 


2 le=O0 when & +0 
= lalu = 0 when a 4 Bp 


Iya =1 for all x when g¢= 0, 
Fios Fires Mea, —1 and Gios Gas cas Fae —1 representing the levels of F, and Gj 
respectively. Then the symbolic product PE BE i Gt GB. 
to represent the interaction [a, b... 
are not zero. The expression o 
assemblies occuring in the deri 


-. Gmn, may be taken 


> %;#,...] of the factors for which the values 
btained from [a, b, ...5 ce, B. ---] by retaining only the 
ved array may be denoted by {a, b, ...: a. f....} and a 
Set of necessary and sufficient conditions (Rao, 1947) that this will measure the corres- 
ponding interaction is that it is not orthogonal to [a, b, ...; a, Bs 


--] but is orthogonal 
to every other function of this type including the interactions 


which are absent. 

Consider an expression {a,, Aorere, Aris 0, ..., 0: he gs: eeng Opis D ong 0} where 
GO G=], sy rı), % AO (j= 1,2, ...,7) for 0 n1<ho< ra < k, and 
0< rk < 2k. This is evidently a contrast and this is 


not orthogonal to 
A a5,..., Atis 0)... O; 04, Qos aas Arayana 0]. 

Let in the expression {a, b, ...; a, B, -..} there be 4 non-zero coordinates among 
the first m, and fg non zero coordinates amo; 


ng the second Ms a 
n common with th 
since any assembly of 


nd consider the case 
Ose of {a,, as,..., Aris 


Op 206505 raaes Gr,,0,..., 0}. Then, a given set of (1, +h) < 


d,-+k,—1 factors from the first group will be repeated the same number of times with 
all the assemblies of another given set of (raka) < da ka—1 factors from the second 
group, it follows that {a,, Qor sas Aris 0, ...,03 a, Ma, aas Ore, O,..., 0} is orthogonal to 
la, b,...; a, B,...} and hence to [a, b,.. 


3%, B, a]. When la. b, <3, B,. }has some 
(not all) non-zero coordinates in common with those of {q, 2s... ttri, 0,..., 0; D; Gagare 


0} it follows from similar considerations as abo A 

} ve, that {a,, 
» Gry; 0;...0} is orthogonal to [a,b,...; æ, B. mhk NG {ais dy, awang Dya. Dera D 
Qis Æg ea Ora, 0,...,0} by Rao’s theorem, defines the corresponding interaction involving 


the factors Py. Py, ..., Fr, of first group and factors Gis Gos ..., Gr, from the second 
group. ‘This establishes the theorem for the case g = 2, 


Bigs Dyere 


Wasesa mi Ohang 05 
Cysts, 
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If now. there exists an orthogonal array (Ng, ms. ss. d3-++k3—1. Ag) then by 
taking a column from the derived matrix and putting below it a column from the third 
orthogonal array and repeating this operation so that no combination of any two 
columns is repeated we get an array in N, Ng Ng columns and (m,+m,+m,) rows. 
And thus taking a new orthogonal array at each stage and combining the columns 
of these with those of the derived matrix obtained at the preceding stage, we will 
finally get an array in N, Ny... N, columns and m,-+ms+ --- +m, rows with the 
stated properties. 


To illustrate the general theorem proved above. let us consider an 


Seample : Fractional Replication in 27.32 = 36 assemblies of a 23. 34 ex- 
p 
periment. 


It is known that the hypercubes (22, 3, 2, 2,) and (32. 4.3, 2) exist and each 
one of them accommodates maximum number of factors and preserves main effects 
on the assumption that higher order interactions are absent. The arrays are 


TABLE 1. ARRAY: (22, 3, 2, 2) ARRAY: (3?, 4, 2 
a TT 
assemblies assemblies 
factors || 2 3 4 factors 1 2 3 4 5 6 7 8 9 
F, 0 1 1 0 Gi 0 0 0 1 1 1 2 2 2 
F, 0 || 0 1 a 0 1 2 1 2 0 2 0 1 
Fa 0 0 1 1 Gs 0 2 1 1 0 2 > 1 0 
Q 0 1 2 0 1 2 0 1 2 


TABLE 2. DERIVED ARRAY: 


— aaa 
— aan 
anaman aaa a a Naane 


assemblies 
factors 1 8 3 4 5 6 7 8 9 10 11 12 
Fy 0 1 1 0 0 1 4 0 0 1 1 0 
Fa 0 1 0 1 0 1 0 1 0 1 0 4 
Py 0 0 1 1 0 0 1 1 0 0 1 1 
Gy 0 0 0 0 0 0 0 0 0 0 0 0 
ay 0 0 0 0 1 1 1 1 2 2 2 2 
G 0 0 0 0 2 2 2 2 1 1 ] 1 
ta 0 0 0 0 1 1 1 1 2 2 2 2 
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assemblies (continued) 


[ Parr 


factors 13 


factors 


Fy 


The analysis of variance table may be set up a 


25 


0 


to 


to 


14 15 16 17 18 19 20 21 
I 1 0 0 1 1 0 0 
1 0 1 0 | 0 1 0 
0 1 1 0 0 1 1 0 
1 1 1 1 1 1 1 1 

1 1 1 2 8 Z ğ 0 
1 1 1 0 0 0 0 2 


25 21 28 2 g0 


1 1 0 0 1 1 0 0 
2 Se eh ee ey 
0 1 1 0 0 1 1 0 
SS ove TEN a & a 4 
NANG. a ï 
2 2 2 1 1 1 l 0 
0 0 0 1 1 


TABLE 3, ANALYSIS Op VARIANCE 
degrees of freedom 
main effects F 3.(2—1) = 3 


G  4(8=1) = § 
first order interaction PG 3 x4(2—1)\(3—1) = 24 
total 


148 


s follows: 


22 23 
1 1 
1 0 
0 1 
1 1 
0 0 
2 > 


to 
bo 


34 35 
1 1 
1 0 
; 
0 A || 
2 2 
1 1 
0 0 
2 2 


9 


< 
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Then, this design has no degrees of freedom left for estimation of error. If 
the first order interactions FG are absent then these will provide an estimate of error. 
Sometimes estimates of error variance based on previous experience may be avail- 
able and these may be used in such situations. When, however, such estimates are 
not available and there are no a priori reasons to assume that interactions FG will 
not produce any effect we may repeat the fractional replicate designs to get an esti- 


mate of error variance. 


Corollary to Theorem 1: If Sis Sase.. Sy are primes or powers of primes, then 


ti 
ti si—l . 5 5 
the hypercubes ( sf, m = os .2) i= 1,2.... g can be combined in the manner 
s;— 
i 


of Theorem 1 to get a fractional replicate design for the asymmetrical factorial experiment 
SAN sit x... X 8977 and this design will preserve (i) all main effects on the assumption 
that interactions involving two factors or more from the same group are absent, (iz) all 
interactions involving upto g factors but no two factors present in the interaction should 
come from the same group. 

Proof: If sy, Sq: +++; Sg are primes or powers of primes, then according to 


A u PER 
Rao’s theorem (1946) the hypercubes( sf ny = = ay Si: 2 Jexist and the i-th hyper- 


cube in sii assemblies accommodate the maximum number of factors 


Bh ffs 1, Spas D) 


-th hypercube are estimable on the assump- 


Further, all the n; main effects from the i 
bsent and since each one of them carries 


tion that interaction of order d > 1 are a 
(s;—1) degrees of freedom, these exhaust the (sti—1) degrees of freedom associated 
with the i-th hypercube in sti assemblies. 
the manner of Theorem 1, an array in si! 
it follows from Theorem 1 that this will have t 


tion. 


When these hypereubes are combined in 
z sex TE sig assemblies is obtained and 
he properties as stated in the enuncia- 


Example 1 illustrates the corollary just proved, for the case g = 2. 


& = 2, = 2, s = 3 and t, = 2. 


4, CONSTRUCTION OF SOME IMPORTANT DESIGNS 


Using the theorem proved above, it is now possible to construct fractional 
replicate designs for asymmetrical factorial experiments from the orthogonal arrays 
already constructed and listed in Rao (1946, 1947), Plackett and Burman (1946), 
Bose and Bush (1952), Bush (1952). A list of designs for some of the important 
experiments likely to occur in practice is given here. In a later section, two other 
methods of construction of fractional replicate designs for asymmetrical factorial 
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experiments will be described. These methods are useful only for limited values of 
gs and s's. But such designs effect a saving in the number 
$ i X 


of experimental units, 
otherwise required by the general method described above. 


The class of experiments 29-1 , s, where À a positive integer, requires 4A.s 
assemblies for a fractional replicate design which preserves all the 4A main effects 
and all (4A—1) first order interactions between any member of the first group and the 
factor with s levels. Since orthogonal arrays of strength 2 for s — 2 


s = 2 and A = 25 are 
available in Plackett and Burman (1946). such designs can be easily constructed. 


Experiments 2.5, 44A—4 < k < 4A—1 also require 4As assemblies for a fractional 
replicate design. 


TABLE 4. LIST OF SOME IMPORTANT FRACTIONAL REPLICATE DESIGNS FOR 
ASYMMETRICAL FACTORIAL EXPERIMENTS 


(designs based on orthogonal arrays of strength 2) 


j 
description of the no. of assem- orthogonal arrays nature of effects 
complete factorial blies required which combine to measurable 
experiment give the design 
(1) (2) (3) (4) 
l: Æ, s ANG (4ak,2, 2,3) x (s) 


all main effects and interactions 
involving two factors one from 
each group. 

(On the assumption interaction 


| 
of order d S1 within each | 
group absent.) - 


(41-5 Ck X 4y-1) 


| 
> ak gl | 
k ea? ting (42,4, 2, 2,2) all main effects and interactions 
5 x involving iwi factors one from 
44-5 Ck 40-1, (34.7. 3, 2, 3l-2) each aoa actors o 
A 214 (On the assumption interactions 
si ri a of of order q > 1 within each 
group absent.) 
8. Ba? tand (42, k, 2,2,3) 
x 
ERB Ch ias (44m, 4, 2, 4t-2) Ak. 
4-1 < B8m+1 < 4t 
4. ah, gt. 4” 4.31 | gts 


all main effects and all first order 
interactions and second order 


ti- LF girl 


t t—2 interactions involving not more 
Hal oa yo Hh (3% 1, 3, 2, 3) ) than one from each group are 
3 < 2l+4+1 < x estimable, 


AA, | to t E E (on the assumption interactions 
4°? < 3m+] <4 4 (£2, m, 4, 2, 4 ) of order as 1 within each 


group absent.) 


In the above list only orthogonal arrays of strength 
Orthogonal arrays of strength higher than 2 m 


but the designs obtained from them will req 
semblies. 


2. have been considered. 
ay also be combined in a simil 


ar manner 
uire comparatively | 


arge number of as- 
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5. FRACTIONAL REPLICATE DESIGNS FOR S}.Sg EXPERIMENTS WHERE So=S{ 
AND $, IS A PRIME OR POWER OF A PRIME 


i Fractional replicate designs for asymmetrical factorial expriments s] . Ss 
where s ig s Pi e ‘ar a” Pi 2 G 5. y 
ere s; is a prime or power of a prime and s, = s| can be constructed in consi- 
derably reduced number of assemblies. These designs are made available by a 
theorem (Rao, 1950): The necessary and sufficient conditions that the s” com- 
binations obtai asas i 4 i 
a S a. S =f : 
a ained as a solution of the set of (n—r) independent homogeneous 


equations 
Qir Bybee Hain n = 0 $= ND E s saa KOI) 


define an array of strength (d+-1) is that no equation derivable as a linear combina- 
tion from the (n—r) equations determining the subset contains less than (d--2) 


non-null coefficients. 


He. then. uses this theorem to construct block designs for fractional factorial 
experiments which preserve main effects and first order interactions on the assumption 
that interactions of order d—1 or higher are absent. 


For that, he proceeds as follows: Another set of ¢ homogeneous equations 


(properly chosen) 
yy tyt Fajn % = 0 gant, as m—r-+t a: (BD) 


assemblies obtained as solutions 


are considered together with (5.1), so that the s~ 
2. This set of s~ 


of this set of (n—r-+t) equations will define an array of strength 
assemblies may be called the key array. The s” assemblies obtained as a solution 
of (5.1) are divisible into sf such arrays each of strength 2. These are obtained by 
adding to each member of the key array, a solution of (5.1) which does not already 
occur in the key array. Now if there are n factors each at s, levels and another 
factor at si levels, then to each one of the s] 
The s groups will each have a different level of the 


t assemblies of a group is added one level 


of the additional factor. 


additional factor. Thus we have in s; assemblies, a fractional replicate design of an 


i 4 è 7 ri PST E "AE ri 4 d rey 
asymmetrical factorial experiment Si -Sa where s= $1 and s, is a prime or power 


of a prime. 
5 Bie: n + 
This design will allow estimation of all the (n+1) main effects, and ( ‘) first 


order interactions between any two factors of the first group on the assumption that 


e > “4 © Q A T © is 
interactions involving d factors or more of the first group are absent. The analysis 
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of variance table may be set up as follows: 
TABLE 5. ANALYSIS OF VARIANCE FOR FRACTIONAL REPLICATE DESIGN 
—_ I 


factors degrees of freedom 
main effects i first group of factors nlsı—1) 
extra factor (3—1) 
first order between factors of first n 2 9 
interaction group 3 (61-1)? 
error (obtained by substraction) 
total ar —] 


A further reduction in the number of assemblies can be achieved if we are not 
: 4 ; n : 
interested in preserving all the ( 4 first order interactions between factors of the 
first group but only in a selected sub-set of first order interactions. Then each group 

=t 3 

of sı assemblies need not be an orthogonal array of strength 2 but it will do simply 
. -t . . 
if each group of s} assemblies satisfies the following less restrictive properties 

(i) all the levels of any factor of first set occur equal number of times, this 
number being same for all factors and groups, 

(ii) all combinations of levels of any two factors whose interaction we want 
to preserve, should occur equal number of times, this number being 
same for all pairs and groups and all the s” assemblies together should 
form an orthogonal array of strength d > 4. 

Consider the factorial experiment 25x 4. For five factors each at 2 levels 
gees of strength 4 in 16 assemblies exists and this allow estimation of main 
effects and first order i ions i i 
, rder interactions on the assumption that interactions of order d PAT 
are absent. Let us denote the first five factors by F,, F. F, and th t 4 levels 

x Los. a 0 ve 
by G. Now, since each level of @ is to occur equal i i Ka i 
si j qual number of times, in order to 
preserve all first order interactions of any two F’s it is necessary to construct tho 
4 S a nstr a "thno- 
gonal array of strength 2 in 4 assemblies. But an orthogonal ran a i 
gonal array of strength 2 in 4 


mae 3 accommodate only u 
S cal pto three factors. And since 16 as i rovi 
us with only 15 degrees of freedom and 8 degrees of ee, 


main effects, only 7 degrees of freedom are left and i con a ee A 4 
order interactions involving F’s alone. Then no degrees of toed ki ‘4 = 
estimation of error variance. If a previous estimate of error varia wi ; e a m 
then this need not worry us. The interactions to be preserved will poet op sk 


nature of the experiment. Having decided on the interactions to be preserved the 
problem is to divide the 16 assemblies into four groups so that echelons (i) and (ii) 
are satisfied. s | 


Example 2: An example of this experiment taken from Davies and Hay (1950) 
is given below. The experiment concerned investigation of effects of several factors 
w idd of penicillin. Five factors A, B, C, D, E each at two levels and a factor 
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F at four levels were chosen. The factors were 


TABLE 6. DESCRIPTION OF EXPERIMENTAL STAGES 


stage 1 preparation of inoculum 
A concentration of corn steep liquor 
B amount of sugars 
re} quality of sugars 
stago 2 fermentation 
D concentration of corn steep liquor obtained 
from first stage. 
E quality of corn steep liquor 
F 4 fermenters 


A design in 16 assemblies preserving the main effects and the 7 first order interactions 
AB, AC, AD, AE, BD, CD and DE was adopted and the detailed analysis is also given 
in Davies and Hay (1950), Davies (1954). They have constructed the design from 
different considerations. We have constructed the design with the help of orthogonal 
arrays and in the manner described in an earlier paragraph. The design happens to 
be the same as that obtained by Davies and Hay. The design is given below: 


‘TABLE 7. DESIGN OF THE EXPERIMENT 


assemblies 
factors r 

first group second group third group fourth group 

L 2 5 à 5 8 8 9 10.11 12 13 14 15 16 
A i wo oO ft 6 kI T tat 1 üa iŞ 
B 1 0 1 90 i? 2 @ 2 OG lagra L oki 
Cc t 0 te $ iL l g 1 0 O : © FT oO 
D 1 bt 0 l 12 g tL rw gy lek 6 $ 
E Lï i 6 Il ig OT gr 8 A 
a 0 0 0 0 tf U8 2 2 4 2 3 3-8 8 


The splitting up of degrees of freedom will be as follows: 
TABLE 8. ANALYSIS OF VARIANCE 
—_—_——————— 


—————— 


factors degrees of 
freedom 
ee ee ee 
main effects A 1 
e B 4 1 
C 1 
D 4 
E 1 
G 3 
first order AB 1 
interactions 
AC 1 
AD 1 
AE 1 
BD 1 
cD 1 
DE 1 
D 
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6. DESIGNS ror 2%3* AND EXPERIMENTS IN STAGES 


If in experiments 23", one is allowed to relax the condition that all the 
Jevels of a factor should occur equal number of times, fractional replicate designs 
for such experiments can be constructed by taking an orthogonal array with (kl) 
factors each at three levels and then replacing the highest level of one factor by one of 
the two lower levels, all through the array. So that for this particular factor, one level 
will occur twice as many times as the other. This method of construction sometimes 
effects a saving in the number of experimental units to be used e.g. in the case of 
orthogonal arrays of strength 2, if 2k+1> 3 and 24-3 < 3" where ¢ is some 
positive integer. 

Experiments in industries are often conducted in sever 
number of factors have to be introduced at different stages. 
units to be used in the experiment is sometimes 
up different stages of the experiment. If products of an earlier stage, which have 
to be used in a later stage, are costly, we may have to be content only with the 
estimates of main effects of the factors introduced at the earlier stage, while possibly 
for the factors introduced at a later stage, it may be possible to estimate interactions 
upto a certain order. This restriction on the experiment may be taken care of, in the 
design in the case of a symmetrical factorial experiment by taking an orthogonal 
amay of lower strength for the factors of the earlier stage and an orthogonal array 
of higher strength for the factors of the later stage and combining the iro arrays in 
a manner 80 that the derived array remains an orthogonal arra Or ali orna BE ; 
starting: with an orthogonal array of suitable strength for all fia ties i f pe peri- 
nng it is sometimes possible, to find out within the array a ribs ae ; f ai 
which amongst themselves form an orthogonal array of lower as a sn : 2 while 
the remaining factors form one of a higher Strength. Now, if an af rad distinct 


sub-assemblies of the factors of the sub i 
7 “group forming an arra strength 2 occurs 
more than once, then these may serve as factors of the earlier k pone 


while the rest of the factors may be introduced in the later s 
As an example, we may consider the following array ) 


al stages and different 
The total number of 
decided by the varying costs of setting 


tage of the experiment. 


TABLE 9, ARRAY; (23 7, 2,2 


2, 


assemblies 


factors 

1 2 3 4 5 6 7 8 
A 1 1 1 1 0 0 0 0 
B 1 1 0 0 l 1 0 0 
Cc 1 0 1 0 1 0 1 0 
D 1 0 0 || 0 1 1 0 
E 1 1 0 0 0 0 l I 
F 1 0 1 0 0 1 0 1 
(el 1 0 0 1 1 0 0 1 
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Here the factors 2, F,G form an array of strength 2 and each of 4 distinct 
sub-assemblies occur twice while the four factors 4, B, C, D form an array of strength 
3. So in an experiment which has to be conducted in two stages and where it is costly 


“to have many experimental units in the first stage, the factors F, F, G may be used 


at the first stage which will require only 4 units and the factors A, B, C, D may be 
introduced in the following stage. Examples of experimental situations where the 
problems discussed above, have occurred are provided by Taguchi (1955). On behalf 
of the Quality Control Unit of Indian Statistical Institute, he had conducted several 
experiments in different industries in South India. His reports submitted to the 
Indian Statistical Institute contain description of designs. analysis and inferences 
drawn. But he does not discuss how he constructed these designs. A brief descrip- 
tion of one of the experiments together with the design adopted by him is given here 
to illustrate the applicability of the designs constructed in this paper. 


Experiment: A 2X37 experiment to find an optimum operational standard 
for anodising aluminium alloy parts: All aluminium base alloy parts have to be given 
an anodic tratment for forming a thin film of oxide coating on the metal by an elec- 
trolyte oxidation process. The problem was to design a suitable experiment in two 
stages, four factors to be introduced in one stage and four factors in the other stage; 
all the factors chosen excepting one, were at 3 levels. The first stage consists in pre- 
paration of an anodising bath which is controlled by the four facors. 

TABLE 10. FACTORS OF THE FIRST STAGE 
eee NANG eee Ae 


levels 
c concentration of bath 50 gms/litre (1) 
(acid content) <0 gnsajition i 
30 gms/litre (3) 
D voltage cycle 38V —50V a) 
40V —50V i (2) 
45V —52V (3) 
# time cyc D(1) D(2) D(3) 
= EE yiga bs 10—25—5—5 10—20—4—4 
(50m) (45m) (38m) 
2) 10—35—5—5 10—30—5—5 10—25—4—4 
(3) (55m) (50m) (43m) 
(3) 10—40—5—5 10 35—5 5 10—30—4— 4 
(60m) (55m) (48m) 
F temperature of (1) 100°F 


bath (2) 106°F 


(3) 103°F 


The symbol 10-30-5-5 (50m) under D(1) implies that the voltage has to be raised from 
0 to 38 volts in 10 minutes, maintained at 38 volts for 30 minutes and again raised 


to 50 volts in 5 minutes and kept at 50 volts for 5 minutes—total time taken for the 


entire operation being 50 minutes. The second stage of the experiment concerns 
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the alloy parts that have to be suspended from the anode into the bath by pure alu- 


minium. Factors which control this stage of the experiment are 
TABLE 11. FACTORS OF THE SECOND STAGE 


—— 


levels 
A degreasing operation time 8 minutes 
10 minutes 
12 minutes 
B type of parts big 
medium 
small 
G rinsing time in cold water swill 2 minutes 
3 minutes 
H rinsing time in hot water 3 minutes 
bath (150°F) 4 minutes 


5 minutes (3) 
eS ee A 
Cost and difficulty of operation limit the number of b 
design has to take care of this feat x 


Taguchi’s design is given below: 


TABLE 12. DESIGN FOR 2x37 EXPERIM 
m, 


(1) 


(2 


assemblies factors 
¢ p E P B A G H 

2 3 1 

1-3 3 2 1 1 = 34 1 1 2 
3 2 2 1 
2 

46 3 1 2 f= f 3 2 3 
3 3 1 2 
2 2 2 

79 3 3 3 $ = f 3 1 h 
3 1 1 3 
2 

10-12 2 3 2 1 1 i 2 3 
3 2 1 2 
2 

13-15 2 2 3 2 i 3 a 4 
3 3 1 3 
2 2 

16-18 2 1 1 f= 3 3 4 3 
3 1 2 1 
2 d 2 

19-21 eLa © reag $ 1 1 
3 2 1 3 
2 1 1 i 

22-24 1 3 1 *= | 2 1 : 
3 3 2 1 
2 2 1 1 

25-27 1 2 2 3 1 3 2 3 
3 1 1 2 
m 
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If we suppose that @ had also three levels to start with (and later 3 has been converted 
into 1), then it is easily seen that the 27 sub-assemblies of A. B, G, H form an orthogonal 
array of strength 3. Further, each of the groups of the sub-assemblies viz., 1-9, 10-18, 
19-27 form an orthogonal array of strength 2, The 9 distinct sub-assemblies involv- 
ing C, D, E, F alone, define an orthogonal array of strength 2 and each of these sub- 
assemblies was tagged on to three sub-assemblies involving A, B, G, H so that this 
becomes an orthogonal array of strength 2 in 27 assemblies involving 8 factors. It 
is further seen that the interaction BO is preserved, the condition for which given 
by Rao. (1947), states that all combinations of 3 factors involving both B and C should 
occur an equal number of times in an orthogonal array (N, n, s, 2). Taguchi (1955) 
has not discussed the features of the design, that are given above. The splitting up 
of degrees of freedom was done as follows: 


TABLE 13. ANALYSIS OF VARIANCE 


degrees of 


factors freedom 
c 2 
D 8 
E 2 
main effects p r 
B 2 
A 2 
G 1 
H 2 
interaction BO 4 
rror 7 
total 26 


ANALYSIS OF FRACTIONAL REPLICATE DESIGNS 

(Yates’ technique) of analysis of fractional replicate 
ase of symmetrical factorial experiments (Davies 1954). 
ly on main effects and first order interactions, 
systematic methods may prove to be laborious and it may boadvantagaons to obtain 
estimates of main effects and lower order interactions by writing down the contrasts 
omitting those assemblies which do not occur in the array A gront simplicity results 
in the analysis of designs if for any two mutually orthogonal estimable linear func- 
tions of parameters, the corresponding best estimates are uncorrelated. 


If we consider the set up 

Bly) = TA’ 
a vector of k parameters and A’ is the 
then a linear function 7p’ is estimable 


is 


Systematic methods 
designs are available in the c 
If, however, the interest is main 


where y is the vector of n observations, 7 is 
design matrix of the form kxn and of rank r, 
if there exists an J such that 

LAA =p (Rao, 1952) 
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Theorem: The necessary and sufficient condition that the best linear estimates 
of two estimable linear functions Tpi and Tp (pyps = 0), are uncorrelated is that 


(AAN. A Az = p.A'A 
i.e. that non-zero roots of A'A are all equal. 


Proof: Sufficiency: Since rp; and 7p, are estimable, there exist l and l 


so that 
LAA = p, 
and I, A’ A = p 
and covariance of the best estimates |, Q’ and 1, Q' is given by 
1, A'A I, o 
where Q = yA. 
Now Py Pa = 1, A'A . AA = 0. (7.1) 
So if A'A. A A= A'A (7.2) 
then (7.1) would imply that 
LA Al = (7.3) 
Ka Necessity: To prove that the condition is necessary, we will have to show 
if Pp, = 0 (7.4) 
implies LA Al, =0 (7.5) 
then (A’A)? = pA'A 
or the non-zero roots of A’A are all equal, 
In order that Pı-T' and py.7' are estimable, it is known that 
l A'A = p, = a, 0,400, “ese, Gy (7.6) 
l, A'A = py = a10, + a0, +e tale, (7.7) 


where C, C,,...,C, are the normalized latent vectors o 
positive latent-roots A,, Àz; ..., A, and (0, Oty 
constants. ` 


We get from (7.4). 


f A'A corresponding to its 7 
very Oy) and (aj, Ot, ..., aL) are arbitrary 


Oy bog Hoa = 0, aa 
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Now, since 0,4'A = AC; (i = L, 2, +. r) from (7.5), (7.6) and (7.7) we get 
1,A’Alg = (101+ +2,0) ly 


= (2O.adt-+ GA) 
= i= Otte ¢,). A'Al, 


= (BG tO) arbor kat] 


As 
= at A drd; = 
AS T = A, wa CD) 


Since g's and as can be arbitrarily fixed subject to (7.8), it follows that 


t 
Ay = Ag = =A SHH 
Hence the theorem. 


Analysis of a fractional replicate design of an asymmetrical factorial experi- 


ment is given here. 

Analysis of the derived array (22, 2, 2, 2) X (3, 4, 3, 2): An artifical example 
constructed using the above design for an asymmetrical factorial experiment 2° x 34 
Since this design preserves the main effects and interactions involv- 
or being taken from one group and as their estimates 


ily done by forming 2x3 tables like, 


is analysed here. 

ing two factors—only one fact 

are uncorrelated, the analysis is eas 
TABLE 14. Fy XG, 


levels of G1 


| 

| 

lovels of Fi | 
1 | Fu 


total Goi G11 Gie | 


r Titra _ T 
Then, sum of squares due to F, = Foto = 
2 G2 G2. mp2 

Sum of squares due to Gy = Gort Gnt —36 

Sum of squares due to 


interaction F, . G, = Total corrected s.s. due to the table Fy x Gy 


s.s. due to Fy—8.8. due to Gy 

es will complete the analysis which is given 
s of freedom left for estimation of error, 
be performed on the assumption that 


and similar computations for 11 other tabl 
below. Since we do not have any degree: 
tests of significance for the main effects may 
FG interactions are absent, 
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TABLE 15. DESIGN AND YIELD OF THE EXPERIMENT 


es 
design 
sl. 


yield 
no. G, G, G, G, F, Fa PF, y 

1 0 0 0 0 0 0 0 48 
2 0 0 0 0 0 1 1 53 
3 0 0 0 0 1 1 0 65 
4 0 0 0 0 1 0 1 50 
5 0 $ 1 1 0 0 0 67 
6 0 1 1 1 0 1 l 74 
7 0 1 1 1 1 1 0 75 
t of Ft tT & » & 
9 1 2 1 o o o 72 
10 1 2 1 o o 1 1 5 
11 1 2 1 0 1 1 ý i 
12 1 2 1 0 1 0 1 s4 
13 1 2 1 0 0 0 72 
14 1 2 1 0 l 1 73 


16 1 2 1 È 0 1 76 
17 1 1 0 2 0 0 0 6> . 
© l g C.S KAEN 
19 1 1 0 2 1 1 0 38 
SS ga y a e 
ao a A g g i 
= E £ 8 ® NG I 87 
STENT 2 G FOR o 
ie e seg E 
Be Bana ka 0 E s5 
w a E wa @ ga 85 
a 8 AD oS a a y 82 
se fe Ta Wg 77 
mo Tk we pg a és 
so 2 0 1 2 o l yg “4 
w z Daus RN h 
es e D rog tf pe g 
s å O * Ka o g 
a è s @ s @ 2 it 
i 0 &£ e @ 2 EE wm a 
se 8 2 8 £-8 i æ 


FRACTIONAL REPLICATES AND PARTIALLY BALANCED ARRAYS 


TABLE 16. ANALYSIS OF VARIANCE 
a BAN aaa aana ag 


factors d.f. s.s. mean F 
square 

Fy 1 2.25 

main effects Fs 1 124.69 5.054 
F; 1 78.03 3.18 
Gy 2 175.50 3.58* 
Ge 2 1066.67 21.74** 
Gs 2 920.16 18.76** 
Ga 2 930.66 18.972: 

interaction Fi 2 26.16 
FG: 2 97.99 
FiGs 2 3.17 
FG, 2 32.67 
FG, 2 7.72 
FG: 2 110.89 
Fals 2 74.40 
FG; 2 13.56 
FG, 2 14.38 
F3G2 2 22.88 
F3Gs 2 51.39 
PsGy 2 133.56 

sub-total for 

interactions 24 588.77 

total 35 3886.73 


ant at both the levels 5% and 1% while F, and 


Main effects Ga, G and G, are signifie 
re not significant at all, 


G, are significant at 5% only. F, and F; a 


8. PARTIALLY BALANCED ARRAYS 


In an orthogonal array (£, n, S, 2) where sis a prime or power of a prime, 


aye x #—1l 

it is known (Rao 1946) that it can accommodate upto n = <] factors. In this 
case, all the n main effects take up the (s'—1) degrees of freedom and if an estimate of 
error variance based-on previous experience is available this may be considered as 


the most economic design. But if -Ei 
Tf our in 
(s—1)—1 may be regarded as unnecessary. It is 
er of observations in such cases if we relax the 
But this will introduce a little 


gtt—1 g—1 
-A SRS zi then also we have to use an 


orthogonal array in st assemblies. terest is in the estimation of main effects 


only, then the observations stn 
possible to economise the numb 
conditions of an orthogonal array, to certain extent. 


more complication in the analysis of the design. 
F, each with s levels will be called 


group of d factors (d < n) a combi- 
times, where Airis.. sia 


An array involving » factors Fy, Fo, -e 
a partially balanced array of strength d if for any 
nation of levels of d factors, Firin F2is +++ Faia occurs Aisi.. sid 
remains the same for all permutations of a given set (iy; ia: +++ i,) and for any group 
of d factors, i, ranging from 0 to s—1 for all j. Then, it is obvious that this property 
holds also for any k < d. Let amongst the d integers (is; dy, -> ta), O Occur fo times, 
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1 occur 7, times and so on;—or, in other words, let in the treatment combination 

Fii, F2i, ... Faig there be r, factors which occur at 0-th level. rı factors which occur 
d eee 

at level 1 and so on. 


Then, Toha =d 
d! a ; I . 
and each of the — i ——, treatment combinations obtained by permuting (i, 
Tol e T 
tə; ...,%4) will have the same Airis. .„iq attached to it. Value of diisi Where r < d, 


is easily obtained by summing Aji... Over (i 


ris +++: tg) Where each i of (Gnas vox he) 
ranges from 0 to s—l. 


9. EXAMPLES OF PARTIALLY BALANCED ARRAYS AND ANALYSIS 
Consider the following orthogonal array 


TABLE 17, ARRAY: (23, 4, 2, 2) 


assemblies 


It is known that 4 factors each 


ting an orthogonal array of strength 2, If from the above array we omit assemblies 
7 and 8, we get an arrangement in 6 assemblies, which has the properties that for 
any two factors say A, B the combination of levels of the type (0,0) or (1,1) occurs 


once while (1, 0) or (0,1) occurs twice. So this satisfies the properties of a partially 
balanced array, 


with 2 levels require 8 assemblies for construc- 


This design can be analysed by the met 


hod of least squares as follows. 
Minimising the expression 


L = (n —4,—b,—e)— o) Ho 
Where y; denotes the observ 
the effect of i-th level of a 


HUs—as—b,—cy—d,)? 
ation corresponding to the i-t} 
and similarly for other const 


3a + (bot 2b) + (Cy-+2¢,)+-(dy-+ 2d,) = Yai 


1 assembly and a, denotes 
ants. we get 


rY¥stYe s (9.1) 
Bay Hathi) + (2ey+e4)-+(2dy+-d,) = Niyat, 02) 
(do+ 244) -+ 3by+(C9-+2c,)-+(dy-+2d,) = YotYs+y, wes (9-3) 
(249+) + 3b, +(2cy+€)-+(2dy-+d,) = nt+ysty, ae (94 


(+ 2a) -+(By+ 2by)+3ey-+(dy+2d,) = y+ 


= 


) 
3T Ye + (9.5) 
(2ao+01)+(2b0+b:)+-36,+(2d0+d,) = Yaya ) 


( Ys eee (9.6 
(aot 204) -+(Dp-+ 201) + (¢y+-2c,)+ 3d, = ait y+ (9.7) 
(2ao-+a,)-H(2bo+ b1) +200 +01) +34, = YTY th (9.8) 


162 


FRACTIONAL REPLICATES AND PARTIALLY BALANCED ARRAYS 


Now taking one equation from each pair, and putting a= 0, by = 0, cy = 0, 
dy = 0, we get 
Bay, +e +d, = At+YotYs = Qı 


a-b, + +d; = y1 +ys tys = Ve 
abit 3e +d, = Yot¥stYs = Qs 
a+b, +e, 43d, = YHVH Ys = Qa 
Solving we get, 
6 
1 
athak = 3 D 


i=1 


6 


â, = > [ntt = n] 


i=1 
6 
bi = + [ @rtystye— ; 2, n| 
pa 
ê = 5 [Cetus p 2 Yi 


rw 


ke 1 
dy = 5(Gatutud— 3 2% 


12, 
Sum of squares due to a factor A is then, equal to = aj. Sum of squares due to main 
p . 
effects is 4,Q,+6,Q2+€:Q2+4,@, and in this case we are left with 1 degree of freedom 
which may be used to get an estimate of error but this, however, may not be, very 


reliable. 
In the general case of k factors each with s levels if we were trying out a 


partially balanced array of strength 2 the normal equations (on the assumption that 
all interaction are absent) may be seen to be 
rA 


yA = (Tı È Tg |. I Te) eesse ; sanois 


where y is the vector of observations, Tj, Tas +++» Tp are the k groups of parameters, A 
is the transpose of the design matrix and in the partitioned matrix which is A’A, D 
is a diagonal matrix with /“,’s in the diagonal line, 
where pi, represents the number of times the i-th level of a factor occurs in the array and 
Noy Apr ++ Ades 
ai sa Peh 
AS oie tas 


Asa s-1 
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where an element A;; represents the number of times i-th level of a factor occurs with 
the j-th level of another factor. Solving these equations, together with some more 
suitably chosen equations (since all the parameters can not be estimated) one would 
be able to calculate sum of squares due to each main effect and also total sum of squares 
due to all main effects which on substraction from total sum of squares will give error 
sum of squares. 
Two examples of partially balanced arrays are given below: 
TABLE 18. PARTIALLY BALANCED ARRAYS 


ee 
a) (2) 


factors assemblies factors assemblies 
is & A.B i. = 4 @ 
A 0 1 0 1 1 A 0 1 0 1 1 1 
B 0 0 1 1 1 B 0 0 1 1 1 1 
[0] 0 1 1 0 1 C 0 1 1 0 1 1 
D 0 1 1 1 0 D 0 1 1 1 0 1 
E 0 1 1 1 1 0 


In the first array, four factors have been accommodated in 5 assemblies, while in the 


second 5 factors have been accommodated in 6 assemblies. 


I am grateful to Dr. C. R. Rao for Suggesting the problems to me and for his 
guidance. 
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A GENERAL CLASS OF QUASIFACTORIAL AND 
RELATED DESIGNS 


By C. RADHAKRISHNA RAO 


Indian Statistical Institute, Calcutta 


1. INTRODUCTION 


A general class of quasifactorial designs was introduced by Nair and Rao 
(1942) and used in constructing balanced confounded designs for asymmetrical fac- 
torial experiments. The full details leading to the construction of asymmetrical 
designs are reported in another paper by Nair and Rao (1948). The object of this 
paper is to construct some useful quasifactorial designs for varietal trials. A 


number of designs closely resembling the quasifactorial system have also been given. 


A quasifactorial design is defined as follows. There are v = p1 XPaX -X Pp 
varieties which can be identified by the multiple system 


(is Kasan Tn) aran NAGA) 


and b blocks each containing & different varieties such that 


(i) every variety is used 7 times, and 


(ii) the two varieties represented by (tıs... Xp) and (Yi: Yn) Occur toge- 
blocks where c; = 1 or 0 according as x = Yj OF ti # y; There 


ther in Acy,..-5 en 
which need not be all different. The parameters 


are (2"— 1) parameters Acy,..., €n 
satisfy the following relationships 


vr = bk (1.2) 
r(k—1) = Ep(czs Cn) Abia Cn 
Plis- Cn) = (Da — 1 Pma—})-++ m 1) (1.3) 


where a; -s Cms are unity and the rest zero. 


above satisfies the parametric requirements 
1939; Nair and Rao, 1942). We shall 
hich are of special interest. 


The quasifactorial design as defined 
of a partially balanced design (Bose and Nair, 
consider only the two dimensional quasifactorial designs w. 
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2. Two DIMENSIONAL QUASIFACTORIAL 


In the case of two dimensional quasifactorial, the v 
be arranged in a rectangular lattice with p, rows and Ps columns. Given any variety, 
the rest fall into three groups, (p;—1) in the same column, (Pa—1) in the same row 
and (p,—1)(p;—1) in the rest of the lattice. These are respectively the first, second 
and third associates with A parameters equal to A 
balanced design with the second system of p 


arieties, v = Pi K Po, can 


or: A10 and An. This isa partially 
arameters given by 


Pı—2 0 0 0 0 pı—1 
D 0 0 rai) PH=( 0 p92 0 
0 Ps— 1 (pa—1)(p,—2) Pı —1 0 (pı—1)(pa— 2) 
0 1 pı —2 
Pj = 1 0 p—2 


É 
When some of the A; are equal, the design may reduce to a partially balanced 


design with i 
p g | only two associates though not necessarily. Some sufficient conditions 
or reduction to two associates are given below: 


(i) p= Po: Ayo = Àp = Ais Ay = As # A, 


(i) Ay =A, = AS Ags Ay Æ Aq for any p, and p, 
(ii) Ay =A, = As, Ay = AL Æ À, for any p, and p,. 
The second System of parameters for the case (j 


value ) is, using p for the common 


—2 = 
4 p= 3 2 %Xp—2) 
pl 7 eee ) 


(p—1)(p—2y 2(p—2) (p—ay 


|| 


Ph; 
and for case (ii) 


i Pi—2 0 0 
Pij = A P3; = Pi] 
0 Pupa— 1) 


Pı—l p(p,—2) 


Associate classes hay 


e be is se, 
Clatworthy and Shrikhande (1954). San listed by Bon 
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3. CONSTRUCTION OF TWO DIMENSIONAL QUASIFACTORIAL DESIGNS 
3.1. Series derivable from orthogonal Latin squares. 


v = pq: b = qlq— 1). k = p. r = (q—1) voz (BLT) 
An = A = 9, Ay = 1. 


It is known from the work of Bose (1938) and Stevens (1938) that when g is 
a prime or a prime power, it is possible to construct (g— 1) orthogonal Latin squares 
in such a way that they differ only in a cyclical interchange of the rows from the 2nd 
to the g-th. Such squares (g—1) are taken and the rows of each are bordered with 
numbers 1, ..., q. In each square there are g? cells which may be identified by a pair 
of integers one representing the row and another the number in the cell (corresponding 
to the Latin square). 


If we represent the varieties by an ordered pair of integers and consider the 
qq—1) columns from all the orthogonal squares as blocks we obtain a design with 
Aro = An. = 0 and Ay, = 1. This is because varieties represented by (ij) and (rs) occur 
in no column if i = r or j = s and occur in just one column when i #7 andj Æ s. 
This result can be easily proved by using the special property of orthogonal squares 
derived by the method of interchanging (y—1) rows cyclically. As it stands this is 
a design for q? varieties. Omitting (g—p) rows of the Latin squares designs for PI 
varieties with Ajọ = Ag, = 0 and Ay = 1 are obtained. As an illustration, let us 
consider the designs for 2x4, 3x4 and 4x4 obtained from 4x4 orthogonal Latin 
squares. 


TABLE 1. DESIGNS FOR 2x4, 3x4 AND 4x4 


ee aaa aaa aaa 


row no. orthogonal latin squares 
a) (2) (3) (4) 

1 1234 1234 1234 

2 2143 8412 4321 

3 3412 48321 2148 

4 4321 2143 3412 


The design for 3x 4 is obtained by omitting the last row and considering the twelve 
columns. The actual design is 


(11, 22, 33), (12, 21, 34), (13, 24, 81), (14, 23, 32) 
(11, 23, 34), (12, 24, 33), (13, 21, 82), (14, 22, 31) 
(11, 24, 32), (12, 23, 31), (13, 22, 34), (14, 21, 33) 
where the 12 varieties are represented by pairs of integers 11, 12, 13, 14,..., 34. 
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Another method of construction which is more general than the above is 
as follows. 


“Let (k—1) be the maximum number of orthogonal Latin squares of order q. 
Then by superimposing all the squares, with the first row made identical, we obtain 
a composite square each cell of which contains (k—1) ordered integers taking values 
from 1 tog. Border the columns of such a square with integers from 1 to qin the same 


order as they occur in the first row. Omitting the first row we now have, including 
the bordering elements, q(q—1) ordered sets of k 


q(q—1) cells. To the ordered set corresponding to any cell, we attach integers in the 
order from 1 to k, to obtain % pairs. These % pairs represent i varieties of a block. 
We have kxq distinct pairs representing the varieties and Wq—1) blocks, This 
provides a quasifactorial design with An =], Ay =A 


elements corresponding to the 


o = 0. 
As an illustration, let us consider the superimposed two orthogonal squares 
of order 4 with its columns bordered, 


TABLE 2, SUPERIMPOSED ORTHOGONAL SQUARES 


1 2 3 


4 
(1) (2) (3) (4) 
11 22 33 44 
23 14 41 32 
34 43 12 21 
42 31 24 13 


The design for 3x4 with twelve blocks is given in table 2b, 


TABLE 2b Quasifactorial design for 3x4 with n=l, Ao =A 
4 eo 


ordered sets representing blocks 


D | BD BD (4) 5 (6) (7) 


(8) (0) (0) (1) (12) (as) 

1 1 1 1 = 2 S 3 g x 4 4 4 

2 > 8 ag I 4 | 1 2 3 2 1 

3 o a 2 4 3 1 1 t g 2 1 3 

The first block has the varieties (11, 22, 33) the second (11, 23, 34) and so on 


If all the (k—1) orthogonal squares have a directrix 
elements in the diagonal) then the rows and columns 
in the same order as in the diagonal. Ea 


(i.e. have all different 
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squares. Omitting the diagonal elements and considering the ordered sets in the 
q(q—1) remaining cells we can build up as before by attaching integers, 1, 2,..., (k+1) 
for the order a design for (k-+1)Xq varieties in g(g—1) blocks of (k+-1) plots with 
Ag, = 1, Àp = An = 0: 

A design for 2xq always exist because it just depends on the existence of a 
Latin square. Since a Latin square of any order can be written so that it has a direc- 
trix, it follows that a design for 3 xq exists for all gq. Designs for 4xq depend on the 
existence of 3 orthogonal Latin squares of order q or at least two with a common 
directrix and so on. 


Table 3 below gives the list of useful designs in the series (3.1.1) 
v= pq, b = q(g— 1), k = p, r = (g—1) 
ào = à = 0, Àn = 1. 


The method of construction adopted (see Table 1) gives the design in groups of blocks 
representing separate replications wherever such a resolution is possible. The non- 
resolvable designs which may arise by adopting the method of Table 2 are marked 
with an asterisk. Designs for p = q are omitted as they are partially balanced with 


two classes of associates. 


TABLE 3. DESIGNS OF SERIES (3.1.1)(p + q) 
sl. i 


cs v b k r no. v b k r 

(1) (2) (3) (4) (5) (1) (2) (3) (4) (5) 
r wm if 2 8 u 36 72 4 6 
2 Is 2 3 4 12 35 42 5 6 
3 is 30 38 5 13 40 56 5 7 
4 21 4 38 6 4 45 712 3 
5 2% 56 3 7 15 2 «42 6 6 
6 27 2-3 8 i6 as s6 6 7 
3 30 90 3 9 7 64.72 6 8 
s 2 2 4 4 18 66 566 7 7 
9 283 42 4 6 19 68 7 #7 8 

10 32 s 4 7 20 2 2 8 8 


We now consider a second series of designs derivable from orthogonal Latin squares 
with the following parameters 


v= pq, b = È, k= p, r54 (3.1.2) 


An = 1 = do ào = 0. 
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In this case the partially balanced design has only two associate classes as 
mentioned in section 2. The first and second system of parameters are 


m = q(p— 1), na = (q— 1) 
A, =1, A, = 0 


Up—2) q—1 á Up—1) 0 
pi = ; r Pj = ; 
g= 


0 q—2 
It may be seen that this is also a group divisible design with p groups e 


ach contain- 
ing q varieties. Two varieties from the same group do not occur in 


any block while 
they occur in just one block when they belong to two different groups. We shall 


not list these designs as the actual plans are given, by Bose, Clatworthy and 
Shrikhande (1954). 


3.2. Series derivable by the method of joining. Let us write down the pd 
numbers representing varieties in the form of px 


7 rectangular lattice with p rows 
and q columns. Suppose that balanced incomplete block designs exist for the para- 
meters A 


v= p, b= b; T= Tis krdi 


v=q, b = by, N= teak Ns 


then by forming separate designs for varieties in each row 
ing them we get a quasifactorial desig 


and column and combin- 
n for pq vari 


eties with parameters 
b= pbo+qby, r = Tita k 


Ay = 0, Ag = Àj» Ayy = Ag 
This design is resolvable if the balan i 
ced designs used for pi 
resolvable. Only special cases are of interest or each row and column are 
Wes Us Op. re B toes (3.2.1) 
Au = 0, Ao = Axo =]. 
This is Yates two dimensional square lattice sited d 
rows and columns as complete randomised 


blocks i 8 
has only two associates. 


The partially balanced design 
"= Mh b= pba k= p, rl, (3.2.2) 
Au — 0, Ax = Ay; Ag — 


In this series the design used for the columns is the randomised block with 
one replication. The list of useful designs together with the parameters of th nar ced 
design used in the construction is given in Table 4. DANG Dalan 
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ABLE 4. DESIGNS OF 


RIAL AND RELATED DESIGNS 


THE SERIES (3.2.2) 


rapte + _DEstONS oF TS ee 


parameters of the 


sl. parameters of the 
no. balanced design quasifactorial design 
T v=q be Ta Az v=pq b r k=p 
m B @) (4) © (6) (7) A) (9) 
1 4 4 3 2 2 16 4 3 
| 2 6 10 5 2 18 36 6 3 
| 3 7 7 3 1 21 28 4 3 
$ 4 T 14 6 2 21 49 7 3 
#5 9 12 4 | 27 45 5 3 
6 9 24 8 2 27 81 9 3 
7 10 30 9 2 30 100 10 3 
S 13 26 6 1 39 91 ri 3 
9 4 2 2 2 16 12 3 4 
10 7 7 4 2 28 35 5 4 
11 10 15 6 2 40 10 T 4 
12 13 13 4 1 52 65 5 4 
#13 16 20 5 1 64 96 6 4 
#14 8 14 7 3 32 64 8 4 
15 + 4 3 3 16 20 4 4 
16 5 5 4 3 20 25 5 4 
Wi 11 11 5 2 55 66 6 5 
18 5 3 að 3 25 20 4 5 


* are resolvable. 


The useful designs of this general cl 


balanced with three asso 


are partially 
has only two associates. 


serial no. 1, which 


ciate classe 


ESIGNS OF THE 


The designs marked with 
More general forms of designs obtained by the method of joining are 
represented by the followiag system of parameters. 
yap, b =p bri "F makian F (3.2.3) 
Nya = 0, Aa = As: Avo = Ào 
5, All of them 


are given in Table 
s except the one c 


ass 
orresponding to 


SERIES (3 .3) 


parameters of the 


| TABLE 5. D 
| 
s r ors of th 
no ma design quasifactorial design 
rows columns 
k 
v=p b ri M v=q ba T2 deo v b r 
a o o A (5) @ w &) (9) ao an 02 (13) 
| 1 4 4 3 2 4 4 3 2 w 32 6 3 
2 4 4 3 2 o 1 5 2 24 64 8 3 
3 4 4 3 2 7 7 3 1 ag 56 6 3 
4 4 4 3 2 q H 6 2 28 84 9 3 
5 4 4 3 2 g 2 4 1 36 34 7 3 
6 4 4 2 2 7 7 4 2 9g 82 : : 
7 4 4 2 2 wo i 6 2 40 2 $ : 
8 4 4 2 2 4 4 3 3 je 32 ! 
9 4 4 3 3 5 5 4 3 20 4 ‘ i 
10 5 5 4 3 5 5 4 3 a 5 ; 
11 8 14 7 3 4 4 2 2 32 88 9 4 
z3 7 E 
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4, CIRCULAR LATTICE DESIGNS 


5 5 an 
Construction of designs. Let us consider n concentric kadi akng ka 

i ae Poa 2n? lattice points on the circles. Each circle has 2n poin = = 

ee -5a al ee If the circles and the diameters are taken as bloc 

and so also ML i 

get a design with the following parameters: 


v = 2n?, b = 2n, k = n, r = 2. 


hi i i ith i n a circle 
Given any variety the rest fall into three groups, one occurring with a or oo dee 
z poe diam — i ith it ei irel n a diameter 

th it either on a circle or o; 
iameter, 4(n— 1) occurring wi als i a 

ppe at 5 wah with it, This design, therefore, satisfies the requiremen 
2(n— 1)? not oe d . s : > 
AA = set of parameters of a partially balanced design with 
1e 


n = 1, ng = 4(n—1), ng = 2(n—1)? 


A, = 2, A, = 1, A; = 0. 


Tt is not difficult to see that requirements of the second system of parameters are also 
satisfied. The actual matrices are 


0 0 0 © J 0 
py=\ 0 4(m—1) 0 > pPe=| 1 2(n—2) 2(n—1) 
0 0  %(n—1)2 0 An—-1) Xn—1)\(n—2) 
0 0 1 
p = 0 4 


4(n—2) 
1 4(n—2) 2(n—2)2 


There are only four useful designs in this series, 


TABLE 6. CIRCULAR LATTICE DESIGNS 

sl. 
no. v b k r 
wa (2) (8) (4) (5) 
1 8 4 4 2 
2 18 6 6 2 
3 32 8 8 2 
4 50 10 10 2 


4 


RIAL AND RELATED DESIGNS 


A GENERAL CLASS OF QUASIFACTO 
no. 1 is illustrated below by 


The method of construction for the design with serial 


drawing 2 circles and 2 diameters. 


3 
Figure 1. 


The blocks are 
Circles Diameters 
(1, 2, 3, 4) (1, 8, 6, 3) 
(5, 6, 7, 8) (4, 5, 7, 2) 


All the designs are resolvable into two separate replications corresponding to the circles 


and the diameters. 
4.2, Analysis of designs. 


three associate classes the general 


But it is simpler to use the :P method’ explained in 
the number of blocks is very small compared to the 
Let v = 2n?, b = m = k, r=2. 

c, and n diameters by di: dasa In WE define 


Since a circular lattice is partially balanced with 
method of analysing such designs could be used. 
Roy and Laha (1956), Rao (1956) as 


number of varieties. 


Denoting the n circles by seo 
Bic;) = the block total corresponding to the circle ¢;, 


B(d;) = the block total corresponding tO the diameter d;, 
P(c) = B(c;)—the sum of mean yields of varieties occurring in Ci: 


P(d;) = as above for the di 
ants which need not 
Pe) — =P(c,) 

v 


n 


ameter d; 


The estimates of the block const: be computed are 


bla) = 


for varieties is 


The sum of squares due to blocks corrected 


Eb(c,) Ble,)+Z(4:) Bedi) 


= HEP(e) Be) HEPA) Bd) _1 gra 
e the B and P values. 


)EB(c;) +EP(d,)=B(ai)} 


so that the only quantities need to be computed ar 
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The estimate of i-th varietal effect’ is 


— Ti, P)+P4,) 


? 2 b 
where c, and d, represent the circle and diameter on which the variety #; lies. 
7 8 
The variances for comparisons are 


V(t; —t;) = 0, if i, j are first associates (A = 2) 
v 
= (1+ 5) a if i, j are second associates (A, = 1) 


2 


(1+ 7 Ila if i, j are third associates (A, = 0). 


|| 


The average variance of all comparisons is 


v—1 
v+k—3 
which may be used to test all varietal differences if the correspondence between the 
varieties and the integers in the plan of the design is made at r 


andom. 
It may be observed that the cir 
sidering the dual of 


2 


cular lattice designs can also be obtained by con- 
a group divisible design with 2n varieties in 2n2 blocks of 2 plots. 
(i, n+1)(i, n+2) ... (i, 2n) 
(i, n+l), n+2) ... (i, 2n) i= 118 
This suggests another type of desi 


gn obtained by daulising the design with the above 
blocks repeated thrice instead of 


twice. The parameters of the new design are 


v= 3n?, b = m, k= Bn, r= 2 


=% 


The circular lattice can also be deduced by considering a square lattice and 
replacing each variety by a pair of varieties. But what is of interest is the simplicity 
in the analysis of these designs, 


The diagramatic represent: 
circular lattice provides the asso. 


ation of the design as a 
ciation scheme, 
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TWO ASSOCIATE PARTIALLY BALANCED DESIGNS 
INVOLVING THREE REPLICATIONS 


By J. ROY and R. G. LAHA 


Indian Statistical Institute, Calcutta 


1. SUMMARY 


Partially Balanced Incomplete Block (PBIB) designs with two associate 
classes and involving a few replications are of practical importance. Bose (1951) 
obtained the complete class of two associate PBIB designs involving two replications. 
Bose and Clatworthy (1955) recently derived all such designs with k > r = 3 and 
A, = Land A, = 0. 

In the present paper two associate PBIB designs involving three replications 
are completely enumerated. 

2, INTRODUCTION 


PBIB designs were introduced by Bose and Nair (1939) and extended by Nair 
and Rao (1942). Recently for PBIB designs with two associate classes a less demand- 
ing definition has been given by Bose and Clatworthy (1955) which is as follows: An 
arrangement of v treatments in b blocks each of i plots is said to be a PBIB design 
with two associate classes if F 

(i) each treatment occurs in r blocks and no treatment occurs more than once 
in each block. 

(ii) any two treatments are either first or 

(iii) each treatment has nı first associates and ne second associates. 

(iv) for any pair of treatments which are j-th associates the number pj, of 
treatments which are simultaneously the first associate of both the treatments is 
independent of the pair of treatments with which wees i = 1,2. ; 

(v) any pair of treatments which are i-th associates occur together in exactly 
A, blocks; i = 1, 2. 

Tn such a case it has been shown that the number pi, of treatments which are 


-th associates of a treatment 0 and k-th associates of a treatment 


simultaneously the j Aas 
¢ where 0 and g are themselves j-th associates 18 independent of 0 and ¢. These 


wing conditions: 


second associates. 


parameters satisfy the follo 


or = bk 
v = mtmtl (2.1) 
Anat Aste = r(k—1) 
pitphtl =PhtPR=™ | 
Serre 
Dio P22 = prot Peet 1 = Ne wa (2.2) 


mpi: = nopia | 
mp = naPiz « J 
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To avoid triviality, we shall take Ny, Ne > Oand A, HA 


2 OF, without loss of generality, 
Ay > Ag. 


For a PBIB design with two associate classes, let the ‘incidence matrix’ be 
denoted by N = (n,;) where Mij = 1 or 0 according as the j-th treatment occurs in 


the i-th block or not i = 1,2,...,0; j= 1,2,....%, It has been shown by Connor 
and Clatworthy (1954) that 


[WN |= rk(r—z,)"\(r—z.,)% 


(2.3) 
; w 
e. a=] [aaa gan Ya] PA 
KN V1) 9m fay (2.6) 
G= 1, 2) 
where i= Pix—piy 
b= Pipi, 6) 
A= 7842641 
The numbers %4,% must be positive integers and 1n general 
2 > BS x 
but if b <v ih 
r= yz, 
and i = 
b> UAS +1, 
For designs with b <v the relation p — ii 
Nn a may be written alternatively as 
es MO debe eap =(r—À Mr~d. ) 
he se (2.10 
a result first obtained by Nair (1943), Tn general, we h h iig 
A ave howeyer 
Aa > Ee, alpha 
A two associate PBIB design wil) be said ii 
- 1 id to be “co 


ENN is of rank (y—1), 


(11 [k)+-a;/b of multiplicity (t= ] 2) i eit eas 
condition for Connectivity ig 


MR 1) a, > 0 friz 1,2 


TWO ASSOCIATE PBIB DESIGNS WITH THREE REPLICATIONS 


3. THREE REPLICATE TWO ASSOCIATE PBIB DESIGNS with k>3- 

‘For three replicate two associate PBIB designs the parameters (A,, As) can 
take only the following different pairs of values: (è) (3, 2) (ii) (3, 1) (iti) (3, 0) (iv) (2,1) 
(v) (2, 0) and (vi) (1, 0). Of these six types (iii) is not connected and (i) and (ii) can be 
derived from corresponding Balanced Incomplete Block (BIB) designs by replacing 
each treatment by a group of treatments. This is discussed in sub-section 3.1 If we 
consider designs with k > 3, then of the remaining possibilities (iv), (v) and (vi), the 
type (vi) has been completely enumerated by Bose and Clatworthy (1955). There 
it is shown that:—Three replicate two associate PBIB designs with k > 3 and À = 1, 
A. = 0 must belong to one of the following classes: 


(a) Designs obtained by dualising BIB designs with parameters k* = 3 and 
Ak = 1 


(b) Lattice designs with three replications 
(c) The design with parameters 


|| 
wo 
bo 


v = 45, b = 27, r = 3,k = 6, ny, = 12, na 


Pi =? gates wg ae 
pla = 24 pis = 22 1 


We shall show in sub-section 3.3 that the case (v) is impossible and obtain in sub- 
Section 3.2 all designs of the type (iv). 
3.1. Designs with A,=3. It is well-known that if in a BIB design D* with 
parameters 
v* = m, b* = b, r*¥ = 3, k* = p, A* = AVA = 1, 2) 


each treatment is replaced by a group of n treatments the resulting design D is a two 
associate PBIB with the following parameters 3 


v = mn, b =b, r = 3, k= pn 
E TEE 
ny = n— l, n, = n(m— 1), pie = 0 


Conversely, it can be easily verified that any two associate PBIB design with r = 3 
and A, = 3, Ay = À (A= 1, 2) can always be obtained in like manner from a BIB 


design of the type D*. It is also easy to check that any two associate PBIB design 
with + = 3, A, = 3 and A, = 0 is disconnected. 


It is also known that there are only three BIB designs of the type D*. Namely 


pk = 4, b* = 6, k* = 2, r* =3, AFH 1 oe BAD) 
(3.2) 


vt = b* = 7, k* art = 3, A= 


and it abt ad, ine Fat SD (3.3) 
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Therefore we have the following: 

Theorem 3.1. All two associate PBIB designs with three replications and 
A, = 3 are derivable from the BIB designs (3.1). (3.2) or (3.3) by replacing each treatment 
by a group of n treatments. 


3.2. Designs with A, = 2 and À, = 1. 
From (2.1) we get bk = 3v = 3(n,+n,+1) 
3(k—1) = ngmg. 


Eliminating n, we have 


b=9-t (3.4) 
v = 3k—kt]3 (3.5) 
where ¢ is given by 
nı = kt/3—2Q (3.6) | 
... . | 
Since k > 3, that is b < v, we have from (2.10) | | 


2pl,— 2. = 2. 
< 12— Ds ma (BET) 


Using the relations 


Pi = npin and Piz = ny — Pi, 
and substituting in (3.7) we get 


From (2.4) and (2.8) we get. 


s= r= p li a 
ik PA kh AN 
so that yA = 3+ 
y- 


Substituting in (2.5), we get 


a= mabang 
3+y 
But 


SFY = Bhp, ws 
2~Pre = play because of (3.7) 


= napi, [ng] 
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and substituting the values of my. ng and Pir 


we get MG wee (3.9) 


a = F69) k 
Let us write 


kt/3 = u, OT, k = 3ult. sxx; (810) 


Since n, is a positive integer, from (3.6), we find that u must be a positive integer greater 
than 2. From (3.8) we get. in terms of u 


_ ttu—2) _ 2-4 MU) we BAN 


ti—sa-y «OFS Ot 
Since 3p% is a positive integer, SO must be 


i = w, (say-) 


Then u= we? (3-12) 


so that 


wt (3.13) 


We also find from (3.8) that the only admissible values of t are 1, 2, 3, 4 and 5. For 
each such value of ż w must make wt/18 positive integral, and the corresponding 


value of u given by (3.12) should make 


3k(6—t) a (3.14) 


oy = gag 
a positive integer which pecause of (2.9) must not be greater than b— 1. 


Let us take up the different possible values of t one by one. Consider the case 
t= 1l. Tn this cade ph = WIS = 9 (say), so that w= 18a. Therefore we get 


u= 15a-+2 and k= 3u = 3(15a+2) 50 that 
aana kt) ga AH, 
Oy = ee Ta+2 


ion is possible. 
But here b = 8 and a,>6—1 for all positive values ofa. Hence no design is } 
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= 2, 
For the case t= 2 we have Ph = w/9 =a, say. Then w = 9a, u = bak 
or = 

k = 3u/2 = 3(3a+1) so that 

~ 24(8a41) _ 42a 


Am ani 


But here b = 7 and & > b—1 for all 


positive values of a, 
no design is available, 


Hence in this case also 
Now take the case t = 3. 


Here p?, = w/6 = a say. Then w = 
k = u = 3a+2 so that 


= 6a, u = 3a-+2. 


_ 3(8a-42) 
ST ate 


Here b= 6 and since 


4(1—q) 

bla, = 4) 

has to be non-negative, the alue of ais qa = J$ 
value of a makes di =>a iti 

Wang = 

satisfy 

design, 

khande ( 


3 and Pi, =. 
all the known necessar 
This. design however 
1954) as Design nu 

For ¢ = 4, Dh = 
Then w = 9a, u = 
is integral q itself 
u = 4(3c4 9) 


y restrictions 


mber Tg, 


2w/9 which must therefore he an 


even integer = 2q, say. 
3a+-2 and k= 3u/4 = (9a4-6)/4 = 2a-+1+(a+42)/4, Since this 
must be of the form 4c+2. Thus p= 4(20+1), w = 9(4c+-2), 
and k= 3(3c+.2), Thus 


= 8(8c42) 
hae aan 


Here b = 5 and therefore b—1—q, = ae which 
4 ig integral, For this Case 
gn is known to exist and list 
Shrikhande (1954), 


C=O Ti ¢ = 0, dks 


and pi; = 4, This desi, 
Clatworthy and 


is non-negative only when 


> We get k 


= 6, 10, n = 6 
ed ag Design number T15 in Bose, 
When t = 5, we get p? = 5w/18 which must be divisi 
Then w= 18a, u = 8a+2 


Wisible by 5, Pi, = 5a say. 
and k= 3u/5 = (9a-+6)/5 = 2a+-1—(g_ 1/5. Hence 
a must be of the form q — 5¢+-1 so that k may be integral, Then (i, = 5(5¢-+-1) 
a that Craii 
a, = 3(3¢41) 
1—5¢ 
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The only value of c for which this is positive integral isc = 0. Butife=0, k = 3 
which contradicts our assumption that k > 3. Hence no such design exists. We 


may summarise the results of this section in the following. 


Theorem 3.2. There are only two PBIB designs with two associate classes 
and r = 3, A, = 2, à = 1l and k> 3, namely: 


T9: v = 10, k = 5, m = 3, Dh = 1 


and T15 : v = 10, k = 6, m = 6, ph = i 


3.3. Impossibility of designs with Ay = 2 and A, = 0. Suppose that such 


a design exists. Then from (2.10) we get 

2(3p}2—Pi2) = 3- 
But since pl, and pis are non-negative integers, clearly such a thing is ene 
Therefore, we get the 


Theorem 3.3. No PBIB design with two associate classes and r = 3, À = 2, 


As=0 and k>3_ exists. 


4, THREE REPLICATE TWO ASSOCIATE PBIB DESIGNS WITH k= 3 


4.1. The case Ay = 2, ù = 1 Here. we get from (2.1) 2m Ra = 6 and there- 
2 and (ii) ny = 1, n = 4. 


fore there are only two possibilities namely (i) ny = n = = 


t, we get from (2.2)) ph = 1—# and pi. = t—1. 
st=1. Then we have v=b=5, pig = 1 


In case (i), if we set pis = 


Hence the only permissible value of ż i 
and a, = 2 which is integral. 


Writing the digits 1, 2; -> 5 for the treatments, a plan for the design (4.1) 
obtained by taking the following triplets as blocks: 


(1, 2, 3); (L 2 4); (L 38); (2 4 5) (3: 49) ot TH 


In case (ii) we have from (2.2) 
pipis = 0 
Therefore d ph = p= Pir = 9, 


and we get v = b = 6 anda, = 2 is integral. A plan of the design is 
(1, 2, 3); (1, 2, 4); (1, 5, 6); (2, 5, 6); (3, 4, 5); (3.4; 8) GA 


where the triplets form the blocks. 


We may summarise these results in the following 
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5 : ithr=k= 3 
Theorem 4.1. There are only two two-associate PBIB designs with r = k = 
theorem 4.1. 
and À = 2, À = 1 namely 


= —— a 
v=b=5, m = m = 2, p = 1 


and wb 


6, n=l, m= 4, pl, = 0 
with plans given in (4.1) and (4.2) respectively. 


4.2. The case À; = 2, à= 0. Here we get n =3 


and from (2.11) 
issi H 2 i 1, = t, we 
2(3p},—pis) < 3 so that the permissible values are 3 Piz—Pj2 < 1. Setting pis A 


ï a ly possibility is £ = 1 
get from (2.2) p? = Ea Hence 3t (1+1/ns) < 4 snd the on y possibility 
and ng = 3. This gives y =b= 7 an 


d æ 
the 


= 38—3/24/2 which is not integral. Hence, 


Theorem 4,2, There is 


no two associate PBIB design with r= k = 3 and 
Geo A, = 0. 


4.3, The case à= 1, à= 0. Here n, = 6 and from (2.11) we get 3p}.—2pi, < 6. 
Setting pl, = t, 


we get from (2.2) Piz = 6—73 and therefore the following res- 
2 
triction on ¢ and Ny. 


(1+4)n,) < 6 


permissible values of t are 0, 1,2,3,4 and 5, 
y one, 


(4.3) 
Since pl, = 5—t, the 


Let us take up 
these values of ¢ one b 

If t= 0, write NM =a. Th 
so that a, = 


en we get v = T+a, 
7, a= 


alt on simplification, Si 
T(e—1) Say. Then v =p — 7 
out to be —6 and +1 respectively, 


But 


and therefore 


which contradicts the condition (2.12) for connectivity 
nected design in this case, ‘ 


Ift=1, since 6 must 
and 6. The only value of Ny 


piz = 1, pip = 0. This desi 


Design number R5 in Bose, 


If t= 2, we get from (4.3) din <2 an 
n, the only permissible value are Ng = 2,3, 4,6 


d since 6t = | 
of n, that make & integral are M = 2 and n 


must be divisible by 
s and 12, Mongst these, the 


values 
vely. Tg Ny = 


=o respectj 


2, we get 
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v= b= 9, pis = 0; this is a triple lattice design. If ny = 3, we get v = b = 10 
and this is listed as Design number T6 in Bose, Clatworthy and Shrikhande (1954). 

When ¿ = 3 we get from (4.3) 4/ne <1. Since 6¢ = 18 must be divisible by 
na, permissible values of nz are Ny = 6.9 and 18. For na = 6 and 9, a is integral 
Vv 2 ; È > 
When n, = 6, we get v = b = 13, pi: = 3: this has the Design number Cl in 
Bose, Clatworthy and Shrikhande (1954). When n, = 9 we get, v = b = 16 and 
| ee A ‘ ppn 4 
pi, = 4. This design exists and is listed as Design number LS14 in Bose, Clatworthy 
and Shrikhande (1954). ` 

When 1 = 4, we must have 4/n < 1/2 and n, must be a factor of 24. Thus 
ne = $, 12 and 24; Thus n, = 8, 12 and 24; of these the only value that makes aj 
integral is ny = 8. When n= 8, we get v= b = 1d, Pa = 3. This is Design 
number T28 in Bose, Clatworthy and Shrikhande (1954). 

In the case t = 5, 4/n, < 1/5 and n must be a factor of 30. Thus n, = 30 
but this value does not make &, integral. Therefore there is no design in this class. 

We may summarise our results in the following 

Theorem 4.3. The class of two-associate PBIB design with r = k = 3 and 
A, = 1, Ay = 0 contains only the designs numbered R5, T6, Cl, LS 14 and T28 in 
Bose, Clatworthy and Shrikhande (1954) and the triple lattice design with v = b=9. 

It is interesting to note that Bose, Clatworthy and Shrikhande (1954) give 
another design, namely Design number S11 with parameters v = b= 19, r= k=3, 


A= 1, A, = 0, m = 6 m= 12 


ba | —_ ped 
Pg = 1 


Pie = § 


2 and S13 are derived from it by respectively 

This is not covered by our theorem. That 
arameters is impossible can be easily demons- 
hich terms out to be % = 943/4/17 which 


and two other designs numbered Sl 
duplicating and triplicating this design. 
a two associate PBIB design with these p 
trated by calculating the value of a, W. 
4s not integral. 

5. THREE REPLICATE TWO ASSOCIATE PBIB DESIGNS WITH k = 2 
5.1. The case Ay = 2, AQ = 1. In this case we get from (2.1) the relation 
Pa oj 
nng = 3, so that the only solution is ny = Mm = 1 and therefore v = 3. But 
b = rv/k = 9/2 becomes fractional. Hence no such design is possible. 

5.2. The case à, = 2, Ag=0. Such designs are clearly impossible since 
(2.1) leads to n, = 3/2. 

5.3. The case Ay = 1, Ap = 0. In this case we get from (2.1) m. = 3- Set- 
ting pl, = t, we get from (2.2) pl = 2—t and pis = 3—3t/ng. Therefore the per- 
missible values of t are 0,1 and 2. But from (2.11) we get on simplification 

Wang) < 4 Gi) 
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= SS i | erel0 ltiple 
i i i ‘ re v must be a mu 
Thus if ¿= 0 we get on simplificat 10N A 1 and theref 


in (2 rn out 
Then n, = 4(a—1) and the-values of a, v, defined in (2.4) turn 
4, v = 4a, say. 2 = $ ; 
i be —3 and 1 respectively. But this makes 
: rk—l) +2, = 3+(—3) = 0 
violating the condition (2.12) of connectiv. 


ity. Hence no connected design is possible 
= = kaa an 
with t=0. Ift 1, since Ny divides 3t, n, = 1,3, but none o these makes ay a 
ith ¢ 5 : 2 f 

i JAH =? n, must divide 6 and at the same time s 

n a 2 


atisfy (5.1), Thus n, = a 
d 6. Of these values only n = 2 and nı = 6 make a, integral. If n, = 2 
3 and 6. 


i al 
6 6, b= 9, pis =0. This design is immediately recognised to be the dua 
v = 6, b = 9, pie = 0. : 

ee A simple 3° lattice design and the blocks are given by the pairs 

0 S 


5.2 
(1, 4), (1,5), (1, 6), (2, 4), (2, 5), (2, 6), (3, 4), (3,5) (3,6) . ... (5.2) 
where the integers 1, 2, +. 6 denote the six treatments, 


If n, = 6, we getv = 10,6 = 15, pis => 


A plan for such a design is given 
below: 


(1,8), (2, 6), - (3, 5), (4,5), (5, 10) 


(1,9), (2,7), (3,7), (4.6), (6,9) wos WB) 


We therefore have the following 
Theorem 5.1, 


There are only 
k= 2 namely 


two two-associate PBIB designs with r = 3 and 


v=6,b=9, A= 


1, Ag = 0, tt, = 3; m= 2, 
and 


v= 10, b= 15; Aimi, As 


with plans given by 


Piz = 0 


= 0, n = 3, ny = 6, ph= 2 


(5.2) and (5.3) respectively, 
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SOME, SERIES OF BALANCED INCOMPLETE BLOCK DESIGNS 
By D. A. SPROTT 


Toronto, Canada 


1. [INTRODUCTION 


(BIB) design is defined as an arrangement of 


4 A balanced incomplete block 
h. so that there are 7 blocks containing 


v objects in b blocks of k distinct objects eac 
| é any given object and A blocks containing any two given objects. Such designs have 
been studied for their applications to statistics, where the objects are usually varie- 
ties, and for their combinatorial use. 
nstruction have been studied by Bose (1939, 1942), 
who developed two module theorems and applied them to form several one-parameter 
families of designs. Sprott (1954) used the first module theorem to derive some 
two-parameter families of designs which included as special cases many of Bose’s 
Tt is the purpose of this paper to use the methods of Sprott (1954) 
develop some further series of BIB’s. For com- 
stated in the form in which they will be 


. - Various methods of co 


original series. 
| and the two module theorems to 
pleteness, Bose’s two module theorems are 


* used, 
Let M be an additive abelian group of n elements Yu 


First Module Theorem: 
ad one variety Yw Suppose that there exist m initial 


and to every element let there correspor 
Blocks By, By...., By. such that 
ntains exactly k different varieties; 


(1) every block co 
the m blocks are symmetrically repeated, each 


(2) the differences arising from 
occurring A times ; 
then one can form blocks By of varieties Yw where 


Yo = Yut 9s Yul Bs Bem. 


The set of mn blocks Big (j = 1,2,...90, 8 = YY Yn) forms a BIB with parameters 
v=n, b= mn, r= mk. k, À. f 
Second Module Theorem: 
Yrs Yo... Yn, and to each Yi let there corresp 
variety œo. Suppose that there exist ts initi 
(1) each B, contains exactly k distinc 
k—1 other distinct varieties ; 


abelian group of n elements 
Let there be adjoined a new 
Bp Bie: Bi such that 


R 
B; contains co and 


Let M be an additive 
ond one variety. 
al blocks Bı» 
i varieties and each 


(2) kt = ns—A and (k—1)s = AG 
Bita BY. (where 


(3) the differences arising from- the (s+t) blocks Bi: Bi. b 
B" = B, with > deleted) are symmetrically repeated, each occurring A 
P D A 


| | times ; 
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then the blocks Big and Bi, can be formed from varieties 


[ Parr 2 


Yo = Yt,  YueB; or A 6eM, 8+0 = œ. 


These n(s+t) blocks Bg and Big form BIB with parameters 


Geet lO AGI), ri. kA. 
2. SERES 1 
Theorem 2.1: If mA—1)+1 = P, where p is a prime, then the design with 
‘ameters 
ma v = mA—1)+1, b = m, r = mk, k=A.A, 
can be constructed from the initial blocks 


(0, af, witan, Lhe RA achtm(—2)) 


where x is a primitive element 


of GF(v) and 
Proof : 


i ranges from 0 to m— 1, 
The differences not involving 


the zero element are 


miHrim pirm = asd oe = glgti+rm 
where r — OF oe + A-2; s= ANNA 


These differe 
such that į = KA 


—2, 
Nees for s fixed 


T= 


are a 


II distinct, for i 
r?” do not hold simu 


f not, there exist i, 7’ 
Itaneously, and 


JT; Fs 
ttrm = trm (mod m(A—1) ) 
i—i = m(r—r') (mod m(A—1) ) 


Hence j — 


# since i and i’ 


1), all distinct; hence the differ- 
es, the differe 
h 


nces are symmetri- 
e differences involving the zero 
chat. Eaim, y gisem 


Sesay Tama 
These are 2m(A~1) in number, and since 


|| 
piTm i arm 
x É gi’ + t 


the differences Cover GP) twice, | 
Therefore the differences Occur A times į | 
>In all, and j 
ted by the first module theorem, d the design can be construc- 
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3. SERIES 2 


Theorem 3.1: If v = 2am(2aA+1)+1 = p", where p is a prime, and if among 
the aX exponents q,. where 


pe A a (s = 1,2,...,aA), 
each residue class (mod a) is represented A times, then the design with parameters 
v = 2am(2aA+1)+1, b= mv, r= m2adA+1), k= 2ad+1, A, 
can be constructed from the initial blocks 


i i--dam i 2m 
(x, a a NENN gitta nAj 


where æ is a primitive element of GF (v) and i ranges from 0 to m—1. 
Proof: The differences are expressible in the form 


att +2arm-+qs 


and qae tat arm 
where c = 2aA+1—s 
and agt (o= 1,2....,005 7 = 0A]. 
Since a is a primitive element. 
grammer” +1) — 1, gaman) =—I, 


qzma gagaman -DpH = 0. 


Hence a — gsl 
= (am ag (ame) jgn) see Lam 1). 
Thus at = — (x2 — 1) (eee) amen a jag) 


— gaman 41) +2ams/y2am__] Yenta —)4...+1). 
Hence gs—am(aa +1)—2ams — gaman 1-9) — 1, 
that is gdskamiga 41)—2ams — at (where ¢ = 2aA+1—s). 


Thus the differences are 


= j+2arm 
ghstaitgarm and pfs am (2441 28)40i+2arm | 


187 


4 2 
Vou. 17] SANKHYA : THE INDIAN JOURNAL OF STATISTICS [ Part 2 


As in the preceding theorem one can show that 


(1) the gvt2arm+ds are distinct for s fixed, i and r varying ; 
(2) the xf tam@art+1—2s)-+2arm are distinct for s fixed, i and r varying. 
Also, the sets (1) and (2) are disjoint ; for if 


ai’ + 2ar'm = at+-2arm-+-am(2aA+1—2s) (mod 2am(2aA-+1) ), 


TA Gi) = n(2r—2r' 420-412) (mod 2m(2aX-+1) ), 
i—i =0 (mod m) 
i = (as before). 
Hence 


2(r—r')+(2aA+1—2s) = 0 


(mod 2(2aA-+1) ) 
which is impossible, 


Let now g, and q, 


be any two elements from different residue classes (mod @), 
’ that is 


Gu Ww #0 (mod a), 
Then as q, and Tu Tange over the residue classes (mod a) the corresponding differences 
gn ar Gi ttt 2arm-+qu-+-am(2ay+1—2u) 

git +2arm+ Iw 


ttt arm + q-am(2ay +1 —2w) 
are all distinct. + 


For if not, there exist 6, v5 


r,r satisfying at least one of the following congruences : 
S w+ 2arm+qy = ai’ +2ar'm+q, 
(2) wi-+2arm+q, = 


(3) ait 2arm-+qy--am(2ad+. 1—2u) 


= (mod 2am(2aA-+1) ) 
War mba, kamban 1—2w) 


= an 2ar'm-+-¢, 
(4) i+ 2arm-+q, -Fam(2ar+1 Be 
x POE TESS 
All of these relations are impossible since TS EAA 1 4 


Tu— Ww Æ 0 
Hence all the differences are distinct 
ranging once over the residue classes ; 
and A times in all as the du 


= (mod a), 
and are 2am(2a+1) 


7 in number for —4, 
WN (mod a) ; therefore they range onc ap ). 
w Cover the residue clas e over GF (v), 


Series B and D (Sprott, 195 ay) ais Sea Ses (mod a) à times, 


and a = 2 respectively, ases of this theorem for a = 1 
Example: Let a= 4 m=i and À 
of 4 elements, namely 


E ye 
PEGA There is one set 


8—1 = 50 gu _] 
5 PE l = 533 8] = 56 


5 532 
Wa = Bt, all modulo 73, 
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SOME SERIES OF BALANCED INCOMPLETE BLOCK DESIGNS 


The residue classes (mod 4) represented by the q are 0. 1, 2. and 3 (each more). 


Hence the design v = bes E k= 9.A=1 can be constructed from the initial 


block 


(6%. 58, 516, 5%, 532, 540, 548, 556, 564) or 
(1, 2, 4, 8, 16, 32: 64, 55, 37). 


The last theorem isa special case of Theorem 4.1 in Sprott (1955). 


4. SERIES 3 
Theorem 4.1: Ifv = Qam(2aA—1)+1 = p" where pisa pn aha re 
the exponents qs: . 
where goms] = = 1,2, 0—1), 
the residue class of (j—-1) (mod @) is represented A times for all j #1, while the residue 


class of 0 (mod a) is represented A—1 times, then the design with parameters 


v= gam(2ad—1)+1; b=m; T= sama, k= 2aà, A. 


can be constructed from the initial blocks 


(0 ti, aH, as pai gam aan?) ) 


where i ranges from 0 to m—1 and x is @ primitive element of GF(v). 


Proof: The differences not involving the zero element cover all non-zero 


elements of @F(v)A—! times from 
form a(u + 0 (mod a) ) A times. The elements in @F(v) of the form a* occur AE 


times among the preceding difference 
Thus the differences 06 


the preceding theorem, and all elements of the 


s, and once among the differences involving 


the zero element. cur A times in all and the design can be 


constructed by the first module theorem. 


Corollary 4.1 : Let a= 9, The resulting design is 


r=4mà, k= 4A, A. 


Here p= gams—1 (s= 1,.2), a 2A—1) ; 


powers and A—1 even powers of v. 


among the q, there must be À odd 
1 let à= 1 The design is 


Corollary 4.2 : In Corollary 4. 


o= Del, b= foam, 228% N= ls 


The condition on the qs simplifies to the requirement that g= Libe an odd power 


of æ. This is series Fi of Bose (1939). 
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5. SERIES 4 
Theorem 5.1: If 4u—] =p 


[ Part 2 


i 4 i] e sii with para- 
4 ume, then the design wit 
A where Pisa prim 3 
meters 


v= 4u, = 2(4u-1), r= 4u— 1, k= 24, A= 2u—1, 


can be constructed from the initial blocks 


voy TAL) 


(00, a, 23, woes T3), 
where x is a primitive element of GF(v—1), 

perties : (1) there are u—1 blocks containin 
are all affine resolvable. (Bose (1942) 


This series of designs has two additional pi 


g any three given elements : 


(2) the designs 
discusses resoly 


ability and affine resolvability.) 


al block are just those 

| of Sprott (1954) with A replaced 

Thus, the first initial blo i i a design 
v=b= 4u—1, 

The second initial block (without oo) 

initial block. ang is x tim 


Sprott (1954). with the À 


r=h=2y A u. 


contains 


all elements not cont 
es the initial block 


of the Symmetric ser 
of that series replace 


d here by w~1, 
initial block gives rise 


ained in the first 
ies of series B of 


Ya B= du r=k= mu] Y=] 
Using the notation of the Second module theorem, 
ns—À = 4u—1—(24—1) = 2u =k = jy 
and A= (k—1)s = (k—1) = w=] 


Hence condition (2) 


2u—1 times in all, 
The design is oby; 
elements and hence 
is affine resolvable 
in common, 


Sin the other, and 
theorem, 


the second module 
since the two initial blocks contain all 
Or. and so the design 
replications havin 


& ju = u elements 
In the sub-desi 


2 Ny pair of elementa 
any triplet a,b,c occurs 
MC, Occur in = 
ab = C, 


we blocks, 
0, or c 


Cabe blocks, 
2.6 occurs 
Hence the 
Care + 3(u =) 


WC jaen 
and so the number of blo 
OF G 38 Sele ot On) = SC, Such bloc 
the ‘second sub-design (arising from the seco 
and c; thus the number of blocks in thë 
Cae FU—1— Cate) = U—1 fo 


T any triplet a,b 
from the second initial block 


$ 
Tan = Caut 3U, ; 
-design 
a, b, ; 

S give 


k) wh 


sC. 


50, 0 06 bl 
i ocks formed 
> and go Occurs y—] times With al] 


pairs of elements, 
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6. SERIES 5 


Theorem 6.1: Jf 2k—1 = p". where p is a prime. then the design with para- 
meters 


j= 3k bes Mak), r—20k—1), k AH] WHI), 


can be constructed from the initial blocks 


(0, ai, ait® aik), (co, gitl, git? oy git eka) | 


where x is a primitive element of GF(v—1) andi = 0.1. Further, every triplet occurs 
k—2 times and the design is resolvable. 

Proof: Apply the second module theorem with s=i=2. Because of 
ms—A = 2(v—1)2—Ak—1) = 4k—2—?2k+2 = kt, and A = 2(k—1) = s(k—1). condi- 
tion (2) of the second module theorem is satisfied. The second initial block is x 
times that a series A (Sprott. 1954) with m = 2. and k replaced here by k—1; thus 
with co deleted. the differences occur /—2 times each and the resulting sub-design is 


v = 2k—1, b = w, r= 2k, k—1, A’ k—2. 


The first set of initial blocks contain all elements not contained in the second set. 
and are the initial blocks of series 1 of this paper with m = 2 and A replaced by k. 
Thus they give rise to a second sub-design with parameters 


v = 2k—l, =w r=2k, k; NAN =k. 


Thus the differences occur A = 2k—2 times in all, and the design can be constructed 
by the second module theorem. 

As in Theorem 5.1, it can be proved that any three elements are continued 
in (k—2) blocks and that the design is resolvable. 

Possible practical applications of designs having the property that any three 
elements occur together in ô blocks were considered by Calvin (1954); he constructed 
Several designs which are special cases of the preceding two theorems. 

Example 6.1: In series (4) let w= 2: the resulting design has parameters 
38, b=, r= bah ASS. 


The initial blocks are (0,3°,3%,3%), (90:3:3°.3°). 


(0,1,2,4)  (c0,3,6,5) (4,5,6,1) (%;0,3,2) 
(1,2,3,5) (00,4,0,6) (5,6,0,2) (20,1.4,3) 
(2,3,4,6) (co,5,1,0) (6,0,1,3) (00,2,5,4) 


(3,4,5,0) (00,6,2,1) 


The blocks are written in pairs, each pair constituting a complete replica- 
tion. Any two blocks from different replcations have exactly two elements in common. 


Every set of three elements occurs exactly once. 
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Example 6.2: In series (5) let k = 7; the resulting design has parameters 


v 14, b B2, F 26, k T A 12. 


The initial blocks are 


(0,1,4.3,12,9,10)  (%;2,8,6,11,5,7) 
(0,2,8,6,11,5;7) (co,1,4,3,12,9,10), 


each pair constituting a complete replication. 
Thus the design is resolvable and can be formed by addition (mod 13). Every 


triplet occurs five times. 
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MISCELLANEOUS 


THE CONCEPT OF ASYMPTOTIC EFFICIENCY 
By D. BASU 


Indian Statistical Institute, Calcutta 


1. SUMMARY 


Partly of an expository nature this note brings out the fact that an estimator, 
though asymptotically much less efficient (in the classical sense) than another, may yet 
have much greater probability concentration (as defined in this article) than the latter. 


2, DEFINITIONS 


Let {Xh i= loe be an infinite sequence of independent and identically 
distributed random variables whose common distribution function F is known to 
| distribution functions. Let g = ME) be a real 


belong to a family V of one dimensiona 

valued functional defined on Q. By an estimator T = {tn} of u we mean a sequence of 
real valued measurable functions of {Xj}, where tn is & function of Xi, Xa- Xn only 
(n =1,2,...). The estimator p is said to be an asymptotically normal estimator of ze if 


there exists a sequence {7n( F)} of posit pers such that as ” => 0 
tin PAED => N(0, 1) for al F eg 


law and NO, 1) for the standard normal 
andard deviation of T. A necessary and 
(F)} may both be called the asymptotic 


ive num 


where — stands for convergence in variable. 
The sequence {o,(F)} is called the asymptotic st 
sufficient condition in order that {o,(F)} and {on 
standard deviation of T is 

lim {o (Plon E) =1 fral Fea. 


nape 


A necessary and sufficient condition in order that the asymptotically normal estimator 


T is also consistent is 


lim o,(F)=9 forall Fea. 
n= R 
Let Z be the family of all consistent asymptotically normal estimators of p. We consider 
only the space Z. 
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3. THE PARTIAL ORDER OF EFFICIENCY 


w e efficient (or equivalent) if they 
Two elements T and 7" of Z are said to be equally efficient (or equivalen ) if 

a 
have the same asymptotic s.d.s, ie. if 


3.1 
lim {o,(F)/o},(F)}=1 forall Fe Q we (3.1) 
n>@ 


where {¢,,(')} and {o;,(F)} are the corresponding asymptotic s. d.’s. 


4 x . p ic, and 
It is easily verified that the above equivalence relation is reflexive, symmetric, ê 
transitive. 


I£ lim sup NA) <1 forall Fea 
n=- o 


and lim inf {o,(F)/o,(F)} <1 for some F e Q 
no 


; . n ’ 3 . t 
then we say that 7 is more efficient than 7” and write 777’. It is easily seen tha 
the relation D) induces a partial order on Z. 


It is known that there do not exist a maximal element in Z with respect to the 
partial order >), i.e, there do not exist any element T e Z which is either equivalent to or 
€Z. Asa matter of fact it has been demonstrated 
e can always find a T” e Z such that 7” DN: 


more efficient than any alternative 7” 
(LeCam, 1953) how given any T e Jw 


4. THE PARTIAL ORDER OF CONCENTRAT 


TON 
The estimator T = {t 


ny Of w is consistent if for alle > 0 and Feo 


Prle, F) = Ph\t,—p|> e| F} > 0asn +o. 


If we work with the sim 


ple loss function that is zero 
in the estimate is < 


or one according as the error 
€ or > e then p,(e, F) is the risk (or expected loss) when the estimator 
is used with observations on PABEN. only, 


The rapidity with which Pr 


asymptotic accuracy or concentratio 
partial order on Z ( 


of y). 


(¢,F) > 0 may be considered to be a measure of the 
nofT. This motivates the following definition of a 
and as a matter of fact on the wider family of all consistent estimators 


Definition: The estimator T with 
Pule, F) is said to have greater concentration 
if, for alle > 0 and Fe Q, 


the associated se 


quences of risk functions 
than 7” 


with the associated sequences p,(e, F) 
lim sup (pule, F)/pi(e, F} <1 


with the limit inferior being < 1 for some ¢ > 0 and some Feo, 


We then write T > 7’. 
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Intuitively it may seem reasonable to expect that TITI implies T > T’. That 
this is not so is demonstrated in the next section. An example is given where 


Tim, a =0 for all Fe 9, we NG) 


whereas lim Py (6-F) =o for alle > Oand Fe Q. wee (4.2) 
ne pel) 


5. AN EXAMPLE 


Let each of the Xps be N(x, 1), the problem being to estimate jl. 


n n 
Let x= > Km and Sp = 5, (X,;—X,)2. 
1 2 


Then A, and S, are mutually independent random variables and the distribution of Sn is 
independent of p. Let an be the upper 100/n % point of S,, and let 


0 if La 
H, = 


1 if S, >a, 


Now let T = {tn} 

where h= (1—H,)Xntn Hy, 
and i T" = {th} 

where g= Risi 


(By [a] we mean the largest integer not exceeding 4.) 


Since PH, = 90) = 1— lol, 


it follows (vide Cramér, p. 254) that Vnlta— t) = Vn Enu) +n H,(n— x 


==> N(0, 1) 


when ju is the true mean. 


Hence, T e Zwith asymptotic s.d. = {nt}. Also 7’ ¢ Z with asymptotic s.d, = {nt} 
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i 7 ver 
Therefore (4.1) is satisfied. Again, since X,, is independent of H,, it follows that, for every 
n> pte, 


Pitail > ely) = PH, = 0) P([Xn—p| > elu) + P = 1) 


= ji ag 
because P(\X,—p|> elx) = 0 (2) » as may be easily verified. 


! ih 
Whereas P([ti—p| >elp) = o(;) 
Therefore (4.2) also is satisfied. 


It may be noted that in the exam 


ple given the s.d. of tn is not asymptotically equal 
to the asymptotic s.d. of 7. But this ¢ 


an be easily arranged to be true by, say, taking 
an for the upper 100/n4 % point of Bie 
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A NOTE ON THE DETERMINATION OF OPTIMUM PROBABILITIES IN 
SAMPLING WITHOUT REPLACEMENT 


By DES RAT 
Indian Statistical Institute, Calcutta 


1 INTRODUCTION 
ll-known that the use of varying probabilities in selecting a sample 
able reduction in the sampling variance of the estimate as com- 
1 probabilities. This technique was 
ansen and Hurwitz (1943) who considered a design in which one first 


ability proportional to size within each stratum. Horvitz and 
election of n units without replacement within strata. 


It is now we 
may bring about consider 
pared to the case when the units are selected with equa 
first suggested by H 
stage unit is selected with prob: 
Thompson (1952) generalised it to the sı 
Their estimator of the population (or stratum) total is 


i n 
y= ry 4 ma aa 
1 t 
s ; 
with variance YUN) = # +2 mi YE YL a ae Ua 
a p e S 0 mi Tj a4) 


ability with which two units Wi and u; enter the sample, 
that the unit Wi is selected in the sample, 


for the character y, 


where m; = prob 

Ti = probability 

Yi = value of the unit Ui 
YO, pairs of units. 
should the sample be selected so that the variance 
estimator has zero variance if 
tical interest because if the y; were known in advance, the 
suggests that if the values of the units 
1 to y, it would be advantageous 


and X’ denotes summation over the 
An important problem then arises: How 
of the estimate is made smallest? It is easy to see that the 
mx yi This result is not of prac 
sample would þe unnecessary. The result, however, 
for a known auxiliary character % proportiona 
to select the sample so that m% Vi- 

Now there may be several methods of drawing such 
will lead to certain 7; whose values are going to affect the variance of the estimate. It is 


then of interest to choose a sS from all such schemes such that the mij associated 


with this scheme should minimis The object of this note is 


to obtain such an optimum scheme. 
2, SOLUTION OF THE PROBLEM 


ally useful case of n = 2 (and the metl 


consists in the determinat 


are reasonably 


a sample. Each such method 


ampling scheme 
e YU) given by (1.2) 


Considering the practic hod is unlikely to be 
ion of A Co probabi- 


convenient for larger sample sizes), the problem 


lities of selection of pairs, Tij» such that 
ng os = eD 
S m=mb=bh 9 ragi) (2.2) 
Z- 
ji 
and S Tij = 2 a (28) 
i J 


is minimised. 
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Stated thus, this is a familiar problem in linear programming. But the difficulty involved 
is that the coefficients of mz in (2.3) are unknown. We 


[ Parr 2 


shall make the assumption that 
Y = a+ px s. (2.4) 


i.e. the relation between y and g is a straight line 


(and the method is unlikely to be useful 
if the relation is not linear). 


not assume any know 
then is found to be 


To 
> a w (5) 
Tim 


This result follows from the observation that 


We shall, however, 


ledge of the actual 
values of a and #. The quantity to be minimised 


Te Yi = 7, 
my Ži = S Da T oe Pin. 4 
= Z Ti Tj è TT; (e+ Bae, torr; + fx. 


tel jati Y 


= fr 
; 2 
since a AN Ri n y r 
aa TS SA 
Da San a aged Yan 
1 14 


Then the problem reduces to the determination of 7; such that 
ij Such tha; 


Tij > 0, 


ja Ty = m (i = 1,2, ates N) | 
| 


(2.6) 
2 Tij|(Ta;) is minimised, j 


and 
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As stated before, this isa problem in linear programming and can be solved by the simplex 
method given in Charnes and others (1953). 


3. SELECTION OF THE SAMPLE 


With regard to the actual procedure of drawing the sample ensuring 7; £t; various 
methods are now available. Horvitz and Thompson (1952) have suggested two methods 
which are of limited applicability. Narain’s (1951) method requires the solution of an equa- 
tion by graphical numerical methods. Yates and Grundy (1953) obtain revised size-measures 
(by an iterative process) and obtain the sample by selecting the first unit with probabilities 
proportional to the revised sizes and the second unit with probabilities proportional to the 
remaining sizes. Goodman and Kish (1950) have devised a very convenient method of selec- 
tion by cumulating the sizes and drawing 2 systematic sample from the cumulated sizes, 
the 7; depending on the order in which the units are listed. One characteristic common 
to all these methods is that they seek to arrive at some 7;j Which may by no means be opti- 
mum. The method of drawing the sample, considered in this note, is however very simple. 
Out of the totality of NG, groups (of two units each), one has to select one group with given 
probabilities assigned in an optimum way. 

4. AN ILLUSTRATION 

As an illustration of the practical utility of the method we consider the three 
populations A, B and C given by Yates and Grundy (1953). These populations were deli- 
berately chosen by them as being more extreme than will normally be encountered in practice. 
The object is to estimate the population total by selecting two units with probabilities of 


inclusion 7, proportional to the following Pi- 


unit p 
1 0.1 
2 0.2 
3 0.3 
4 0.4 


We have to find 7; such that 
Tj > 0, 
+r = 0.2, To tT tTa = 0.4, 


Migo tMg 
mig HT t T3 = 0.6, Myt tT = 0.8, 
and G= 12.877, 8.3333Myq-+ 6.25 y-+41607 Mas +3.125 ort 2.0833704 


is minimised. 


The optimum assignment of Tij obtained by the simplex method, is given in 


Table 1 below. 
TABLE 1. OPTIMUM ASSIGNMENT OF Tij 


i. f 4 2 3 4 total 
r — w0 w we 0.2 
2 0.0 f o ar 0 
3 00 02 — ak G6 
4 o2 02 0.4 — 08 
total oe te 0E SE ee 
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assign 0: o 4 i t 2 is revised size- 
Yat iliti is gi ble 2 In this case revised s 

y fi i abilities is given in Ta 2. 

ates and Grundy’s ignment fpr a : g à 

measures, based on three successive approximations, were used. 


TABLE 2. YATES AND GRUNDY’S ‘ASSIGNMENT OF Tij 


a 
Ui 1 2 3 4 total 
1 | — -032 -059 -113 -204 
2 -032 — .122 246 -400 
3 | .059 -122 — 428 609 
` 4 | 113 246 428 — -787 
total | .204 -400 -609 -787 2.000 


Denoting by Va» and Vy, the variances of the estimate 4 » when the 7; are taken from 
Tables 1 and 2 respectively, the following results (given in Table 3) are obtained. It may 
be observed that the relation between y and x may be assumed to be approximately linear sl 
populations A and B but not so for population C. It is also found that the set of m; minimis- 
ing (2.5) is the same as the set minimising (2.3) for populations A and B while it is not so for 
population C. 


TABLE 3. COMPARISON OF 


IPLING VARIANCES 
——— 


Vyg Von % reduction 
in variance 
population A -323 -200 38.1 
population B -269 -200 5.7 
population C -057 -100 4 
> 5. CONCLUSION 


These results show that if the relation between y 
mum assignment of 7; ij» Suggested in this n 
as compared to the usual method 
tainable only when the number 
be of considerable use if the pop 
selection of two first stage units 


and a 
ote, can brin 
of assignment, 
of units in a 


can be assumed to be linear, the opti- 
g about marked reduction in variance 
But this refinemen 
stratum is small, 
ulation is stratified to the 
within strat 


tis conveniently ob- 
The method is expected to 


um extent possible and the 
adequate. 


maxim 
a is considered to be 


REFERENCES 
CHARNES, A., Coorgr, W. W. ano HENDERSON, A, (1953): 
John Wiley & Sons, New York. 
GOODMAN, R. AND KisH, L. (1950) 
Stat. Ass., 45, 350-372, 
Hansen, M. H. AND Hurwrrz, W. N. (1943): On the theory of Sampling fro; i i 
m Ann 
Math. Stat., 14, 333-362, £ finito populations 
Horvitz, D. G. AND THOMPSON, D. J. (1952): 
finite universe. J, Amer. Stat. Ass., 
Narain, R. D. (1951): placement with varying aiies 
S Probabilities, J 
Stat., 3, 169-174. s Ind. 
Yates, F. AND GRUNDY, P, M. (1953): Selection w 
ties proportionate to size, J. Roy. Stat. 


“An Introduction to Linear Programming”, 
: Controlled selection—a technique in probability sampling. J. Amer. 


. Soc. Agri. 


ithout replacement fro: ae mM 
m within st; i li 
Soc., B, 15, 253-261. Strata with probabili 


Paper received : May, 1955. 


200 


SANKHYA 


THE INDIAN JOURNAL OF STATISTICS 
Edited by : P. C. MAHALANOBIS 


Vou. 17, Parr 3 DECEMBER 1956 


| 


ALMOST UNBIASSED ESTIMATES OF FUNCTIONS OF 
FREQUENCIES 


By J. B. S. HALDANE 


University College, London 


If a sample of n contains a individuals with a character A. then, provided 
sampling is random, and provided a is not zero or equal to n, @ is a satisfactory esti- 
n 


mate of the probability p that the next individual sampled will have the character 
A, whether or not we regard the process of sampling as the repetition of an experi- 
ment, or the selection of individuals from a pre-existing population. It is the maxi- 
mum likelihood estimate, and also an unbiassed estimate. 

But if we are concerned with a function F(p) of this probability, then F(¢) 

N 
is the maximum likelihood estimate of F(p). But it ıs never an unbiassed estimate. 
Let us take an example to show that this is of practical importance. 

De Winton and Haldane (1933) pollinated “oak-leaved” recessive Primula 
sinensis with pollen from heterozygotes. They obtained 154 normal plants and 145 
with “oak” leaves. Since characters which can be scored on seeds, for example, 
Mendel’s character of. yellow vs. green cotyledons, frequently do not deviate signi- 
ficantly from their expected numbers on samples of over 100,000, deviations from 
equality may be used to estimate the viability of the recessive compared with the 
normal type, since a number of seeds do not germinate, and seedlings die before pro- 
ducing leaves which can be scored. The maximum likelihood estimate of the viability 


is = = 0.0416-4-0.1090. The unbiassed estimate, as we shall see, is = = 0.9355. 


The bias is only 5.6% of the standard error, and negligible. But the same authors give 
data on 75 such segregations. Had they all been based on such small numbers the 
l mean estimated viability would have been in excess by about half its standard error. 
| Fortunately 36 of the samples considered contained over 1000 plants, but even so 
| De Winton and Haldane’s general conclusions require slight modification. In this 
case if p be the frequency of normal plants the relative viability of abnormal plants is 
p-—1, We thus require an unbiassed estimate of Pp. 
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Now we can obtain unbiassed estimate of p”, where m is a positive integer 


less than n. In this case it is well-known and easily proved that 


[eee 1)(a—2).. min | = 
n(n—1)(n—2).. (n—m-+1) 


p™: ee (1) 


4 —1Ma—2)...(a—m-1) al\n—m)! . : . 
That is to say A see One Ue a. g nse stimate of 
y nm—1)m—?)... am) T E is an unbiassed estima 


p”. It is also an efficient estimate, since as tends to infinity it is asymptotically 


equivalent to the maximum likelihood estimate (a. Can we find functions f(a, m) 
2 


f(a, mm. 
and f(n, m) such that [ fin, 7m) | 1s an approximately unbiassed estimate of p” when 


m is not a positive integer ? If m and a are positive integers 


In[f(a, m)] = mlm In a+ Si (1—ra-1) | 


r=1 


œ m—=1 


= Ina—m X [ia g ri ] 


i=1 7=1 


= Ina—m-1 [Z2 ae m(m—1)(2m—1) m?(m—1)2 


2a 12a? 12g 
uu mm— Dere im Sen 1) m(m—1 1)*(2m?—2m—1) ot | 
1204 60a T 
(2) 
= ng—.M—l 1 2m—1  m(m—1) (2m—1)(3m2—3m—1 
2a | @a T 6a? + 60a t 
af m(m—1)(2m?—2m—1) 
i a, |. 
Tt can easil: : is i 7 
sily be shown that this is also the expansion of OR i when m isa 
negative integer. Hence oia 
Ja, m)= a—4 moe 14 T3m—120m-423 
2a 24042 
Am 1(83m?—40m— Om— 17 
lee Fa J+0 (a=), fe KO) 
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Since f(a, 1) = a, m—1 must be a factor of all terms after the first, and since 
fla,—1) = a+1,m+1 must be a factor of all terms after the second. Ifa= 0, 
f(a, m) = 0 when m is positive, and is undefined when m is negative. The following 


special cases are useful: 


4 1 1 5 23 
eos E? | r a @ 
fia, 4) = atata ~ 1282 ~ 204803 * q006a" + (4) 


1 23 17 (8) 


1 
a, 0) =a+44 S| SEES Ea te. 
fla, 0) = akta asa? 57600? © 38400" 


| | Tat) = 


in each case provided a is a positive integer. f(a, m) = [a een 


This function has a pole when a is any negative integer. Thus in the a complex 
plane there is a sequence of poles along the real negative axis, of which zero is the 
limit point. Thus the series (3), like so many connected with the gamma function, 
has no circle of convergence, though it terminates when m is a positive integer. It 


is an asymptotic expansion. 


In f (a, 0) = £ In T(a+1), whose asymptotic expansion is the well known series. 
a 


o 
| 1 1 1 = b 
In f (a,0) = In atan Da 1200" ries tato, Drak z. (6) 


r=1 


where B, is the r-th Bernoulli number. 
I now define an almost unbiassed estimate as an estimate whose bias, as the 
sample number 7 increases, tends to zero more rapidly than any negative power ofn. 


In a former paper (Haldane, 1953) I used this terminology for an estimate whose bias 


tends to zero with n-2 or quicker. T think that the stronger definition is more appro- 


priate. 


1 shall show that [Kem], where f(a, m) is the series whose first six 
f(n, m 

terms are given by (3), is an almost unbiassed estimate of p” for 

than n (though in fact the series is of little value when m is much larger than pn). 

Similarly I conjecture that In f(a, 0) —Inf (”, 0) is an almost unbiassed estimate of 


lup. Tts bias is certainly of order n~* or less. 


all values of m less 


T first consider the case where m is a negative integer —k. 


ian BAG) 
Then Lie. —BI* = +h! 


eS 


gy. Resear™” 
LANG COLLEGE | 
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N pe 
The probability of obtaining just a out of n with the character A is P, = (" )z 
(l—p)"*. So 


ra! = aP, 
e lero 7 24 (ati) 


a n-+k atk, n—a 
ath) (iti) rap) 


a=0 


k-1 


ak NGA a rae 


r=0 
k-1 


= [Oar S p paper, 


r=0 

Nor S (4) raphe = (pre + prap)... 
+H(n+k)p (1—p)24.(14- pk, 

That is to say it is a polynomial in n of degree k—1, 

de a a 


That is to say the bias te 
becomes large . 


Hence 


nds to zero more ra 
This result is equivalent t 


&(9) = 0, 6(6%) = npl 


(04) = Snp —p)*-+-mp(1—p)(1— Gp 4. 6p), 


&(65) = 10n*p*(1—p)*(1—2p) +4 o(n2), E05) = 15 
&(07) = O(n?) ete, 


1—p), &(63) = mp(1—p)(1— 2p), 
*p(1—p) a4 O(n), 


Also [fla; m] = a" —Jm(m—1)a"-14. anI m2m Iyane, 
So Efla, mya ` 


nome | (1 | -in-me | Meat 


Tarmin Naam Dang | a H 
pn 
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= pn [1 4 mm—NE) m(m—1)(m—2) E(63) 


2pan? 6pan? 


—1)(m—2)(m—3) 0: amal Mm NÊWO 
mm ie pan amanna ajat Ma ja 


= nim —1)m— Gm 1p- +.. J0) 

= pn {pn mm —NpA— UN) — bm yp te pnt ima — NR) x 
x (p-2—B3p2+2)+4 man —1) m—2)(m— NT PK 1)— 
— Imam E ag m(m—1)(m—2\(3m—1)p* | + O(n") 


= po [n"m w" i mlm—1)(m—2)(3m—1)n"™*+... |. 


The coefficient of pn" is thus a polynomial in m of degree 12, which is equal to the 
coefficient of n” in [f(n, m)]". But this equality is true for all integral values of m 
less than n. It is therefore an identity. That is to say 


El{f(a.m)}"] —p™[f (nm. m)” tends to zero quicker than any negative power of 
n. Hence 


Fe al 


is an almost unbiassed estimate of p”. I conjecture that its bias tends to zero with 
(l—p)". 


I have not obtained a rigorous proof that 
Eln f(a, 0)] = 1n p+ f(n, 0) 
with an error less than any negative power ofn. It is, however, easy to show that 
eln f(a, 0)]—In f(n, 0)—In p 
tends to zero with n~* or more rapidly. For from (2) 


1! L 


1 
Inff(a, 0)] = In a+ gg Tia: 1200 


=Inp+inn+n (1+ z+ opi (1+ a) se 


Bint ( 0 NA 1 
12p?n? "pn 120p*n* 
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= TE (05) 
EP) E&P) EO) E) E 
eln f(a, 9)] = np + nn— seat ope 


3p?n? pint 5p ns 6p'n’ 


+ p EE) _ 80) | aor) 
Tapa tsani — Spine + SO 
REO ona 
~ Bp" Spink TOMA) 


= 1—p)(1—2p) 3(1—p)? 
= Patina GD 40-20-29) sap) 


(1=p)(1—6p+6p*) 
2pm ipn? apas 
2(1~p)*(1—2p) EaR 
ji DPn 2p?n? 2pn 
EREE JA 28) K 1—p)? 
MT Wa + 
1 & 1—p 4 
Tapen apaa tOn) 
=Inp+innt i 1 +0(n-4) 
b 2n Im 
=np+inf(n, °)+O(n-4), 
Hence we are fully justified in using (5) even when a = 1 
—Inf(n, 0)] = np. 


, and putting @[In f(a, 0) 
Asa curiosity Į mention 


another set of u 
generating function of a binomi 


nbiassed estimates, The moment- 
al distribution i 


S (dp), So 
Sle) = 14. >= Ela’) 
a BA 
= Ut) 


= (ape, 
Or if é k, where k is any positive number 


ow (8) 
thus kt is an unbiassed estimate of (2+kp)", and in particular 2 is an unbiassed esti- 
mate of (1+.p)", , 

Differentiating with regard to £ we find 


[ae] = npel( 


I+ per, 
or Slk] = npk(kp-L gyn as (8) 
Similarly Ela? ka] = pke noah) 4 aas J 
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and a series of similar expressions, which give the values of the moments when k = 1. 
I know of no cases where any of these expressions are useful. 


I have however used expressions (3), (4) and (5), or rather their first few terms, 
in several contexts. Expression (3) was used (Haldane, 1956q) in estimating relative 
Viability, and (4) (Haldane, 1956c) in estimating gene frequencies. For if p is the 
frequency of a recessive phenotype in a random mating population, then p? is the fre- 
quency of the gene concerned. Finally (5) was used in theanalysis of fourfold tables 
(Haldane, 1956). Consider the table 


P R 
Kia 6 
Yic ad 


where a individuals combine the characters P and X and so on. For example X 
might beinoculation, Ynon-inoculation, P survival, and @ death from a disease. Sup- 


pose the sample is so large that sampling errors can be neglected. Then if = =g, 

Yule’s (1912) coefficient of association Q = tanh }y, while his coefficient of colligation 
a C e . A a 

Y = tanh i y. Now #= 5 ag ; for example in the case of inoculations, the ratio 


of survivors to dead in the inoculated group divided by the same ratio in the 
uninoculated group. Woolf (1955) has pointed out that this has a more concrete 
meaning than the usual coefficients. It is not obvious, for example, that Q = 4 
corresponds to a ratio e” of 3. i 


bs ad e 
Ina finite sample it is clear that OFFI Fi) is an almost unbiassed estimate 
of e, and 


In f(a, 0)—n f(b, 0)—1n f(c, 0)-+In f(d, 0) 


is an almost unbiassed estimate of y. Many other examples could be given, but these 
should be sufficient to show some of the fields in which unbiassed estimates may be 
useful. 

They are unimportant when samples are large. In isolated samples the maxi- 
mum likelihood estimate is probably preferable. But in series of numerous small 
samples in which the quantity estimated is believed to differ from one sample to another, 
unbiassed estimates are usually preferable. 


Doubtless other functions than powers and logarithms will occasionally be 
needed. Butin the vast majority of cases they can be expressed as power series, and 
almost unbiassed estimates of them can be derived from (3). 
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; 5 
Professor C. R. Rao has kindly pointed out to me that the estimates of te | 
dl ae of p here given are not unique. We could clearly add to these a h 
aT: 4 : 
a ee of a which tends to zero more rapidly than any negative power o 
any i 


e = multiplied by any constant a 1 would 
(for ample ( ) ip i y y n ) nd the estimate so found 
X 5 $ 


tili be almost unbiassed in the sense here used. I think, however, that my 
s . 
estimates are the simplest possible. 


SUMMARY 


Estimates of powers of a frequency, and of its logarithm, are obtained whose 
bias falls off more rapidly than any power of the sample number. 
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SUFFICIENT STATISTICS IN ELEMENTARY 
DISTRIBUTION THEORY 


By ROBERT V. HOGG AND ALLEN T. CRAIG 


University of Iowa 
1. INTRODUCTION 


The following theorem is implicit in papers by Neyman (1936, 1938). Ina 
regular case of estimation, let a probability density function (p.d.f.) in one random 
variable depend upon a single parameter 0 that lies in some non-degenerate interval. 
Let a random sample of n (n > 1) values of the variable afford a single sufficient 
statistic z for 0. A necessary and sufficient condition that any other statistic T be 
stochastically independent of z is that the distribution of T be free of 0. We extended 
Neyman’s work to a wider class of probability densities, including certain non-regular 
densities, and one of us applied the theorem (Hogg, 1953, 1956) to problems in non- 
regular cases. More recently, Basu (1955) has published the result in complete gene- 
rality. We have found that in its various forms the theorem is a remarkably power- 
ful tool in distribution problems and that, under suitable restrictions, it can be used 
very effectively by students in a first course in mathematical statistics. With teachers 
of such courses primarily in mind, we present the following dscusssion. 


2. REGULAR CASES 
In the interest of conservation of space, we assume that all concepts and defi- 
nitions needed in the sequel have been introduced. Let 2, %;-+-» Cn denote n inde- 
pendent observations of a random variable v in a one-dimensional Euclidean space 


which has a p.d.f. f(x; 94, 92: +++ 0) depending on 4 (q < n) unknown parameters 


O as ons 0, that lie in a non-degenerate q-dimensional interval. We take 


AEC 0,) to be of the form (Koopman, 1936, Pittman, 1936) 
006,, Oa, ..., 9) Mee) exp [è ORTAN oK aceb e OD 
45 


where (i) M(x) is non-negative and continuous, 
(ii) the Ki(a) are continuous and linearly independent, 
(iii) the p, are continuous and the set of values assumed by (P1: Pas => Pa) 
contains a non-degenerate q-dimensional interval, and 
Gv) a and b do not depend on the 6}. 


For brevity, we call these regular cases and naturally we introduce the student to the 
Ls n 5 G 
subject with q= 1. The student can verify that z; = = K,(a), f= 8998 

iz 
a set of exactly q joint sufficient statistics for the g parameters. By the usual proce- 
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i "the joint 
d f hange of variables, he can show that the simultaneous p-d.f. of the j 
ure of c 

sufficient statistics is of the form 


Mas as naa; Ors Oas a, 8d) a p, 
=[Q (4, Bay ves 091" RE, 2, +++3%q) Exp [ 220, Oos naas 0,)%;|, ae ee 
where, under our assumptions, Re, ,25; +++:%,). the %; and the do not depend on aes 
We define next, with Lehmann and Scheffé (1950), the notion a comp. ne = 
ness of a p.d.f. Let PM; s-s Uns Oj; ++) 0,) be a pdf. in m random poe wW. ne 
depends on g parameters that lie in a non-degenerate ¢-dimensional ogo If 
Wor; ---) Um) be a continuous function of the y's (but not a function of the 


| a WPI aas Um)e(V, ..., On; 0. 


-> -o 


1: < 03) dv, 3 dv, = 0; 


for all values of 9;,5 = 1,2, sd, implies that UW, se; Vg) = 0, we say that ¢ is ye 
plete. We then ask the student to accept the non-statistical fact that a apa 
mathematical concept (the uniqueness of the Laplace bilateral transform) can be use 


1955) to Prove under our Conditions, that G2 ys sanagi yy anan Ig) 


We consider now 
Denote by D(T) the disti 
distribution function of 


Ki 


any other statistic T= Hen AN Xa) of the random pee 
tibution function of T and by TF sag Z4) the conditiona 
T given Zi -Z ` The student can verify that 

4 


By 
“| [DHE], “adab nja, o) dey..., dey = 0 
“5 


are joint sufficie 
and is, under ou 
Of T. TAS Soon then as DL) i 
D(T)—H(T| KRETA) 


eteness of g implies 
Conversely if T is 


ally independent Of Zi eng 


ndent of 719 +4452) 80 that, 


we see that D(T 
pleteness of 9, 


Theorem: Let f(z; r 


- 2.1) for which (i)—(iv) 

are satisfied. Torms, rates ( n) denote « i (2.1) f 

the q statistics Bi Ka), 7 = 1 
i=1 


2 +3 Q are joint s 
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A necessary and sufficient condition that a statistic T be stochastically independent of the 
joint Sufficient statistics zj ts that the distribution of T be free of the Oy, J = Ly Bs ran 

Tests of statistical hypotheses rely heavily upon distribution theory. Fre- 
quently, the test of a hypothesis will be based upon some statistic 7 whose distribu- 
tion is free of certain nuisance parameters, say 04, Jo, ....@,. Thus if, under the null 
hypothesis, the underlying p.d.f. of a is of the form (2.1), this statistic 7 is sto- 
chastically independent of the joint sufficient statistics for the parameters. We 
now give some examples which illustrate the power and elegance of the theorem. 
Some of our examples are taken from standard texts but a number of the more inter- 
esting are found in the literature. 


1 1 5 
Example 2.1: Let f(x; 0) = Van oP [- 3 (x—6) | »—00 << 4% < 00. 
Here z = 5 x; is a single sufficient statistic for 0 so that likewise is = z/n. 
i=1 


(a) Let T = £ (2,—2)*. Under the transformation y; = («;—@), the simul- 
i=1 
taneous p.d.f. of y; = Yn becomes free of 0, and @ is not introduced into T. Hence 
the characteristic function (or moment generating function) of 7’ will not contain 0, 
and so the distribution of T is free of 0. Accordingly, T is stochastically indepen- 
dent of z, 
(b) Let T = max (a) — min (aj). The distribution of 7 is free of 0 so 7 is 


stochastically independent of z. 
n n 
(c) Let T = > 2 Qij Vij, lij = lji: 
feat to 


With Yi = t;—0, 


n n n n n n n n 
Easy tE E ay y| HE Da. 
la Baki yt? [2 Pa bade he ul et 
Thus the distribution of T will be free of 0 (and hence T and & will be stochastically 
independent) if and only if the sum of the elements of each row of the matrix of T is 
zero, 
(d) More generally, let T = T (ay, ...;%,) be any statistic. A necessary and 
Sufficient condition that 7’ be stochastically independent of z is that T (x, ..., Xn) 
and P (2,19, ..., %,-+0) have identical distributions (Laha, 1956). 


Example 2.2: Let f(x; 0,, 02) = TET exp| —(e—0,)*/ 204]; TOSA. 
mT Os 


n n MA P . 
Here z,= 3 a, and zy = » 2? are joint sufficient statistics for 0, and 0, so likewise 
i=1 i=1 


ja Ira á 
are = z/n and 2 = — X (z;—7)}. 


i= 
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(a) Vide von Neumann (1941) 


n-1 


Let = >> ( %.3—2;)?/ 2 (ria). 
i=1 t= 


3 i Ko PA 
The transformation y; = Sa howe that the distribution of 7’ is free of me and 4 
0, 


2 


Thus 7 is stochastically independent of both z and $. Tw 
be found in Madow (1945) and Lehmann (1947). 


(b) Let T= [max (%;)—@]/[max (x;)— min (x;)] 


(McKay, 1935). The distribution of 7 is free of 0. 
independent of both and s. 


o similar examples may 


1and 65 so that 7 is stochastically 


Example 2.3: Let f(x; 6) = (UIP (@-+1)9"4)) expt 2/4, 0<a<o. 
Again z = 5 4; is a single Sufficient statistic for 0. 
i=1 


be any statistic. A necessary and sufficient condition that 7 and z be abla 
independent is that Te, ..., 2») have a distribution identical with T (24/0, ..., tpl) 
for evidently the latter has a distribution free of 0. (Laha, 1956) 


Let T = T\(a,,..., Ta) 


OTHER REGULAR CASES 


probability density f in one random 
> 1 values of that variable. Suppose now 
we let f denote the simultaneo 


us p.d.f. of a random Sample point e with dimension of 
be of the form 


KA 
Kles Orsai, 0) = Q, (6,, -+ OM e) exp [5 AABO ...,0,) || 
where (i) the Zj are functiona, 
with respect to th 


“9%, be a random Sample of n values 


; ion. AK P, the correlation coefficient bet- 
ween x and y, ig Zero, the two Sample means, 2,7, and the two Sample variances, s2, Sip 
are four mutually stochastically independent joint Sufficient i * 
means, p, My and the two 


Statisties for the two 
Since wh A istribu- 

; y > When p = distri 

ation Coefficient » “0; the 


does not de end four 
i i upon these fou 

ig r is stochastica ly independe t of the i m ks oH P n ke 
momentarily, We set p =p, =p, Ooi A a ffi Nt sta istics. Thus, ; 


Sle 


the Simultaneous p.d.f., 
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say gy), Oof, J, sz, sz, and 7, is the product of the five particularly simple marginal 
densities. We may now proceed to find the simultaneous p.d.f., say g, of the five 
joint sufficient statistics for al] admissible values of the five parameters by using 
a theorem of Madow (1938); that is, 


TS (s) (Aus „ly 1% »%y > P) ) 


L(0, 0, 1, 1, 0) 


where L(j1,, ty, 02, 02, p) is the joint p.d.f. of the sample items. 
Example 3.23 Let a, ..., Gn and Yr -Ym be random samples 
from two independent normal distributions. The statistic is used to test 
n 
S (aja) 
PF = i=1 
m =\2 
= (w— gm — 1) 
{= 


the hypothesis H that the population variances are equal. The statistics 


n m 
21 =, z% = gandz, = X (#;,—2)?+ & (y; — 9) are joint sufficient statistics for the 
i=1 i=1 : 
three parameters, namely the two means and the common variance. Since, under 
H, the distribution of F is free of these parameters, F and the function of the joint 


sufficient statistics 
+ 
[ nm | GA) 


nm 
t= + n m aa lt 
| E (a, = wa | 
iel set 
n+m—2 


are stochastically independent. Thus, assuming equal variances, F is stochastically 
independent of t irrespective as to whether ¢ is or is not central. 


4, NON-REGULAR CASES 
In this section we consider some non-regular cases that would normally not 
be presented in an elementary course, but could be used = special ‘exercises tor the 
better students. We let 24,..., %, denote n% ordered, initially independent observations 
of a random variable « in a one-dimensional Euclidean space which has a p.d.f. f(a; 4) 
depending on one unknown parameter 0 that lies in a non-degenerate interval. We 
take f(x; 0) to be of the form 
Q(0)M(x), 0) < x < HO), 
where (i) M(a) is positive and continuous, 
(ii) a'(0) and b'(0) are continuous, and 
either (iii) a(@) is constant, b(O) strictly monotone (or vice versa) and 
sup a(0) = inf b(A), 
or (iv) a(0) is strictly monotone decreasing, b(0) 
(or vice versa) and sup a(0) = inf b(0). N f 
Under these conditions it is known (Pitman, 1936 ; Davis, 1951), there exists a single 


sufficient statistic for the parameter. ea La Nan 


(4.1) 


strictly monotone increasing 


1 Suggested by R, R. Bahadur. 
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Un = z*"= í .d.f. of z is 
der (ii) the single sufficient statistic 1S Z x,(or a). The p 


5 n—-1 
ates 0) = ato | f M(e\de | me) 
a(9) 
and may be shown to be complete as follows, 


MO) <z < b(0), 


Let u(z) be continuous and set 


bio) 
|| ulz) g (z; O)dz = 0 
ath) 
for all 0. 
blg) IN 25 
Thus f we) || Md | ateyaz = 0 
atg) a 
for all 0 


with respect to HO), we find that 


)) = 0 for all 0; whence u(z) = 0 for MO) <z < (6). 


iv), the single sufficient statistic is 2 = max [a-\(a,), b-\(a,)] 
Ta). The distribution function of z is 
WI DSB) bala) <4] 

= Platz) < Tis a < b(2)] 
ue) " 
= 10) ar eae] 

a(z) 

- J 9(2;0), is 


Wa) 
moor] | | Mi ng — Mlale) af 
a(z) 


inf [9; MO) < b(0)]. We 
the conclusion of the theorem of se 
densities of the form (4.1). 


Under condition ( 
{or z# = min [a-(a,), b 


Hence the P-d.f. of z, 


e<z <90, 
where ¢ — 


show g(z;0) to be 


complete as before. Accordingly, 
ction 2 is valid 


when sampling from probability 


“uta be an o 


rdered sample from a 
= (ertet... Ha) is distributed free 
ficient statistic Z= t, are Stochastica’ 


lly independent. Thus 
Then T ig distributed 
(Epstein ang Sob 


The smallest item 
statistic for 0, 


bution is free of the location 


size n is 


i dependent 
parameter 0; į 


» for ever 
of ever 


n particular 
r 
dent of the statistic 7 = (=z) +(n—r)a, 
i=1 


Y fixed p, a sufficient 
Y statistic whose distri- 
> tig stochastically indepen- 
eas Pf, 
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SUFFICIENT STATISTICS IN ELEMENTARY DISTRIBUTION THEORY 


Example 4.3: Let ty.. Tn be an ordered sample from a uniform distribution 
over (#—0, +0). The likelihood ratio used to test the hypothesis y = 0 is 
A = [(x,—2,)/22]" where z = max (—2%, x,) is the sufficient statistic for the nuisance 
parameter 0. Since, under the null hypothesis, the distribution of A is free of 7, the 
theorem asserts the stochastic independence of z and À. This permits us to write 


_ Blesp ti ii An (en) IH, 


E [exp {it(—2ln A)}] = Tilesp (MI (A) 


We now set 0 = }. take the limit of each member of the above equation as n becomes 
infinite, and show, after some simplification, that —2ln A has a limiting x?-distribu- 
tion with two degrees of freedom. 

In from (4.1) we restricted ourselves to a p.d.f. which depends on one 
parameter, We now introduce two parameters and we let the end-points of the range be 
functionally independent by considering probability densities of the form 


003, O0) Ma), a(,,9o) << b (0, 9s), wee (4.2) 


where (i) Mia) is positive and continuous, 

and (ii) a(0,, 0a) and b(A,, 02) are monotone and continuous in each parameter and 
the values assumed by (a, b) is a non-degenerate two-dimensional set of 
which one boundary is a= b. 

As before, it is easy to show that the joint sufficient statistics 2; = ti and a= a 

have a complete simultaneous p.df. by partial differentiation with respect to the end- 

points of the range. Again the conclusion of the theorem of § 2 is valid. 

hat the underlying p.d.f. of x can be a mixture 


It is interesting to observe t 
nd still have the simultaneous p.d.f. of the joint 


of the regular and non-regular types a 
sufficient statistics complete. This is the case, for example, if the p.d.f of v is of the 
form 


5 

000,, Og, ..., 0) M(x) exp [ $ (0 gy os ODK |> AO» 82) < © < 110s: borar (E3) 
j=3 

where conditions (i) and (ii) of (4.2) and conditions (i)-(iv) of (2.1) (with obvious modi- 

fications) are satisfied. Here the g joint sufficient statistics, whose simultaneous 


p.d.f. is complete, are z} = ti; 22 = Un and z; => Kj) j = 8.4004 Tt is important 
i=l 


to note, however, that here, as previously, the number of joint sufficient statistics 
is equal to the number of parameters. 

Example 4.4: (Hogg 1953). Let ay, -s Un and Yq, <-> Ym be ordered samples 
from two rectangular populations having equal but unknown ranges. We use 
t = max (a,—2; Ym—Y1)/[max (x, Ym) — min (2, Y1)] to test the hypothesis that the 
two means are equal. Under this hypothesis, #1 = min (ay; Ya) and 2, = max (En: Ym) 


are joint sufficient statistics for the unknown end-points of the distributions. Since 


t has a distribution free of these parameters, t and (21; 29) are stochastically 


215 


g 3 
Vor. 17] SANKHYA : THE INDIAN JO RNAL OF STATISTICS [ PART 
OL. 5 A URN 


5 z È 
independent. Hence the ratio ¢ and its denominator are stochastically independen 
in k 


r S of e corre: di ents 
so that the moments of ¢ are equal to the ra’ 10s of th O; spon ng mom 
of its m amerator and denominator . 


Example 4.5 : (Paulson, 1941). Let 
F(z; 01, 02) = (1/8) exp [—(%—6,)/0.], 0 <r < o. 


If x x, and y, Ym are two ordered samples from this population, then z, == 
Trees Ey press 
n m 
i z i are joi i istics for the parameters. Thus 
min (a, y1) and z, = 2at By are joint somone Statistics for pi 


m 


jae z Au nem 
De NE i 


=1 
%—(n-+m)z, 


which is distributed free of 0, and 0, 


ais stochastically 
of its denominator. 


independent of #1 and z and hence 
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SUFFICIENT STATISTICS AND ORTHOGONAL PARAMETERS 


By V. S. HUZURBAZAR 


University of Poona 
1. INTRODUCTION 


Let f(x, a) be the probability density function of a distribution depending on n 
parameters a, (i = 1, 2,...,). Then the parameters a; are said to be orthogonal (Jeffreys, 
1948) if 4 


02 


TAR gz} =0, forali, j (i33) 


By = E|- 


In general, we have a choice in choosing the form of the parameters of a distribution. If 
the A; are any n independent functions of the «;’s, we may take the #; as parameters in 
Place of the aps. The importance of orthogonal parameters lies in the fact that their 
maximum likelihood estimators are uncorrelated, and hence a practical solution is obtained 


With great ease by the method of iteration. 

The general problem of finding orthogonal parameters for a probability distribution, 
has been investigated by the present author (Huzurbazar, 1950) who has pointed out the 
difficulties and complexities inherent in the problem, and considered some of the cases 


in which the problem is solvable. 


In this note, it is shown that when a probability distribution depending on two 
parameters admits jointly sufficient statistics, the problem of finding orthogonal parameters 
is solvable. 


2. Two-PARAMETER DISTRIBUTIONS ADMITTING SUFFICIENT STATISTICS 


Following Koopman (1936) the most general form of such distributions is 


f(t, dis Oy) = EXP (tala Ya) PU) Ueli avola) +-A(x)+ Blas: as) ag WAGU) 
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where u, U» B are functions of dj, As; and 2%, Va, A are functions of x. 


r d 
= 5 arameters ani 
We may take uw, = u,(%, %) and us = us[a,, %) as the new p 
express B in terms of wu, and us. 
Then we can write 


2 
Flees uy the) = exp {4y04(2) + ugne(e)-+A (x) + Blang, ua) e 8) 
ks 02 02B 
We have raa { ðu? log f} Erime 
02: 3B (3) 
-£ l — A eee 
Pact { udu, = ij IU, OU 
02: 02B 
=f {- log = — 
Bas du3 gf GA J 
Now consider the transformation 
uy = py, | MA) 
Uz = usa Bo) 


where we try to adjust u, so that the parameters f, and 2, 


are orthogonal. To do this, 
we have to solve the differential equation (Huzurbaz: 


ar, 1950), 
En + Bg M2 — 0. w. (5) 
Op, 
Substituting from (3), and putting u, = By (5) becomes 


JB . OB au, 


A —_—_. a = 6 
Of,0u, ` Dug ap, TO axe 
Since B is a function of and u,, wh is i 5 be 
kk By w» Where us is itself a function of Bı and fp, (6) can 
0 0B 
op, Wa) =o, a @ 


which gives 


0B 
Duy = VIA), (8) 
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where 7(f2) is an arbitrary function of fe 


Taking for simplicity Y(Bo) = Po we have thus shown that the parameters fA, and 
Ba are orthogonal, where fy and f, are defined by 


A= 
n28 9) 
a Aue 
In like manner, it follows that the transformation 
ðB 
Pa = IA a NO) 
Bo = Us 


also yields GB, and Ps as orthogonal parameters. 


3. EXAMPLE 


Consider the two-parameter Type 111 distribution 


Pp-ALy-P-1L 
f(x, a p) = eV << >). 


T(P) 
_ We have fila, a, p) = CSP {—ax+p log a—log «+p log a—log T(p)}- 
Here ty = Gs Up = P» B = p log a—log T(P) 


Blu, Ue) = Ue log u,—log T (ua) 


ab = a 

Om Uy 
Hence the transformation A= = = 2 
j 
Bz = Wa = p 


yields 8, and 2; as orthogonal parameters. 


It will be interesting to know whether the above result can be extended to 


distributions with three or more parameters admitting sufficient statistics. AS pointed 
out by the present author, the problem becomes exceedingly difficult for the case of three 
parameters, and in general impossible (except in special cases) when the number of 
parameters exceeds three. 
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A NOTE ON THE MULTIVARIATE EXTENSION OF SOME THEOREMS 
RELATED TO THE UNIVARIATE NORMAL DISTRIBUTION 


By D. BASU 


Indian Statistical Institute, Calcutta 


1. INTRODUCTION 


This note is of an expository nature. It is hoped that the approach will be found use- 
ful to the students. It is shown how certain theorems connected with the univariate normal 
(N,) distribution may be immediately generalized to the multivariate case if we define the 
multivariate normal distribution as follows (Frechet, 1951). 


Definition: The random p-vector x is said to have the p-variate normal (Ny) dis- 
tribution if for every constant p-vector t the distribution of tx’ is univariate normal (N). 


That the above definition is equivalent to the usual definition is proved as follows. 
Since every linear function (functional) of x is Nj, the dispersion matrix A of x must exist. 
Let yu be the mean vector of x. Then, for every p-vector t, the distribution of tx’ is N, with 


mean t ju’ and variance t At 


pah ith’ —}tat’ 
Hence E = _ ett btAt 


and the rest follows (Cramer 1946). 


2. SOME PROPERTIES OF Np 
Theorem 1: If x is Np and A is any constant pxq matris then x A is Nọ 
Proof: For any g-vector t 
t(x4y = ANE 
But (tA’)x’ is N, because * is Np. 
Theorem 2: If Xp Xe res ¥n We mutually independent N,’s then for any set of cons- 
tants Cy, Cy, +++) Cn the p-vector y = % Kye ten Xn is Np- 
Proof: For any p-vector t, the set of random variables tx; tuo, eo tx,’ are 
mutually independent Ns and hence 
ty = iG tx,’ is Ni 
Theorem 3: If x, and x are independent random p-vectors and xı +x is Np then 
both x, and x, are Nps (@ constant p-vector is a degenerate case of Np-) 
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Proof: Since x,+x, is N, we have, for every t, 


tx,'+tx,’ = t(x, +x) is N, 


And since tx,’ and tx,’ are independent it follows (Cramer, 1937) that they are both Ny 8. 
1 


Theorem 4: If x), Xp, --., Xn are mutually independent N,’s with common dispersion 
matrix A and 


s t ‘ 
here A = (ai) is a unitary orthogonal matrix then yy, yo, ..., yu are mutually independen 
wi ij ta ho; 
N „s with common dispersion matrix A. 

P? 


Proof: Let tı, t,,...,t, be arbitrary p-vectors and let z = (21, Za «++, Za) where 
zi = ty! = D aj(tix') i= TS uo 

Now, every linear functional of z is a linear combination of linear functionals of x;’s and 

hence is N,. That is z is N, 


It is easily verified that 


0 if is 
cov (z;z,) = Hoke Weng 


Hence z: = t; yi, i= 1,2, ...,2, are mutuall 
this is true whatever he the t;'s if follows that y. 
variables (To prove this just consider the jo 
That the dispersion matrix of Yi 


y independent normal variables and since 
1: Ye -+ Yn are mutually independent normal 
int characteristic function of y,, yo, +++» Yn) 
i= 1,2, n, is A follows easily from the fact that the 
variance of t; yi is t; A t; for all ti. 


oe a Fi s Xp Gre mutually independent random p-vectors such that 
for two given sets of constants Qis Az, +++) Ay and by, by, +++) bn the random p-vectors 
Y= ax and Y2 = Xd; x; 
are independent then every xi, for which a;b; + 0, must be an N. G=1,2 
D kiki H 


ponding well-kno It for p = 1- 
(Basu, 1951 ; Darmois, 1953 ; Skitovitch, 1953). 4 ae 


Proof: For any p-vector t, the random variable 


ty, => a; (t x;’) 
is independent of 


ty.’ = 2d; (t Ki) 
and hence t z; is Nif ab; £0, 


ANOTE ON THE MULTIVARIATE EXTENSION OF SOME THEOREMS 


under certain restrictive assumptions that if, for independent 
the random variable a, the sample mean is independent of the 
Extending Geary’s result Laha (1953) proved that 
n unbiased (whatever be the distribution of 


Geary (1936) proved 
observations 21, Was +++» % ON 
sample variance then x must 
if a has finite variance g? an 
x) quadratic estimator x 4 


be normal. 
d if there exists a 
x’ of o? with the property that 


B{xAx' | Taj=r 


then x must be normal. The multivariate extension (Lukacs, 1942 ; Laha, 1955) of the 
above result is what follows. 


Let x = (ay, Tos +--> Tp) be a random p-vector with finite dispersion matrix A and let 


x= (ijs Waja +++ ty) J= Ly Zye T 


be n independent observations on X. 


Let X = (xy) im 15 2,000 D5 GH, 2, D 


d let XAX’ be an unbiased (whatever be the distribution 


be the matrix of observations ani 
of x) estimator of A. Let s= (84) Ses «++» Sp) where s; = x ij 


Theorem 6: If B{[XAX'|s] = A then x must be Ny. 


Proof: Let t be an arbitrary p-vector. 
t x,’) is the vector of independent observations on t =’ 


Note that tX = (t x, t Ye?” 


and that 4 

y(t x’) = tAt’. Also Èt xj =t si 
Since B(XAX') =A 
we have BeX)AtX)'] = t(EXAX')t' = tAt’. 


Again since E(XAX' | s= A we have 
BeX)A(teX)' |t s'] = tAt'. 
Laha’s extension of Geary’s theorem are satisfied. Hence 
must be Np- p 
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THE SURVEY RESEARCH CENTRE OF THE CENTRAL BUREAU 
OF STATISTICS, SWEDEN 


By TORE DALENIUS 


» 
Central Bureau of Statistics, Stockholm? 


1. ORIÊIN OF THE SURVEY RESEARCH CENTRE 


The radical transformation undergone by Swedish society, changing it into a 
modern industria! community instead of being one formed largely of peasants, has naturally 
lent its mark in the official production of statistical data in Sweden as regards content, 
comprehensiveness, organisation and methods used. In these developments, the use of sampl- 
ing methods plays an increasingly important part, especially from the year 1945 and 
onwards. 


It is particularly interesting to note that interview sample surveys now-a-days are 
used to a much greater extent than was formerly the case in the official production of sta- 
tistical data in Sweden. The conditions required for them were not favourable in many 
respects; for instance, the production of statistical data in Sweden is highly de-centralised, 
which made it difficult to carry out investigations requiring a nation-wide field organisation. 
To some extent, government statistical departments have met the need of interview sample 

_surveys by using the commercial market survey organisations already in existence in Sweden. 
For certain types of interview sample stirveys, however, this has proved to be unsatisfactory, 
and special ad hoc organisations have had to be formed, involving considerable additional 
costs. 


A working group? appointed on May 4th, 1950 by the Central Bureau of Statistics, 
(CBS) conducted an investigation regarding the need for a governmental organisation for 
interview samplesurveys, andit subsequently, proposed that a permanent organisation should 
be set up for this purpose. After certain additional investigations and preparatory work, 
for which a government grant was approved for the Fiscal years 1951-52 and 1952-53, the 
Swedish Parliament approved a sum of 100,000 kronor (5.18 kronor = $1.), to be placed at 
the disposal of the CBS for the purpose of creating this organisation. The CBS also received 
funds to cover the salary of an administrative official, as the planned organisation was tobea 
division within the Bureau itself. In accordance with the resolution passed by the Swedish 
Parliament, the organisation, the official title of which is the Survey Researgh Centre, shall 
be self-supporting economically from the Fiscal Year 1954-55; the salary of the administra- 
tive chief will, however, continue to be paid directly from the CBS. 

The Survey Research Centre will serve primarily as 2 service OI for govern- 
ment departments, committees, etc., for investigations and other work which require the 
service of a nation-wide net of representatives, and for consultation regarding statistics in 
general. An account of how the necessary machinery was set up for carrying out interview 


sample survey, etc., is given on the following pages- 
jE ee 


1 The opinions expressed here are not necessarily those of the Central Bureau of Statistics. 


2 This working group is consisted of Professor G. Enequist, Uppsala, Professor ics E. Quensel, ee 
Dr. E. von. Hofsten, Chief of Division, Social Welfare Board, Mr. I. Uhnbom, Chief of sees eae 
Mr. F. Lublin, Chief Actuary, CBS, and the author, who was at that time an official at the Social Welfar: 
Board. 
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2. CHOOSING THE FORM OF ORGANISATION 


When planning a statistical investigation, the statistician is first faced with a choice 
between a total ora sample survey, and he selects the method which will give the required 
precision in results with the lowest possible costs. 


If a sample survey is chosen, the same criterion is still 


applied for chosing between 
two different kinds of sampling systems: 


(a) a system which (in its simplest form) can be described 


as one-stage sampling, 
using the elementary units of the population as sampling 


units.1 
(b) a system which is characterised by the fact that g 


roups of elementary units 
(“clusters”) are used as sampling unit, ( 


“cluster sampling”), 


erview sample surveys 
Part of the costs refer to field work, and where 
graphical spread of the field work), 


RIE 2 ministrative units are used as first stage units (1-su’s). 
Means, a hj gs ee ‘ a 
y z ation is obtained in the field work, as 


ds on the form of organisation for the 


Within a 5 = e oa ‘x are recruited locally, 
Ch of the I-su’s, Each interviewer works only within the 1-su in which he resides. 


Write a relatively Seneral cost 


Paramet function C(x) 
? Meters, can h i 
For Instance, ~ © used both 


» Which, with adequate 
for 


Organisation forms (A) and (B). 


age sampling: here, Cy is an over- 
average number of second 
If we decide to estimate X with a 


degree of 
for each of the organisation forms (A) 


Precision iven 
and (B) the j 


; by oz = Fen, We construct 
function 


‘istic being studied 
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and determine the minimum value of F: we then choose the organisation form which has 
the lowest minimum (= lowest costs). 

The components Cy.C,\/m ete., which constitute C(x), are usually of greatly varying 
relative significance for organisation forms (A) and (B) respectively. The overhead costs Co, 
which inter alia include the costs for recruiting and training the interviewers, are thus in 
many cases considerably greater for (A) than for (B). In such a case, this can provide suffi- 
cient grounds for assuming that organisation form (B) is superior to (A) for a one-time investi- 
gation. 


The situation is basically different if the overhead costs for organisation form (A) 
can be spread out over several surveys: in that case C, is not so great for each individual survey 
and organisation form (A) is probably superior to (B). It is at this point that the idea of 
a general-purpose sample, (gps) of 1-su’s comes into the picture. 


The gps-idea means that one and the same sample of 1-su’s is used for several surveys. 
By this means, it is possible, inter alia, to spread out the overhead costs over several surveys. 


The gps-idea has proved to be especially suitable for an organisation for interview 
sample surveys which serves as a service organ for the whole of the governmental statistical 
production, as well as for commercial organisations dealing with market surveys. 


The 1-su’s which are included in a gps are selected with known probabilities. In 
principle, the sample can therefore be used for surveys dealing with any variables (X, Y, Z 
etc.). The effectiveness of the gps obviously is different for surveys of different variables 
and for the estimation of different parameters. 


A gps which makes possible unbiassed estimation at the time when the gps is cons- 
tructed, retains this property for all time. Tt must, however, be taken into account that 
the effectiveness of a gps (as measured by variances), decreases with time, owing to the fact 
that the variations between 1-su’s within strata (here it is tacitly assumed that the sample 
is selected from a stratified population) become successively greater. In this respect, the 
gps discussed here differs from the most common of all gps’s—a table with random numbers. 


In general, it can be said that a gps is suitable for statistical surveys of character- 
istics with high frequency and wide geographical spread; this applies both to surveys for the 
purpose of estimating parameters as totals and averages and, especially, to surveys for the 
Purpose of estimating changes in such parameters. This situation is aran found in surveys 
where the elementary units are individuals, families, households, dwellings, buildings, farms, 
ete. 

For certain types of surveys, for which, according to the above, agps would be suit- 


able, it must however be borne in mind that the gps alone may be insufficient, but it can be 


used to very good purpose. In general, this can be said to apply to surveys of variables with 
a marked skew distribution (retail trade sales are an example of a variable with marked skew 
distribution; a small number of large establishments account for a considerable amount of 
the total sales). k 
When, for instance, the total retail trade sales are to be estimated, a design of the 
following kind often gives a very good approximation to an optimum use of given Ge 
the population of business establishments is divided into three strata: large, medium-size 
and small establishments (as regards sales). All large establishments wo pay es = 
sample, irrespective of their geographical position. The sample of medium sized and sma 
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establishments is limited to the gps. Thus in each 1-sy selected, 
lishments (= “locally large establishments” i.e, those which hay 
with the very large), and a sample of the 

This technique is ady. 
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all medium-sized estab- 
e not already been grouped 
remaining small establishmer 
e survey aims at estim 
, the more skew the distributio 


nts are included. 
ating the total of a vari- 
n is, the better the design. 
U.S.A., Canada and India, 
8 a gps) was the most satis- 


sample surveys. It there- 
Survey Research Centre, 


ng the uses of gps in 
ation form A (i.e. usin 


nisation for interview 
ation form A for the CBS 


MPLE 
Once the gps 

imum principles given in tl 

of sampling within the selected pri 


nat it is a theory for choos- 
asis for constructing a gps. 


Population includes M first 
The i-th of the M 1-su’s thus 
; to simplify matters, we also assume that these N; 


X can be written as: 
7e 


h fy =F 
The size of the sample will i i i 
of X, we can now usé E in this scheme be a random variable As an estimator 
7 
e m n ixt 
“F € dit 15", 

1 jj 

where tij stand 


This estimator 


S for sample Observation in the ith 1 
The relati 


is unbiased, ie, Ez) = xX, 
Ve variance P2 _ 9 2 is pi i 
a == OIX ig given “PProximately by v2 — Fea Vi +23 V3 Vn 


and pa, is the correlation between 


As can be seen, V2 can be Written ag the gy 
The first component V2 i 


tion mean È — R X. This com 


Ponent in its turn Consists 


of two Part-components, one 
en l-su’s and the other Tefers, 


lation within 1-su’s. 


which refers to the variation betwe 
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The second component V} is the contribution to V2 from the variation in size N; 
of the different 1-su’s over and above that already included in >. 


Finally, the third component 2p;,V;V, is twice the product of VE; V, and the 
coefficient of the correlation coefficient p;,. This p, is often very near to zero and then the 
following formula 


can be taken as a basis for continued discussion. 


The formula for V2 shows that the variation in size of N; of the l-su (for the sampling 
method chosen), makes a contribution to V2; this will be directly apparent in component 
V% and indirectly in V2. (On the other hand, the variation in the N; is of less significance 


when estimating averages (percentages)). Experience shows that V2 is often relatively great. 


The problem of constructing a gps can now be formulated in the following way : 
the gps must be constructed so that the factors producing a high degree of variability in an 
estimator are given the least possible play. In a one-time survey, to be carried out by means 
of two-stage sampling, it is mainly in the following operations that this aim can be realised: 


(a) construction of 1-su’s; it can be shown that the 1-su’s should be made as inter- 
nally heterogeneous as possible, when only a small number of 1-su’s is to be selected. 


(b) grouping the 1-su’s into strata: the strata should be made as internally homo- 
genous as possible; with this in mind, they should if possible be equal in size; in principle, 
the more strata which are constructed, the more effective is—ceteris paribus—the design. 


(c) determining the probabilities P}; for selecting the i-th 1-su in the h -th stratum: 
The choice of the P}; values, in proportion to some measure of the size of the l-su’s, is an - 
especially effective means of reducing the component V2. 


(d) selecting the l-sws : as a rule, the most effective design means selecting one 
l-su per stratum 


(e) fixing the probabilities Paj for selecting the j-th second stage sampling unit 
in the i-th 1-su in the h-th stratum: here, too, it is possible to determine Pai; in an optimum 
fashion. 


(f) method of estimation; the statistician usually has a choice of various estimators, 
some of which have less variance than others: as a rule, those which are least complicated 
from computation point of view are not those which have the least variance. 


The construction of a gps is concluded by a number of l-su’s being selected. As 
will shortly be explained, however, when constructing 1-su’s, stratifying them, ete., 
consideration must be given as to how the two operations (e) and (f) can be carried out 
when using the gps. 


The plan used when constructing the CBS’s gps is characterised by the fact that 
quantitive numerical information (taken for instance from census figures), was to a certain extent 
reserved for choosing the estimation method, while qualitative information was to a great extent 
used for constructing I-su’s and for stratification. An account of how this plan was carried 
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y eac e-men- 
out is given in the following, in connection with the account of how each of the above 
tioned operations (a)—(f) was carried out. 


Further, when constructing a gps, and in contrast to miat is tis oami 
designing a sample for a single survey, it must be seen to that the design is as sn z p = 
invariant in time. This aim can be realised if—in the first place when constructing the ú = 
and when stratification is done—information is used which is subject to slight or r 
change during a period of, say, 10 years ( 


geographical position is one example of this type 
of information); 


in addition, quantitive information which is most subject to change should 
be used for the estimation procedure. 


Some relevant information about Sweden: Sweden covers a large area ftom North 
to South, lying between 55°20’ and 69°4’, which corresponds to a distance of approximately 
1,600 kilometres (1 km = 0.621 English mile). The total area is 450,000 square kilometres, 
of which 411,000 sq. kms. is land and 39,000 sq. kms. water, 


Two of the many official divisions 


in Sweden, which are of special interest from the 
statistical point of view are the divisions 


into communes and parishes. 
There are just over 2 
The division into parishes for 
in Sweden. 


:500 parishes altogether 


and one or more form a commune. 
ms the basis for the org. 


anisation of the population registration 


There are 1,037 communes, of which 133 are cities or towns, 88 boroughs and 816 
country. district communes. Thus the countr 


y district communes, from the point of view 
of jurisdiction, total 88+816 = 904. 


These 904 country district communes are divided as follows, as regards area covered: 


TABLE 1. AREA OF COUNTRY DISTRICT COMMUNES 
sq. kms Skak Sa 
- 99 218 
100- 199 246 
200- 499 308 
500- 999 59 
1,000-1999 42 
Over 2000 


an nai NGALA 


On December 31, 1950, the total population was 
the 1950 census). Of this population, 3,296,241, or 46.8% 
communes, 403,860, or 5.7% in the borough communes, a 
or cities. A total of 68.9% lived in built-up areas, 


7,074,039 persos ( 
lived in the real co 
nd 3,343,938, or 47 


according to 
untry district 
5% in towns 
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At that time, the 904 country district communes were divided as follows, according 
to inhabitants: i 


TABLE 2: POPULATION OF COUNTRY DISTRICT COMMUNES 


pa 


no. of no. of country 

inhabitants district communes 
Under 1,000 3 

1,000-1,999 68 

2,000-2,999 247 

3,000-3,999 248 

4,000-4,999 133 

5,000-5,999 82 

Over 6,000 123 


It is of interest to note that many of the country district communes which are large 
geographically have a small population. 
On December 31st, 1950, the 133 town and city communes were divided as follows, 


as regards the number of inhabitants: 


TABLE 3. TOWN AND CITY COMMUNES 


respective share 


no. of no. of town of entire town 

population communes population 
~ Under 2,000 4 0.2 
2,000- 4,099 21 2.3 
5,000- 9,999 37 8.2 
10,000-19,999 36 15.3 
20,000-99,999 32 35.4 
100,0-and over 3 38.6 
133 100.0 


total 


The total population of Sweden corresponds to 2 density of 17 inhabitants per square 


kilometre. Except for Iceland, Norway and Finland, this is the lowest figure in Europe. 
In Sweden, the density of population varies greatly for different parts of the country- 
of the area of Sweden is comprised of communes having less 


Over half, or 52.5% sl j 
a. Within this area, & total of only 405,561 persons 


than 5 inhabitants per sq. km. of lan EA R 
reside—or 5.8% of the total population of the country. On the other hand 1,353, NG z = 
or 19.2% of the total population reside in communes with at least 2,000 ae ; 
; c ; 
km. of land; these communes however, only cover 0.1% of the total area 0 he 
Conditions to be met by the gps: The CBS gps has been constru 


lowing conditions: 
Tt must be usable for nation-wide sur 
figures covering the whole of Sweden. 


cted to meet the fol- 


veys, undertaken for the purpose of yielding 
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It must also provide breakdowns for town and country districts. 


i gi s aval an easil, 
The 1-su’s must be so constructed that the population registers available can y 
be made use of. 


Each l-su must constitute a geographically compact area. 
The boundary between two l-su's must in no case cut through a parish. 


The four university towns must be included in the gps.t 


The total number of I-su’s in the gps must be relatively small; the aim = dai 
“not more than 75”. Out of the grant of 100,000 kronor made to the CBS for the = w 
up of a Survey Research Centre, it was estimated that approximately 55,000 eee sim 
be used for recruiting and training a corps of interviewers. It was estimated that with 


E i i re 
interviewers in most 1-su’s and more in the larger 1-su’s the funds would not permit mo: 
than 75, 1-su’s. 


The gps had to be such that it can be mad 


e the foundation of surveys based on 
probability sampling, further, 


it is necessary that this can be done simply. 


Type of information used: The type of information used and their sources are given 
below: : 


(A) The 1945 population census: The information about population by age-group 
and by economic activity, and number of families wit 


h different number of children below 
18 years for each parish, were used, 


(B) 1950 population census. 


These figures hay 
the number of persons over 15 years in 


e mainly been used for calculating 
each parish. 


(C) 1948 election results. 


The figures showing the division of votes between the 
Conservative, Liberal and Labour parties have been used. 


(D) 1944 agricultural census, The number of farms in each of the following size 
groups: 


0.26—10 hectares (small farms), 
hectares (large farms) have been used. 


(E) It should be noted h 
to take advantage of consulting 


10-50 hectares (medium sized farms) and 50—w 


ere that while workin 

geographic labour 
The construction of the CBS gps will be 
Construction of 1-sw’s; 

heterogeneous as possible, 


E out the gps, the CBS has been able 
market and other experts. 


described below operation by operation.” 
As mentioned before, the 1-su’s should 


In practice, the demand for heterogeneity 


See. 


be made as internally 


, 
means that the 1-su’s 
Se NG 

1 By including the four univer: 
of statistics, sociology ete., to get trai 
ments for such training 


n e gt 
sity towns in the gps, Opportunities will be improved for students 
ning in field interview methods x 

5 Samp] + arrange- 
will no doubt prove helpful fo : Ping methods ete.; arrang' 


r the Survey Research Centre as well. 


The construction of the gps : 


2 The sample design described here was worl 


vorked out by the author į 
chor inter 5 ri 
visit to the U.S. Bureau of the Census fon tie oo sean ‘ber 


Made possible b M sus 
for the purposes of study, made possible by a grant from the Ee Y a grant from the Cen 


; nomic Cooperation ini i Tho 
author then had the advantage of being able to discussa preliminary sample design Go TA e 
Purpose Sample in Sweden”, with sampling experts from the U.s,, 4 aa 
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being large from the geographical point of view. 

Most Swedish parishes can a priori be assumed as being too small for the purpose 
of effectively serving as 1-su’s in a gps. The smallest administrative unit which could be 
considered was the commune; this idea was supported by estimates for certain variables in 
the population census of the contribution to the total variance from the variation between 
1-su’s consisting of parishes and L-su’s consisting of communes, in conjunction, with cost 
data, Since communes do not always form markedly heterogeneous units, those-in central 
ably smaller than in the north of Sweden, 


and southern Sweden, where communes are consider 
been to a certain extent combined 


and where communications are better developed, have 
when constructing 1-su’s. 


In connection with this, where it was deemed possible from the communications 


point of view, agricultural and industrial communes, country and town communes, etc. have 
been combined. As for example, the first stage sample unit “Greater Uppsala” consists of 
the city of Uppsala, surrounded by a number of country district communes which are relatively 


similar to each other. 

No reliable data on costs and variances have been available to make it possible to give 
an upper limit for the size of a 1-su with any satisfactory degree of precision. When in the 
future such data are available, it may prove that the 1-su’s should have been made larger. 
In order to meet an eventuality of this kind, “super 1-su’s have been constructed. 

Special points of view were borne in mind when constructing the 1-su’s which included 
Stockholm, Gothemburg and Malmo. Thus one “Greater Stockholm”, one “Greater Gothen- 
burg” and one “Greater Malmo” were constructed (in the first two cases in cooperation with 
al bureaus) to make it possible when making future 


the two respective cities own statistic 
), to give. separate data for these areas’ and 


surveys (possibly by. extending their scope 
further to make separate local surveys possible. 
Stratification: The 1-su’s thus constructed were then divided into 70 strata, homo- 
gerieous as far as possible. This stratification was done in the following manner.: £ 
Three l-su’s Greater Stockholm, Greater Gothenburg and Greater Malmo, each- 
included more than 7.000.000: 70 = 100.000 inhabitants. They were therefore immediately 


classified as separate strata. na 
In 1945, these three separate strata together included approximately L3 million: 
inhabitants. Thus the remaining j-su’s together included ‘6.7 million—1:3 million = 5.4: 
million inhabitants, which were then to be divided into 70—3 = 67 strata; i.e. with approxi- 
mately 80,000" inhabitants per stratum. Using a rule of thumb worked out by the LA, 
3.0f 80,000 in- 


Bureau of the Census in accordance with which 1-su’s with approximately 2] A 
ith Greater. Stockholm,- 


à 


habitants or more should each be made into separate strata (as wi 
etc.), 13 more 1-su’s were classed as separate strata. pi 
ons“ one expensive region, 


The remaining 1-su’s constructed, were divided into two regi gion, 
these 1-su’s were charac- 
pected to be rela- 


consisting of 1-su’s in northern Sweden and western central Sweden; these +- 

terised by the fact that the interviewing work within these T-su’s can be exp! a heed 
tively expensive, because of the great distances involved and one cheap region, consisting 
of the remaining 1-su’s : the interviewing work in this region can be exp eted taste 
expensive than in the foregoing region. a ae 
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“The expensive region was then divided into Ly strata and the cheap into Ly strata 
r =54. Ly and Lg were determined with the help of the formula: 


jir YA rasani Flv Cr . 54. 
A ; 2 == Wh AT E ET a 
a * EVO FPV 
ree Fe = 1945 Population in the expensive stratum 
ni tube ai, 5 p cheap |, 
Cy = cost ‘per observation in the expensive stratum 
os moa » » 


” cheap . » 
ion, it was assumed that v 


a involves an (attempted) ap 
timum stratification. 


Onl VU; = 2, when 
proximation of opti- 


neerning the structure of economic life ka 
1 Position, degree of urbanisation and size o 
Te considered in stratifying the 1-su’s. 


have in addition 
Thus in northern and west- 
he basis of data regarding 
Iture and associated occu- 
the rest of Sweden, where 


has instead been based on 
units. 


ndustrial percent”, were characterised on 


4 concerning the division of the gainfully occupied 
ning and metal industry, timber, paper and the 
graphic industry, 


ing industries, et, Using these statistics, and with 
the help of information suppli 


“industrial strata” were formed, 
e aim being that they should be chara. 
Population census dat 


the 1944 agricultural census data c 


a, but also ag rega; 


instance, 
junctions and hav 


When carrying out Stratification, it has been the aim 
strata, ie. the l-su’s which were placed in a certain Stratum 
limited area, 


Where applicable, 


the aim has bee: 
strata which are homogeneous with regard 
lation. 


to make 


geographically compact 
h 


ave all been selected within a 


xelusion is not to be reco 
act the bias, 
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Construction of “‘super-1-su’s”: Since at present no data necessary for estimating 
the optimum I-su size are available in Sweden, and it might therefore prove in future that - 
the 1-su size chosen is too small (there is almost no likelihood that it is too large), the possi- 
bility has been allowed for, by means of constructing “super l-su’s”, to extend the 1-su’s 
if required. 

A super 1-su consists of two (or in certain cases three) 1-su’s adjacent to one another 
and belonging to the same stratum. AFA 


Determining the probability of selection Ph; in each stratum: 


In the k-th stratum, the i-th l-su was given a probability of P}; to be selected. 
Obviously P,; must be determined so that “A : 


S Pa =1 
i 


For the l-su’s which each form a separate strata, Pj; = Pm =1. In the other 
strata Pu <1. 


For many surveys which may be carried out by the Research Centre, probabilities 
proportionate}to the respective l-su’s population (“PPS”) are satisfactorily close to the 
theoretical optimum Pj; value. ; 

Amongst the measures for the number of persons included in the l-su's, those over 
15 years, in accordance with the 1950 population census, have been choosen. This number 
An is approximately proportionate, for instance, to the total number of inhabitants, number 
of households (in different senses), number of dwelling units, etc. and probably to the total 
retail trade turn over within the 1-su in question. < : a 

Selection of one 1-su per stratum: In accordance with the plan drawn up for cons- ` 
tructing the gps, one 1-su was selected in each stratum with a probability: 


The selection of a certain 1-su led automatically to the selection of the super-1-su, š 
of which l-su's were a part. This super-l-su was obviously selected with a probability , 
Proportional to the sum of Az; for the 1-su’s included in the super-1-su. 

Selection of “segments within” 1-su's: The 1-su described as Greater Uppsala consists 
of a nucleus and a number of surrounding country district communes—‘“segments”. The 
communes which form these, are all relatively similar; in other words, they can .be regarded: 
as a relatively homogeneous stratum. They have therefore been treated as a strétim on 
their own and one commune was selected. The reason for this procedure was, in brief, as, 
follows. The communes in question are in many respects different from other agricultural 
communes in the county of Uppland; this dissimilarity is caused by the immediate vicinity 
of a big market. [Any of these communes can be reached from the town of, Uppsala. aang 
cost.] From the point of view of cost, it was not considered defensible for the een a 
include all these communes in a gps; one commune was therefore selected, but the ‘aes = 
| lity exists to select all of these’ communes, A similar method was epples in Syu o 


f l-su’s which were constructed on the‘same basis. 
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; Use of the gps: In principle, when making a sample survey which eA e 
is based on-the gps, the sampling fraction used in each 1-su ga, be determine 
In: most cases, however; this is uneconomical and therefore unsuitable. l ae 
f Two example will be given here to show how the sampling fractions fy, can suita . 
be determined when making different surveys. 


For household survey. 


8, it is often suitable to determine the sampling fractions Jon 
within the strata so that: 


Sins fon = f 
Sin = Anl Ah, fy, = TANG; 


and f is a constant common to all strata, the over-all sampling fraction. 
in this way, the selection becomes self-weighi 


procedure. Alternatively, one sampling fraction 


where 


work. In such a case, it is technically ad- 
‘8-Jo = 2.fz); the total result is then obtained 
ve parts, 


ose of estimating the total sales, a suitable 
wing general lines, 


: Of the medium cluding all such estab- 
lishments situated in the 1 8ps. In the i-th 1-su in the h-th stratum, 
the Sampling fraction thu 


e h-th stratum asa whole, the sampling 
fraction for these establishments ig fun = Pi 
Finally, a sample of small establishments i 


as to get a self-weighin 
estimation procedure; 


a sample is selected by in 


S selected by selecting a fraction Sgn déter- 
8 sample of small establishments. 
Choice of 


fractions used, 


With the Procedure recommended abo 
been determined so that fy, fon = f, where a 
can be estimated by means of the estimator: 


‘This must be dependent on, inter alia, the sampling 


is a simple estimator, Here 


X; = total sales in the large establis 
Ty = an estimator of X ap 


hments; 


% = an estimator of Xz, 
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As an-estimator of Xy 


1 
t= >, — >, tam 
M a pn LI WH 
3 


can be used, and as an estimator of Xg: 


b : By, | 
A few illustrations of the use of quantitative information available outside the 


survey, are given below: 


Let us assume, that, by means of a labour force survey, we wish to estimate the number 
af persons employed. We can then estimate this number by means of the estimator v given 


above and estimate the total number of persons (= number employed-+-number unemployed); 
by the estimator y = x eX, Yi; being auxiliary information available for the sample 
hj 


l-su’s. We now ‘construct the estimator: 
x 
Bar > YK 
tp F 
where Y is the actual total number of persons, calculated on the basis of population registers, 
for instance. The estimator 2, is an example of a ratio estimator; it is (as a rule) biased. 
This is — if certain relations between Va, Y, and the correlation pay are fulfilled — superior 


to an unbiassed estimator of the type 
ni 
t= -F hij 
; f a j 


as it reduces the contribution to the total variance of the “variation between 1-su’s”. One 
example of a ratio estimator which (under similarly advantageous conditions) reduces, the . 
contribution to the variance of both ‘variation between L-su’s” and “variation within psu’s”’ . 


is the following estimate used in the U.S. Bureau of the Census’ labour-force sample surveys, | 
where x and y have the same significance as in the example above: i ha sah ih, 


i > Wae. Do 

“gag 

=> f e 
c 


x zs Ya 


EFi 
or A 


tae = the sum of the x-variable in the sampl 
group in the c-th «colour-residence—group”’; 

s in the sample in the same “ac-group”: 

Z, = total number of persons in accordance with the 1940 population census ‘in 


the c-th “colour-residence-group”’; A 


a 
Vr = 
a, 


Y 


where 
e for the a-th combined age and Sek, 


Yac = total number of person 


Z = an estimate of Zs 4 y 3 A c- 
r e 

Y, = total number of persons in the a-th age and sex, group when mal ing A 

survey; 9 ps ai 

f =fin-Jan 5. the sample is in other words self-weighing- we 
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In a retail trade survey for the purpose of estimating the total sales X, suitable quanti- 
tive infor ation could be used to construct analogous estimators. 
sales for 1950 retail trade, in accordance with the 1951 Business C 
very valuable in this respect. 


Data concerning the total 
ensus, will probably prove 


The fact that certain quantitive information has been reserved for use in the estimation 
procedure, makes it possible, as results from new total censuses become available,(population, 
agriculture censuses, etc.) to use the results obtained and bring the gps up-to-date. Toa 
certain extent, the data which formed the basis for contructing the 1-su’s, stratification, etc., 
are not invariant in time; a'l—su which in 1945 was markedly agricultural, is perhaps no 
longer¥so in another ten years’ time. This gradually leads to the fact that the contribution 
to the total variance from variation between 1—su’s increases; if new total censuses arc 
made, however, this tendency is counteracted by using the new information for the estima- 
ting procedure, 


Estimation of variances: Tt is evident from the foregoing that the gps is the result 
of a selection of one 1—sy in each of the 70 strata, 

In principle, it is not 
o? in the estimator p of the 
total or an average), 


possible to construct an unbiassed estimator 82 of the variance 
parameterP (where P can be any parameter—for instance, a 
It is, however, possible to 
03. This possibility is based on ti 
“grouped stratum technique”. 


construct an estimator 875, 


which tends to overestimate 
he use of what the U. 


S. Bureau of the Census calls the 


| This technique ig So named because the strata are grouped by using the principles for 
effective stratification, l.e., strata which are similar to each ot 


which are as homogeneous as possible. ` The variance oF 


her are formed into groups 
can then be estimated as in the 


‘The simplest way 
in this way, i 


in interview sample surveys, 
Social Welfare Board, listing, for instance 
ness of aimed-at total surveys, and i 
for example. 


Recruitment of local agents: 
organisation, the working group was recruit j 


persons directly, who could be considered Suitable as local agents 
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contact had to be made by special persons on behalf of the working group, and the choice 
of these persons was in itself a considerable problem. 


In recruiting potential local agents, attention was primarily to be paid to the appli- 
cant’s personality (appearance, manners etc.) capacity (free time available for interview 
work) and estimated term of service as a local agent. 


This system of recruiting by means of special contact agents, if rightly planned, 
gives a better result than recruiting by means of advertisement, ete. One condition for this 
is, however, that the contact agents are chosen, notonly for being skilled themselves in making 
suitable contacts, but also because they are generally respected; they should, for instance, 
not be locally known as representatives of political parties or of fiscal or other authorities 
(e.g. the police authorities). As a basis for local recruiting, a written detailed list of condi- 
tions must be drawn up, giving the necessary qualifications for a potential interviewer. This 
list can be made into guidance instructions for the work, giving play for personal judgement 
to be exercised, rather than directions which must be followed strictly. The recruiting 
method chosen does not mean that it is unnecessary to make a selection among those who 
have been contacted and who are willing to become interviewers, but the final work of selec- 
tion is less arduous than it would otherwise be. Formal education (examinations passed, 
etos); should not be given undue emphasis. The ability to deal alertly with new problems 
is worth more than a wealth of book-learning. 

A field organisation of the kind which the Survey Research Centre intended to form 
obviously had to include bothmen and women preferably so that male or female interviewers 
only could be used for certain surveys. Further, experience proved that interviewers must 
primarily give the impression of being mature; their age being a secondary matter. 

In general, it can be said that these interviewers must be generally respected and be 
A good rule-of-thumb is to avoid as interviewers any persons consi- 


held in good esteem. 
s as a rule wise to avoid persons holding a super- 


dered to be extremist in any Way. Thus it i 
visional office, as well as active representatives for any special cause. 


The capacity of an interviewer can be judged with the help of information, including: 


(a) the applicant’s working hours or (in the case of housewives, for instance) domestic duties; 


e interview district; as a rule it is an advantage if the inter- 


(b) place of residence within th 
articular district dominates) or centrally 


viewers live in the most populated part (if any pi 
otherwise; 
f communication; 


(c) access to (public and private) means © 
since this as a rule is difficult to judge, 


(d) the applicant’s physique (‘staying power”); 
it is usual to set a maximum age limit for interviewers. 

It is a matter of great importance to select persons i 

who can, as far as possible, be expected to give a long term of service. It is, however, less 


evident how it is possible to be able to give a good prognosis in this respect. This SPEEN 
tent by recruiting persons who have been given the opportunity 


arding the work involved as an interviewer. The one sg a 
ri ; is is 
ment appears to be particularly great amongst the younger unmarried primm ia a 
another reasons for setting a relatively high minimum age limit (25 rather thar $ A 
ns satisfyim, 
The contact persons were requ b four pers? y 


the following conditions. 


for training as interviewers 


can be safeguarded to some ex 
of practical experience reg 


ested to nominate at leas 
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(a).- The agent’s place of residence must be such that they can reach different places 
ay - (a}.~ The agent’ 
eri the j iew ily and at low cost: 
in the interview area easily an 
£ When necessary, the agents must be able to devote a good deal of time to = 
baie ên oe EN A that work might have to be done in the middle of the 
4 It was ally ve 
ee ih the a and not only on weekdays, but also at week-ends. 
ay gs, 


f-age, except in exceptional cases. - Twenty five was given as a suitable minimum apa: 
Stiles sie in good health could be considered; the Bureau stated that it did not consider 
y perse si =: i : s j 
‘persons with poor sight or hearing, or with any defect of speech sae for agents i 
(d) It was stated that persons with an elementary, grammar or similar school educa- 


tion were considered suitable. The same applies to persons who, by reason of office, union, 
Th . š r ; 
or other work, are used to questionnaires. š 


(e) “Persons known ih their home district as active representtatives for the autho- 
rities, who in the eyes of the public liold a supervisory’ or similar position (e.g. police or tax 
authorities) or who actively Tepresent certain associations, for instance, of a political nature, 
and who are in direct contact with the public in such a capacity”; should as far as possible 
mot be considered. < 

(£) Persons who in their work visit homes, 


business or similar establishments (e.g. 
commercial agents) should also not be considered. 


In addition, each contact person was sent, for inform 
article, written by Dr. Karin Kock, Director-General of the CB 
tion for interview sample surveys” 


ation purposes, a copy of an 
S, “A Governmental organisa- 
; published in the Statistical Journal 1952: 4, 

h Each: proposed agent was required 
the Survey Research Centre of the CBS”, 
hand about the personality, capacity, 


to fill in a form known as “personal application to 


This was a simple questionnaire, to be filled in by 
length of service ete. 


. The answers to this questionnaire m 
suitability of the proposed local agent. B 
be filled in by hand, it was also possible to 
an important condition for a local agent. 
for all applicants, and led to the first, 
applicants were excluded witnessed to the 
was of a high quality, 


ade it possible to carry out the first test as to the 
ecause of the fact that th 


judge if the applicant’s h 
As far as was possible, 
selection being made; 
fact that the work don 


he questionnaire was to 
andwriting was legible— 
the test was made uniform 
the fact that very few 
e by the contact persons 


| The applicant left after the above selection had been made, then underwent 4 
correspondence course, covering 5 letters. The course was divided as follows: 
Letter I. 


Origin of the Survey Research Centre, 


la 
2. The need for and use of sample surye 
3. Questions to supplement the form. of 
4, Pest. i ; 


its work and organisation. 
ys. : 


application, 
Letter If, : 
F; _ 1. How a survey is made. ` 

Different types of present-day surveys ( 


interview sample surveys, 
of forms for postal surveys, listing o 


collection 
f sampling units), 
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Letter III. 
1. Sample surveys and methods. - 
2. Questionnaire and interview technique. 
3. Trial interview; example of questions. 
Letter IV. 
1. Interview work. 
Letter V. 
1. Interview work, continued. 
2. General information. 
3. Terms of payment. 
4, Trial interview under realistic conditions. 

In addition, each person taking part in the correspondence course received a memo- 
randum concerning the work of collecting prices, drawn up by the Social Welfare Board; 
each person also had to collect details of a number of prices as a test. 

The working group observed how each person taking the course dealt with the work; 
a person who (without an acceptable reason, e.g. illness) did not keep to the time plan of the 
course, was judged to be unsuitable as a local agent; since he (or she) would probably not 
keep to the timetable for certain work, if he were accepted as an agent. 

The correspondence course included certain tests. Letter I was thus concluded 
with a clerical test, III with a simple trial interview, intended to be carried out with an ac- 


quaintance, V with a trial interview under realistic conditions. 


rgoing the correspondence course got a practical and theoretical 
insight into the work of a localagent. This proved to be particularly valuable; a large number 
of persons taking the course found on its completion that the work of a local agent did not 
suit them, and asked not to be considered for a post. By this “self-selection”, the Bureau 
was saved much time and trouble the cost involved for such persons were relatively small 
compared with what they would have been if they had continued to the following personal 


course. 


The persons unde 


ted the correspondence course, were selected 


Those who had satisfactorily comple e 
lasting six days, which preceded the final selec- 


to take part in one of the four personal courses 
tion of the local agents. 

Training of district agents: 
personal course at the CBS. The primary 4 
future work, which can be described as follows: 


(a) District agents must be contact agents between 

the local agents; furthermore, they must guide the local agents in 
directly by subsequent contact with people supplying information, and by other means. 
In order to be able to carry out this work, the district agents must travel round to the 


local agents within their districts, and must also be accessible for them on the telephone at 
certain times. 

(b) The district agents must also be the Centre 
out more qualified work, for example, trial interviews, bu 


work and interviewing. 


gents underwent a 12-day 


The four prospective district a 
to train them for their 


im of this course was 


the Survey Research Centre and 
their work and check it 


5 s 5 
2s “first rank interviewers,” carrying 


t must also carry OU 
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: : h s 
(c) When it is necessary, district agents must recruit and train new local agenti 


themselves, and be able to replace temporarily any local agent, if so required. 


' ki ork h as 
(d) Finally, district agents shall be able to carry out other kinds of work, such 
making selections of data from the population registers, 


Training courses for the local agents: The aim of courses for local agents was to ci 
final training to future local agents and to Serve as the basis for the definite choice of loca 
agents. 


Special instructors were responsible for the work of the courses. These instruc- 


tors included the staff of the Survey Research Centre, the four district agents, a sociologist, 
a statistician employed for a special survey and an official from the Social Welfare Board. 
In addition, an official from the Ministry for Social Affairs and one from the Social Welfare 
Board gave special lectures. 

A far-reaching division of y 
only one person responsible for eac 
ministrative problems”), 


vork was made the basi 
h subject dealt with 
this guaranteed uniformity 


All courses were arranged with the participants liy 
tion took place. This was done to reduce costs and 
make it more effective, In addition, 
instructors and participan 
field organisation. 


s for the instructors’ work, with 

fis, j ; 1 ea. 
(e.g. “interview technique”, “ad 
of instruction, 


ing in the premises where instruc- 
to facilitate the work of the course and 
ered that this arrangement would help 
mportant aspect in creating a permanent 
ures and group and practical work. 


ts to know each other—an j 


5 S were devoted entirely to training for interview work; use was made 
of the role-playing technique, One acting as an interviewer and anot 
over, the participants h 


right and wrong intery 


her as the person being 
ad opportunities to listen 
iew methods). 


collection of prices and listing. This 
e in interview technique, a trial ques- 
rning ‘old-age pensioners’ living condi- 
ach person taking the course had 
i two), with an old-age pensioner 
Experience thus gained was after- 


Mealtimes and inform 


tors to know each other more closely, 


After the course 
local agents. Those wh 
employment agreement, 


was concluded, the instructors met and made the final choice of 
O were thus selected—just over 160 persons in all—signed an 

Continuation o \f training: The C 
training of local agents complete by thei 
course. In order that they shall maintai 
of articles on relevant subjects for due st 
on “Representativeness” published in the 


BS Survey Research Centre does not consider the 
r having taken the e 


i 'orrespondence and personal 
n their standard of knowledge, they receive copies 


udy. ` Thus they have received copies of the article 
1953 Statistica] Journal, anq on “The non-response 
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problem in statistical surveys”. In addition, the agents by courtesy of the CBS and the 
Social Welfare Board, receive the papers “Statistical Journal” and “Social Information”. 
Most important of all, however, is for the local agents to receive employment at regular inter- 
vals, as far as possible. j 


5. CONCLUDING REMARKS 


It is natural to ask if the solution of the problem of building up an interview survey 
organisation as described above is good in the sense that the money invested will yield good 
dividends. Tt is, of course, too early by far to try to answer this question; instead we will 
only touch upon two relevant aspects. ` 

Firstly: Is the sample of 1—sw’s chosen truly representative, and if so, will it conti- 
nue to be representative ? 

As the 1—su’s have been chosen with probabilities proportional to size, they are on 
an average larger than all the 1—sw’s from which they have been chosen. The important 
thing is that the sample of 1—su’s will enable us to select samples of individuals, households 
or anything else which will give representative results. This characteristic of the sample 
< of 1—sw’s is, in principle, time-invariant; it will not change in course of time. But it is true 
that the variances of estimates from surveys of a given size will probably be larger to-morrow 
than they are today. This increase in variance can be compensated for by increasing the 
size of the sample (of individuals, households or whatever are the secondary units); eventually 
however, we will reach a point where it does not pay to go on with the old set of l-sw’s. Then 
it is time to consider the selection of a new sample. 

Secondly: does it pay to invest 300 kr. in the recruitment and training of inter- 
viewers? The manner in which the field staff has carried through the first surveys (covering 
the period of activity from February 1—to May 1 1954) certainly justifies the statement 
that the training has proved effective. As an example of the performance, mention should 
be made of the unusually low non-response rate in the nation-wide survey on living con- 
ditions of old-age pensioners; the non-response was 0.8%. But this is not enough; the crucial 
point is how long will the interviewers stay with the organisation? It is too early by 
far to answer this question, but the prospects seem good: only 3 out of those originally 
recruited have left for such reasons as “getting tired” etc.; 3 others have left because they 
have moved out of the 1—sw where they worked. 

Thus, we will meet, sooner or later, the necessity of selecting a new sample of 1—sw’s; 
and we will face the necessity of recruiting and training new members of the field-staff. It 
seems natural to try to co-ordinate these tasks. This can be done as follows. When local 
agents resign, the work-load in the “empty” 1—sw’s will be taken over for a period by local 
agents from neighbouring 1—sws. Before recruiting new local agents, the sample will be 
partially revised. Such a partial revision is feasible as the present 70 strata can be grouped 
into a small number of geographic groups; the revision may therefore be limited to strata 
belonging to one such group. 


6. ACKNOWLEDGEMENTS 
Space will not permit listing the names of all the persons who have in some respect 
been helpful to me in my work on the construction of the sample described above, and build- 
ing-up of the field-organisation. Such a list would include the names of a great many friends 
_ from India, England, the U.S., Canada and other countries, without whose support and stimu- 
lus I would never have been able to undertake the work. 


243° 


Vou, 17] SANKHYA : THE INDIAN J OURNAL OF STATISTICS [ Parr 3 


REFERENCES 
Datentvs, T. (1951): The Usefulness of an Organisation for Sample Surveys, Stockholm, Mimeo., Swedish. 
(1953): Representativity. Statistisk Tidskrift 274-384, 


Goopman, R., and Kisa, L. (1950): Controlled selection — a technique in probability sampling. Amer. 
Stat. Ass. 45, 350-497. 


Hansen, M. H. (1947): The use of sampling in opinion Surveys. U.S. Bureau of the Census, Washington. 
Hansen, M. H. and Horwitz, W. H. (1944): A new sample of the population, Estadistica 2, 483-491. 


(1946): The problem of non-response in sampling Surveys. Amer. Stat. Ass, 41, 517-529. 
Hansen, M. H., Horwirz, W. N., and Mavow, W. G. (1953): 
New York. 


Keyrirz, N., and Rozrson, H. L. (1948): The Canadian sample for labour force and other population 
data. Population studies 2, 427-443. 


Sample survey methods and theory. I-II, 


H.A (1948): Selection, training and supervision of 
Statistician 2, 15-20, 


Paper received : June, 1954. 


RAGNAR FRISCH ON THE FACTOR COST CONCEPT OF 
NATIONAL INCOME 


By HANNAN EZEKIEL 
St. Xavier's College, Bombay 


In an article in Sankhyd! Ragnar Frisch has argued that the Factor Cost concept of 
National Income must be rejected because it implies an incomplete valuation of Government 
product. He asserts that those creative elements “that receive their remuneration through 
the special part of the government budget that has to do with indirect taxes and subsidies 
and similar items are being denied the status of ‘factors’”’. This is incorrect. The ñui: value 
of Government product is added separately to the private product under both factor cost 
and market price concepts. As between the two concepts, it is the question of the valuation, 
of the private product which is really at issue. In the market price concept, this is taken at 
market value. In the factor cost concept, indirect taxes are deducted from the private product 
on the ground that these taxes never form a part of private incomes, having been simply 
collected on behalf of the State. 


Frisch also insists that while national income should be invariant to purely insti- 
tutional changes, “factor cost figures may be changed at will simply by shifting to another 
system of remuneration.” This again is incorrect. The confusion arises because suffi- 
cient care is not taken to ensure that the changes are in fact purely institutional. A failure 
to obtain an invariant result in factor cost terms even when there are purely institutional 
changes is possible only if the full value of Government product is not added to the factor 
cost valuation of private product, as it should be. No doubt, the distribution of output bet- 
ween private and Government sectors will change on the imposition of indirect taxes, even 
when the total does not change. But this is as it should be. 


Ragnar Frisch’s attack on the Factor Cost concept is, therefore, invalid on both 
grounds. The Factor Cost concept neither fails to place the Government sector on the same 
footing as the private sector nor does it fail to satisfy the test of invariance. 


1 Frisch, Ragnar (1955): a. 15, 1-8, 


Market price versus factor cost in national income statistics Sankhy! 
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A REJOINDER 


By RAGNAR FRISCH 
University Institute of Economics, Oslo 


If it were true that the full value of government product is actually included in the 
concept of national income at factor cost, th 


national income at factor cost and the natio; 
would: have to be: identically the same, 
itself is sufficient to show that Ezekiel’ 


nal income at market prices. The two figures 
entical, which in 
rinciple. 


There would be only one way to include government product in a 
to do it in the way I Suggested in the numerical example appended to my Sankhyd-paper. 


But, of course, if one does it in this way, one will get back to a situation where there is no 
difference between the concepts of national i 


income at market prices, WO conc 
epts would h 
nated under the name “nati i | pone 


“full” way, namely 
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FOOD STATISTICS 


By P. C. BANSIL 


The Socio-Economic Association, New Delhi 


Food statistics of India have come in for criticism so often. The findings of the 
National Sample Survey placing our food production at about 60 million tons in the year 
1949-50 against the official estimate of 46 million tons excluding gram and 49.7 million tons 
including the same—was a big surprise to all impartial thinkers. A review of the progress 
during the first three years of the first Five Year Plan, if examined closely with regard to 
food, would throw a flood of light on the subject. 

Food production in the country is shown to have increased by 12 million tons includ- 
ing grams and pulses. ‘Let us:see how much of this increase is due to development schemes, 
how much to providential factors and to what extent it is simply imaginary. Table 1 gives 
the necessary details about the increases. 

TABLE 1. PRODUCTION OF FOODGRAINS 


eee 
production in million tons 


nature of ee 
foodgrains 1949-50 1951-52 1952-53 1953-54 1955-56 
(base year) (targets) 
(1) (2) (3) (4) (5) (6) 
rice 23.2 20.7 22.5 27.1 27.2 
wheat 6.3 5.8 7.4 7.8 8.3 
other coreals 16.5 14.7 19.2 21.2 17.0 
total 46.0 41.2 49.1 56.1 52.5 
gram 3.7 3.2 4.2 4.6 — 
other pulses 4.3 4.6 4.8 5.3 — 
total foodgrains 54.0 49.0 58.1 66.0 61.6 


aeee 


Tt would be observed from the above that there has been an increase of 12 million 
tons in 3 years against the target of 7.6 million tons proposed to be achieved by various ways 
in 5 years i.e., by 1955-56. This target was to be achieved by the various development 
schemes and each scheme was allocated a specific production target, vide Table 2 below. 


TABLE 2. DISTRIBUTION OF PRODUCTION TARGETS 


BETWEEN VARIOUS SCHEMES 
i 


million tons 
scheme 
major minor land re- fertilisers improved total 
irrigation irrigation clamation and seeds 
manures 
a EE 
(1) (2) (3) (4) (5) (6) (7) 

dan V a Á. 
additional production 2.01 2.38 1.51 1.15 0.56 7.6 


Tt was assumed that about 0.5 million tons will be the contribution of community 
projects and National Extension Service scheme. The direct increase as a result of the 
various programmes was thus calculated to be only 7.1 million tons. 
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ne i yas 
The Commission was fully zonscious of the various seasonal factors. oe it w 
f iati this stage. 
lea: :y pointed out that allowances for seasonal variations cannot be made 5 his 7 g ya” 
; i i s urposes. 
5 3 1 year for all intents and purp 
The year 1949-50, however, was a normal na st Pees 
tback as eat of floods or draught or even the effects of an exceptionally good seas 
setback wg j 
i i 3 i chievements. 
not to be considered in assessing ac cede 
a. Before we go further into the matter, it would be necessary to find out the sis 
laid down for the vanih programmes and the achievements during the first three years 
4 i . 
“the plan period. Table 3 will illustrate this. 


TABLE 3. PROGRAMME TARGETS AND THEIR ACHIEVEMENTS 


GO R achieve- 
i ie hase “Haare grrcontago 
a) (2) (3) (4) 
major irrigation (million acres) 8.5 2.8 33 
z minor irrigation (million acres) 11.2 "5.3 AT 
landFeclamation (lakh tons) l4 s8.16 58 
i Fertilisers (thonsana tons) 528.6 307 58 


improved seeds- - - - details not available ` 


In the case of development programmes, there is 

arand reclaimed or water made available from 

to productive use only the next year. 

different. _ There is nothing to guar 

cular crop. 

During ten years of control, hardly any fertilizer was used for food crops: This was 

mostly due to the fact that their use was not economical for the peasant who had also a bias 
against them.. - | 


a time lag in the sense that the 
an irrigation scheme in 
In the case of fertilizers, th 
antee that the 


a particular year is put 
e position is altogether 
amount supplied is used only for the parti- 


The peasant Psychology is, however, changing 
is increasing every day. Even in the case of other 
much benefit would go to food crops. 


The crop pattern in India has remained pr: 
for the last few years we find that 
area and 90% of the tot 


and the. use of fertilizers for food crops 
Programmes, we have to find out how 


actically static, 
food has occupied 
al irrigated area. Table 4 bring: 


SHARE OF FOODGRAINS IN CROPPED AND 
IRRIGATED AREA 


Tf an average is taken 
about 88% of the total cropped 
s it out clearly, 


TABLE 4, 


(million acres) 
year 


net sown area under 
area foodgraing 


percent- irrigated percent- 
rea under age of (6) 
area food. over (5) 


eae lll die ae 
-5i 283. 
1949-50 3.2 248.6 49.1 91 
1950-51 291.6 250.5 


y 
on 


pe 
4 


FOOD STATISTICS 


Working on the basis of percentages given in Table 4, we find that out of the total 
reclaimed area of 8.2 lakh acres, some 7.2 lakh acres would go to food. Even if the whole 
of this land has already been cultivated, it can yield a maximum of 2.5 lakh tons of foodgrains, 
calculating at the rate of 787 tbs. per acre, the average for standard yields of all the food- 
gains for the quinquennium ending 1946-47. 


Similarly out of the total of 8.1 million acres which has been provided with irrigation 
facilities, nor more than 7.2 million acres can go to food production. According to the offi- 
cial yard-stick, irrigation _dcilities increase the yield at the rate of 1.5 ton per acre. 


This can give an additional production of 1.5 million tons. Here also it is presumed 
that all the irrigation facilities have been taken advantage of, though this by no means is the 
case. 


As for the fertilizer, manure and seed schemes, it is not possible to estimate correctly 
the results. According to the standard yard-stick one ton of fertilizer is supposed to give 
an extra yield of 2 tons of foodgrains. 


The increase in the yield as a result of better seeds is taken to be one fourth that 

of fertilisers. This means that whereas one ton of fertiliser used in an area of about 15 

| acres would increase the yield by 2 tons, increased yields of the same area as a result of the 
use of improved seeds would be an additional production of 0.5 ton per acre? 


The combined effect of fertilizers, manures and improved seeds would, therefore, 
be to increase the yield by 3.5 tons per acre. 


The actual area benefited by these schemes is difficult to estimate. The only im- ` 
portant food crop in this connection is rice, which had some 4 lakh acres under the Japanese 
Method during the year 1953-54. 


_, Even if it is presumed that an equal area under wheat has been supplied with similar 
facilities, the total increase in the yield on this account from 8 lakh acres cannot be more 
than 5 lakh tons. 


Recapitulating the whole position we find that the real increase as a result of man- 
made efforts comes to 2.25 million tons: land reclamation 0.25 million tons, irrigation 1.5 
million tons, and fertilisers as well as seeds 0.5 million tons. We may add another 0.75 
million tons on account of community projects and better cultural methods. This would 
mean that out of an increase of 12 million tons, the Commission is responsible for only 3 mil- 


lion tons or 25 per cent. 


The balance of 9 million tons is due to either seasonal factors, reclassifications, changes 
in the methods of estimation or increases in the reporting areas. 


The year 1953-54, was no doubt an exceptionally good year. But such a big rise 
over the base year which was normal, cannot be accounted for seasonal factors. The real 
fact seems to be that our food yields have been underestimated in the past to the extent 


of 20 to 25 per cent. 


G, The reason, in the early stages, was that land revenues and other taxes were based 


“ on the yield estimates. The peasant thus had the tendency of showig the figures as low as 
-possible. $ 
Then came the control period of about ten years, when both the surplus as well as 
the deficit States tried to underestimate their yields to saye themselves from the rigours of 
procurement. 


Now, for the first time these depressing factors have been removed. We have also 
made much improvement in the methods of estimating yields as a result of crop-cutting 


1 Tf tho additional yield of 0.5 ton as a result of improved seeds is taken as spreading over 15 acres, 


the benefit per acre would work out to only 0.05 tons. But we have assumed that the increase ae ne 
-acre so that any margin of underestimation in the official yard-sticks is eliminated. The National, ann le 
Survey in its Crop Survey Wing is trying to assess the effect of various schemes on food production. 0 
long as their findings are not finalised, we have to work on the basis of the existing data. 
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i 5 imated 
iments. It would, therefore, be no wonder if as much as 50% of the estimate 
eeke. abont 6 million tons is merely due to these factors. 


Nearly two-thirds (8.5 million tons) of the total increase is shared by rice and 
Nearly - . 


millets. Millets are mainly rain-fed and rice can also flourish well only under conditions of 
ets. Mille 
assured water supply- 


i i -east monsoon for full 
i h had suffered from the failure of the north-eas monse ; 
ee ree during the last two years. An increase of 3 million tons or 
Ao sane because of these natural factors is thus not impossible. 


i 4 r increase claimed 
inescapable conclusion would, therefore, be that out of the total increase c 4 
hardi T E RENE realincrease. And even out of this 6 million tons, as much as 3 
million came is due to the benevolence of nature. 


In the face of all this, the Planning Commission concludes that “something like 


5 or 6 million tons represent a more or less permanent gain, which will be retained in an 
‘average’ year, but the rest is attributable to the good weather”. 
g 


While discussing the extraordinary increase of 
the Commission made a reference to a possible infi. 


221% in the case of Rajasthan, 
but seems to have totally ignored it in making the 


ation of figures due to better estimates, 
over-all estimate. 

We have already seen that the permanent increase cannot under any circumstances 
be more than 3 million tons. It would be absurd to attribute an increase of 6 to 7 million 
tons to the benevolence of nature, 


especially when the base year itself had more than 3 mil- 
lion tons of increase because of this very factor. 


This analysis shows that the additional yield of 6 million tons in the year 1953-54 
represents as one big slice of underestimation in the base year which incidently is the year 
over which the findings of the NSS extend 


-_ With a better and improved machinery for 
the estimation of our crop yields, no wonder if the total gap bety 
the NSS estimates is bri 


veen the official figures and 
dged. Such revelations, however unpalatable, are hard facts which 
cannot be minced. 


Paper received: February, 1955. 


CORRIGENDA 
Completeness, Similar Regions, and Unbiased Estimation—Part I: 
By E. L. Lehmann and Henry Scheffé, Sankhya 10, 305-340, 
An error has been pointed out t 


mith in Example 5.2 
of our paper. The extension described on p. 326 of a function S(t, te) satisfying (5.6) and 
(5.7) for 0 = 0, does not in general satisfy (5.6) and (5.7) for all 9, The extension by sym- 
metry and periodicity should be applied to the function ft, te) |to—t |"-2.. This will satisfy 
(5.6). In order to satisfy also (5.7) we may res i R 


trict ourselves ori inally to functions f(t; ta) 
which vanish outside a strip 9, : e Si si ginally to functions f(t 
that 


>0. It follows from this 


0 us by Professor Walter L. S 


— e for some e 


[e/(1—e)]}-2 s Ep To T.)P/Ep, (f(T, Tes [(1—e)fep2, 


Tb tis contruction below 6.2); A,, and A, should then be defined as the parts of A, and 
and A_ inside the strip S. ; 
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INDIAN STATISTICAL INSTITUTE 


TWENTYFOURTH ANNUAL REPORT : April 1955 — March 1956 


Part 1 : CONSTITUTION AND ACTIVITIES OF THE INSTITUTE 


1. The Indian Statistical Institute completed the twentyfourth year of its existence 
during the year under review (1 April 1955—31 March 1956). As we reach the quarter century 
mark of our institutional life we cannot help looking back at our modest beginnings. On 
17 December 1931 the Institute was brought into being by a resolution of a public meeting 
held under the Chairmanship of the late Sir R. N. Mookerjee who became our first President 
(1932-1936). It was duly registered in April 1932 as a ‘non-profit learned society’ under Act 
XXI of 1860. The First Annual Report of the Institute revealed a paid staff of a single part- 
time worker and a total current expenditure of Rs. 238 only. Since then its activities have 
become more and more diverse and extensive. 

2. Broadly speaking three successive stages may be distinguished in its develop- 
ment. During the first few years of its existence the Institute functioned more or less as a 
laboratory for analytic studies including the design of experiments, and also took up small 
scale enquiries on behalf of Government departments and private concerns. During the 
second stage the Institute carried out, on an increasing scale, crop estimation surveys on. 
behalf of the Governments of Bengal and Bihar and developed the technique of large ‘scale 
sample surveys for this purpose. Since 1950 the Institute has taken a leading part in 
organizing the National Sample Survey at the desire of the Government of India, and since 

1954 is actively helping in the work of planning for national development. Two new units 
were established during the year under review, one called Kalyanashree, a production centre 
at head-quarters in Caleutta for the study of the economics of household handicrafts and 
industries under experimental conditions, and the other, the Industrial Management 
Research Unit for Planning (IMRUP) at Bangalore. 

The Institute consists of Ordinary, Life and 


3. Constitution and Administration: 
The supreme control 


Honorary Members; Associate Fellows, Fellows and Honorary Fellows. 
including the power of making rules js vested in the members in General Meeting assembled. 
The President and Office-bearers are elected annually. The management is vested in the 
Council, the Governing Body of the Research and Training School, and other Committees 
elected from time to time. Work assigned by the Government of India is done in accordance 
with conditions settled by mutual agreement and in consultation with Government. 


AOTIVITIES 


4. The activities of the Institute cover a wide range and may be grouped under 


the following heads: 
1) Research and Training School (RT'S): For research in theoretical and applied 


ics with sections for a 3-year course of professional training at postgraduate level for 


statist: 
technical courses at 


candidates who have already taken their master’s degree and other 


Tt has three units for biometric, anthropometric and psychometric researches 


various levels. 
251 


Sas : 
A: f NAL OF STATISTICS [PART 
Vot. 17] SANKHYA: THE INDIAN JOUR’ 


ment 
attached to it. During 1955-56 it received a grant of Rs. 7,26,000 from the Govern 
of India for this purpose. 


wa sarana Di- 
2) Examinations: Since 1938 the Institute has been awarding sno as rire 
i z 0 - 
lomas and Computer’s Certificates. It has also arrangements for the award 4 ee 
its and Associate Fellowship of the Institute on the basis of professional qualifica 


i i ken on 
3) Projects: For statistical enquiries and investigations which are ape N 
the basis of ad-hoc grants. The biggest project the Institute has been handling since 
-hoc g 8 
is the technical work of the National Sample Survey. 


4) Electronic Computers: These activities cover both development ea epee 
tion work in connection with electronic (analogue and digital) sempake, se ne ome, 
types of calculating machines, precision measuring oars and associate’ sa eters 
The Institute has an electronic laboratory and a well-equipped workshop. The 


ited 
has, of late, been receiving electronic and other equipments from USSR through the Unite 
Nations. 


5) Statistical Quality Control (SQC): Three whole-time SQC Units are maintained 


at Bangalore, Bombay and Calcutta which work under the guidance of a Policy Advisory 
Committee. 


ing to planning which led to the preparation es 
The Institute in association with the Central Statistica 
e and the Planning Commission, is continuing the work 


the Draft Plan-frame of March 1955, 
Organization, the Ministry of Financ 
on perspective planning, 


activities, 
Institute, 


5. The following associated bodies were 


organized on the 
Statistical Institute and th the Institute: 


cal Education Centre: 


k initiative of the Indian 
work in close relation wi 


1) International Statisti 
lished in 1950 under the s 


= san is being maintained under the joint 
Statistical Institute and the Indian Statistical Institute with 
the support of the Government of India, 


nder its control the Eka 
and technical work of a hi h quality 
ation with the Institute, vork of a high q 
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3) India Calculating Machine and Scientific Instrument Research Society: This 
is a ‘non-profit’ society established on the initiative of the Institute and registered in 1943 
under Act XXI of 1860 with the object of promoting research, study, production and use in 
India of calculating machines, statistical, mathematical, scientific and engineering instru- 
ments, apparatus and appliances of all kinds. 

6. The Institute, of course, still functions as a learned society with Sankhya: The 
Indian Journal of Statistics, as its official organ and has society type branches at Aligarh, 
Bangalore, Bombay, Madras and Poona. Besides, it has today many other activities for 
which operating offices are maintained at Baranagar (Calcutta 35), at three places in the city 
of Calcutta, and at Bombay, Bangalore, Delhi and Giridih (Bihar). The staff increased 
to over 1400 workers in December 1955 and the annual expenditure went up to fiftytwo 
lakhs of rupees in 1955-56. 

7. The main offices of the Institute are at present located on the Institute’s own 
land at 203 Barrackpore Trunk Road in a seven-storeyed building covering 62,400 sq.ft. 
of floor space. In addition about 30,000 sq. ft. of floor space is occupied by the Institute at 
202 Barrackpore Trunk Road, acquired by the Government of India for the Institute’s 
work. The Institute also uses about 50,000 sq.ft. of space in other premises in Baranagar 
and Calcutta. In Giridih, the Institute acquired about 35 acres of land for location of 


an experimental farm. 


STATUS AND CONSTITUTION 


8. The Indian Statistical Institute had started receiving grants fromthe Government 
of India in 1936; and practically since then the question of the stabilization of the Institute 
has been under consideration by the Central Government. Many different approaches have 
been explored for this purpose during the last twenty years. From time to time there were 
proposals from Government to take over the Institute, or to convert the Institute into a pri- 
marily educational and research institution. After several years of negotiations new rules 
were framed in 1950, at the desire of the Ministry of Education, in which the teaching acti- 
vities were made the main function of the Institute under the control of a Governing Body 
with Government representatives. The new rules could not, however, be brought into effect 
owing to certain technical difficulties; and in 1951 the provision for the Governing Body 
was incorporated in the constitution in the form of regulations and the Council retained its 
status as the general co-ordinating agency. 
ment of India decided that the Institute 
and research in statistics in India; and 
ing have been developed jointly by the 


9. In 1952 the Cabinet of the Govern 
should function as a focal centre for advanced studies 
since then extensive programmes of professional train 
Institute and the Central Statistical Organization. In 1953 there was a proposal that 
the Institute should be converted into a University under a Central Act, but it was felt 
that there would be difficulties in preserving the operational and society type activities 
within the 1ramework of a University. Since 1954 the Institute has been increasingly par- 
ticipating in studies relating to planning for national development. It was agreed that 
the Institute should retain its autonomous status but would be recognised by the Govern- 
ment of India as an institution of national importance. The rules of the Institute were subs- 


tantially changed in April 1955. 
253 


: OF STATISTICS [ Parr 3 
Vou. 17] SANKHYA : THE INDIAN JOURNAL 
APPENDIX : HISTORICAL BACKGROUND 


1. The beginnings of the Indian Statistical Institute were modest enough: a ae d 
computer working part-time and a total current sapendikurg of rather less than ata a 
that was all when it started in April, 1932. In September 1956, the Tnstitute had an its aa 
1674 regular workers who were backed by an annual budget allocation of Rs. 52,00,000. 
Impressive as these figures are, they convey little idea of the nature of the work 
being carried on by the Institute, its wide range, its com 
tion at high scientific levels that is necessary for carryin 
intimate bearing on the life of the nation. 


that is 
plex character and the specializa- 
g out investigations that have an 


2. A long period of preparatory activity, going back to the e 


world war, preceded the formal inauguration of the Institute. 

nobis was back in India in 1915 on a short holiday after he } 
scholarship of King’s College, Cambridge, for resear 
from Cambridge, his tutor, W. H, Macaulay, had 
and Karl Pearson’s Biometric Tables, copies of wh: 


which he studied with much interest while waiting 
researches. But he did not 


arly years of the first 
Prasanta Chandra Mahala- 
had been awarded a senior 
ch in Physics. Just before his departure 
drawn his attention to the Biometrika 
ich he brought with him to India and 


In Calcutta, he came 
hilosopher, Brajendra Nath Seal, who 
Statistical methods and encouraged 
ct as his lifes work. 

3. Urged by the great savant, young Mahal 
career with gusto. Not content to confine his intere: 
studies, he was soon applying statistical methods for 
pometry, which led to the formulation of the Gener: 
meteorology, he found ample 
at a height of about four kilo 
in meteorological conditions 


; » this result was confirmed 
by Franz Baur from physical considerations, ` 


anobis entered upon his statistical 
St in statistics to merely academic 
the solution of problems in anthro- 


now the Director of the West 


Nistaran Chakraburty is 
Chief Computer and Subhendu Sekhar 


: Sudhir Kumar who became the 
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6. The Laboratory also had been gradually developing. By 1930 it owned about 
Rs. 25,000 worth of books, calculating machines and other equipment; and had undertaken 
some enquiries on behalf of the Government departments and private concerns. The first 
official recognition came in July 1931 with an annual grant of Rs. 2,500 from the Imperial 
(now Indian) Council of Agricultural Research for statistical investigations relating to 
agriculture. 


7. The year 1931 marks another milestone in the progress of statistical organiza- 
tion in India. At a meeting convened by P. N. Banerjee (at that time the Minto Professor 
of Economics), N. R. Sen (Ghosh Professor of Applied Mathematics) and P. C. Mahalanobis 
(Professor of Physics, Presidency College) and held on 17 December 1931, with Sir Rajendra 
Nath Mookerjee in the Chair, a resolution was unanimously adopted to establish the Indian 
Statistical Institute. The constitution was approved at the end of February and the 
Institute was formally registered as a non-profit learned society in April 1932. Society 
type branches were established quite early in Mysore, Poona, Bombay, Madras, Lahore, 
Banaras, Lucknow and Delhi; and the Statistical Laboratory in Calcutta continued to func- 
tion as the active nucleus of the Institute. 


8. This was how the Indian Statistical Institute was formally organized. The first 
general grant for research and training came in 1935 in the shape of Rs. 5,000 a year from 
the Government of India. A big development occurred when the Institute took up in 1937 
a five-year project, on an expanding scale, to develop a sampling method for estimating the 
acreage and out-turn of the jute crop in Bengal with the required accuracy at a- reasonable 
‘cost. Since then, the Institute has been a foremost centre of sample surveys in the whole 
world. From this time, the larger part of the income of the Institute began to be derived 
as contract grants for applied projects and enquiries. 


9. The training of officers deputed by Central and State Governments had started 
from 1932. In the earlier years such training was more or less on an individual basis; and 
over 150 individuals received such training at the Institute between 1932 and 1939. From 
1939, the Indian Statistical Institute started organized courses of instructions and the train- 
ing courses gradually developed into the present Research and Training School at a post- 
graduate level. 

10. A scheme for examinations for the award of certificates for computers and 
diploma for statisticians was got ready in 1935. These examinations, which were started 
in April, 1938, served a real need, and have become quite popular and are held all over 
India every year. 

11. To offer facilities for the publication of research papers in India, it was decided 
in 1933 to start Sankhyé: The Indian Journal of Statistics, as the official organ. On the 
initiative of the Council of the Institute, arrangements were also made to establish an 
associated non-profit institution, the Statistical Publishing Society to maintain the Eka 
Press and publish Sankhya&, which soon became a journal of international recognition. 


12. The Indian Statistical Institute had been for some time pleading for Mg 
separate statistical section to the Indian Science Congress. Such efforts, however, did 
not bear any fruit and so in 1938 the Institute organized on its own the First Session of The 
Indian Statistical Conference which continued for several years. The Indian Science Congress 
agreed to start an independent section for Statistics from 1946. $ 
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13. Ventures in research and project work along with Promotional äctivijies n 
earned terna aal recognition for the Institute and helped to enlisting active associa aon 
ith i istinguished foreign statisticians who came out to India to work and lecture in 
seen a EN i rofessors. The first to come was Professor (now Sir) Ronald A. 
oe on kram La visit in 1938, repeating it in 1945, 1951 and 1954. Other visits 
ee aaa oth for an unavoidable break during ie Second World War, a Seam 
of distinguished foreign scientists, statisticians as well as specialists in other fields of science, 
have responded to the invitation of the Institute to come here and work as rese 
Bt a? io has thus become a real international centre of research as well 
asa an for scholars and scientists from all over the world to work and hold discus- 
sions. Mention may be made of a few amongst these distinguishe 
R. A. Fisher, J. B. S. Haldane, J. R. N. Stone, 
Harold Hotelling, W. Hurwitz, Simon Kuznets, 
Norbert Wiener of the USA; D. D. Degtyar, V. A. Ditkin, Y. V. Linnik, I. Y. Pisarev, 
M. I. Rubinstein of the USSR ; C. Bettelheim (France); Tosio Kitagawa and Motosaburo 
Masuyama (Japan); J. Tinbergen (Netherlands); Ragnar Frisch (Norway); Oskar Lange 
(Poland); H. Wold (Sweden) and Arthur Linder (Switzerland). 


arch workers 


d visitors, such as, 
F. Yates of the UK; J. K. Galbraith, 
Walter A. Shewhart, Abraham Wald, 


, Tice a 
the year. The tabulation on the basis 0 


b f 413/Population 
Census started in 1944-45, and various i 


] stitute as a whole by the Council. 
17. From about this time, th i isti y 
national institution, From 1950, the 


Institute started 
the design and analysis of the data 


of the National 


i isi cand demographic characteristics on 
a countrywide basis in the form of two “rounds” of g 


urvey every year coverj ng both rural 
and urban areas. This is reputed to be the biggest 4 Serme 
world today. 


er the sponsorshi of th ESCO, the 
International Statistical Education ‘Centre, which i i er i 


i ; intained with the financial 
support of the Government of India. Since then, the ISEC ing 
statistical training to students from many Asian c 


ed 
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19. The work of the Institute began to receive increasing recognition both in India 
and abroad. Professor Mahalanobis was elected a Fellow of the Royal Society in 1945, and 
acted as the Chairman of the United Nations Sub-Commission on Statistical Sampling from 
1947 to 1951; he has been a member of the UN Statistical Commission from 1946 and Chair- 
man from 1954. Other workers of the Institute enjoy international reputation and some 
of the old members of the staff are working in other places in and outside India. The 
Institute acted as the host society to the International Statistical Conferences in India in 


1951. 

20. Since Professor Mahalanobis started working as Honorary Statistical Adviser 
to the Central Cabinet in 1949, the Institute is becoming more and more closely associated 
with the Central Statistical Organization (CSO) and other Government agencies in New 
Delhi. From 1952, the Institute is functioning as the focal centre for professional training 
and research and as a National Statistical and Computational Laboratory. 

21. An associated non-profit institution for the development of calculating machines 
and scientific instruments had been established in 1943 with the approval of the Council of 
the Institute and a small workshop was started which, however, did not make much progress 
in the beginning. A small workshop was started in the Institute in 1950 for the repair 
and maintenance of desk calculating machines and’other equipment a little later: and is 
now in operation. An electronic laboratory was started a little later where a small elec- 
tronic analogue computer was designed and constructed in 1953. An electronic digital 
computer was purchased. In 1955, arrangements were made to secure a bigger digital 
computer and a large number of machine tools from the USSR, through the United 
Nations Technical Assistance Administration and further developments are in progress. 


22. The Institute has been promoting the introduction of Statistical Quality Control 
for a long time; and had started the earliest courses in this subject in India in 1945-46.. A 
separate SQC Section was established in 1953 which has whole-time units at present working 
at Bangalore, Bombay and Calcutta. 

23. Still more significant were the developments in 1954. The Indian Statistical 

nstitute was called upon by the Planning Commission to undertake, jointly with the CSO, 

work on national planning with a duai objective of solving the unemployment problem in 
10 years and continuously increasing the national income as rapidly as possible. In 
November 1954 Prime Minister Nehru inaugurated in the Institute studies relating to 
planning for national development. This work was carried on with the active collaboration 
of the CSO, the Department of Economie Affairs (Ministry of Finance), and the Economic 
Division of the Planning Commission. Many of the foreign experts who came to the 
Institute also participated in the studies and discussions on planning. 

24, On the basis of the above work, the “Draft Plan-Frame” was submitted to 
the Prime Minister in March 1955 and was accepted in May, 1955 by the National Develop- 
ment Council as the basis for the formulation of the Second Five Year Plan. The Institute 
thus became intimately connected with national planning in India. 


25. The activities of the Institute are diverse and developments have occurred and 
are still occurring in many directions but there is a unity in its purpose. The Institute 
has been trying for twentyfive years to promote national development through the patient 
collection and analysis of statistical and technical information and their utilization for 
policy and administrative decisions in a scientific manner. 
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1. RESEARCH AND TRAINING SCHOOL 


1. The main activities of the Research and Training School fall under the three 
heads—(i) Research, (ii) Consultation and (iii) Training. 


RESEARCH 


i reti search on 
2. Research has been conducted at various levels: (a) theoretical researcl 


the foundations of probability and the logic of statistical inference, (b) applied nore 
involving the development of statistical tools for application to specific problems, and 
research in fields of application in which the approach is statistical. 


3. Research Seminars: Besides the seminars regularly conducted by the Research 
and Training School for exchange of ideas among the staff, special courses of lectures ye 
recent advances in mathematics and statistics were arranged. The first was a series 0 
60 lectures of Harmonic Analysis and Multiple Prediction Theory by Prof. Norbert Wiener 
of the Massachusetts Institute of Technology, USA. Twenty participants attended 


Prof. Wiener’s seminars in response to the Institute’s offer of financial assistance for this 
purpose to interested research workers all over India. 


4. Continuing the seminar lectures started in 1954-1955 on some problems related 
to planning in India, Prof. P. C. Mahalanobis developed the basic statistical and computa- 
tional problems involved in the formulation of a plan for economic development. He gave 
a four sector model for determining the investments in (1) producer goods, (2) factory pro- 
duction of consumer goods, (3) cottage industries and (4) services (health, education ete.) 
and explained its usefulness in solving the problems of planning in India to achieve the 
main targets: (a) liquidation of unemployment in 10 years, and (b) doubling of national 
income in 14 years. 


5. Theoretical Research: The research 
by the staff and research scholars of the School 
of Experiments, Tests of Hypotheses, 
Processes, 


work carried out in theoretical statistics 
has been on the following topics :— Design 


Estimation Theory, Sample Surveys, Stochastic 
Distribution Problems, Mathematical Models for Economic Planning, Industrial 
Sampling, High-speed Computation, and Problems of Opti 


mum Selection. About 35 
research papers on these subjects have been Prepared during the year. Some have 
already been published or are in the press, while others have been preliminary reports. A 
summary of research work done by the School is given in Appendix 9, 


6. Applied Research: Work in applied research by the 
taken by the Biometric, Anthropometric an 


School was mainly under- 
d Psychometric Units 
attending to scientific enquiries, 


and members of the staff 
(i) Biometric Unit: This unit for applied research in biometry was started in 

April 1954 under the leaders ip of Dr. M 

Professor J. B. S. Haldane, F.R.S. 


The unit is now 
stitute in October 1955. Besides Dr. Das, 
2 biochemist and a medical practitioner. 
up Which possesses among other things, 


two and a half month: 
under the charge of Dr. B. C. Das who joined the Tn “So 
the Unit has six professional workers including 
A well-equipped laboratory has now been set 
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electrophoresis with scanning and other accessories, direct reading meter, magnum 
centrifuge, incubator, thermostatic bath, distilled water plant, air conditioner, microscopes 
etc. Some of the activities of the unit have been study of worm-activity on soil, experiments 
on fish culture, clinical and blood group tests, ete. 

(ii) Anthropometric Unit: A good deal of anthropometric studies were carried out 
in the Institute in the early days by Professor Mahalanobis and later by Dr. ©. R. Rao but 
there was no provision for systematic work. During the year, an Anthropometric Unit was 
started with two anthropologists who had been trained by Dr. D. N. Majumdar, Professor of 
Anthropology, Lucknow University and had been doing research for some considerable time 
under his guidance with the help cf Institute research fellowships. This Unit is currently 
engaged in techniques of data collection such as of measurement, standardization of 
instruments, etc. 

(iii) Psychomeiric Unit: This has been an year of rapid growth for the Psycho- 
metric Research and Service Unit established in 1954. The staff of the unit has increased 
from three to ten during this period. The unit’s major activity was concerned with selec- 
tion tests. A number of tests have been constructed, administered, scored, reported, and 
interpreted in connection with the selection of job-applicants, trainees, college students 
etc. Besides, some theoretical problems which arise in testing projects, like correction 
for ‘guessing’, validity coefficients for ‘restriction of range’ and its extension to ‘two-stage’ 
selection, etc., have been investigated. The Unit continues to edit the Psychometrics 
section of the ‘Psychology News Bulletin’, which reports work in progress or recently com- 
pleted in India. 


CONSULTATION 


7. Scientific enquiries: Consultation has been open to all scientific workers in 
the country. Advice has been given to various enquiries on the planning of investigations 
and analysis and interpretation of data. The Research and Training School attended to 
a number of scientific enquiries from research workers in various fields, government depart- 
ments and business firms. Some of the enquiries handled are listed in Appendix 5 and 
included such problems as (i) correlation between mental age and scores in arithmetic of 
secondary school students; (ii) analysis of manurial and varietal experiments on paddy; 
(iii) statistical analysis of the effect of a new drug on cholera; (iv) estimation of linkage 
between certain factors in paddy. 

TRAINING 


8. During the year under review there has been increased demand for training 
in statistics and considerable expansion in the training programmes of the School, both in 
the number of courses conducted and the number of trainees attending each course. The 
two-year advanced training course has been converted with effect from July 1955 into a 
three-year advanced theoretical-cum-professional course to meet the rapidly increasing 
demand all over the country for statisticians adequately trained in professional work in 
a large variety of jobs. A special training course in statistics of six or nine months’ duration 
for officers deputed by the Central and State governments and recognised institutions was 
organized jointly with the Central Statistical Organization (CSO), New Delhi. A short- 


S pr ; i reni of 
term evening course for statisticians has also been introduced to suit the convenience 


persons who are already in employment and who intend to acquire knowledge of basic 


statistical methods for use in their actual work. 
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9. The different courses of training that have been given during the year including 
the new courses mentioned above have been : 


(a) Three-year Statistician’s Course, 

(b) Short-term Statistician’s Course, 

(c) Officer’s training (jointly with the CSO), 
(d) Officers on deputation, 

(e) Training for Computers. 


In addition, training is also given at the International Statistical Education Centre. 

10. Advanced Studies: Research scholarships were awarded to 12 students for 
carrying out work on subjects such as Advanced Probability, Stochastic Processes, Statistical 
Inference, Multivariate Analysis, Statistical Quality Control, Psychometry, Biometric Methods 
etc. (List in Appendix 11), During the year under review, three workers were admitted 


to the degree of Doctor of Philosophy of the Caleutta University and two others submitted 
theses for the same. 


ll. Training courses : (a) Three-year statistician’s course : 
the two-year statistician’s course has bee -year course with effect 
from this year. This training is arranged i , Where the trainees 
spend from three to six months for traini A special feature of the 

ents i.e., those with at least a good Master’s 
Degree are admitted ; no tuition fee is charged and the trainees receive stipends ranging from 
heir performance. In May 1955, 16 students 
second-year completed training. For the new 


5, 47 students were admitted to the first-year and 20 
students to second-year class, 


(b) Short-term statistician’s course : This new course ha 


s been arranged to suit 
» the classes being held in the e 


(c) Officer’s course ( jointly with CSO) ; 
1955, for the purpose of t 
recognized institutions, 
officers took a six mon 
specialization course. 


This is also a new 
raining officers of the State and Cent: 
in different fields of application of stati 
ths’ course, 10 of them continuing for 


course, started in September 
tal Governments and other 
istics, During the year 19 
an additional three months 
(d) Officers on deputation : 
short duration training in different 
various institutions to attend Prof. 


During the year 6 officers Were accepted for individual 
subjects, Besides, 


5 20 other officers were deputed by 
Wiener’s semi 


nars, 


(e) Computer’s Training Course : The computers? 
1951 for the benefit of those desiring to sit fi 


or the Comput 
the Institute. There were two sessions during the 


[The list of trainees for the various courses is gi 


training course was started in 
nputer’s Certificate Examination of 
Year in which 97 candidates participated. 
ven in Appendix 10]. 
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9, INTERNATIONAL STATISTICAL EDUCATION CENTRE 


1. The associated institution, International Statistical Education Centre (ISEC), 
Calcutta, was opened in October 1950. This Centre is maintained jointly by the Inter- 
national Statistical Institute and the Indian Statistical Institute with the support of the 
UNESCO and the Government of India. The Centre provides courses of training in theore- 
tical and applied statistics at various levels to trainees from countries of the Middle, South 
and Far East. 

2, From the inception of the Centre upto April 1955, the Centre had conducted 
eight terms of training, of either six months’ or nine months’ duration. . During these eight 
terms training was imparted to 191 participants, involving 237 ‘student terms’, and repre- 
senting 16 Asian countries (Afghanistan, Burma, Cambodia, Ceylon, India, Indonesia, Tran, 
Iraq, Japan, Malaya, Nepal, Pakistan, Phiilppines, Syria, Thailand and Vietnam). 

3. The Eighth Term, with 24 students from 7 countries, an account of which was 
given in last year’s annual report, closed in the middle of April 1955. The Ninth Term 
opened on 15 August 1955 and closed on 14 April 1956. 

4. The number of trainees admitted to the Ninth Term was 11, distributed among 
3 countries as follows : Philippines 3, Pakistan 3 and India 5. Besides these 11 trainees, 
two trainees from Iran who joined the Eighth Term stayed on for specialization courses till 
December 1955. Participation during this term was limited in contrast to the previous 
terms, owing chiefly to the delay in issuing the announcement for the term. Arrangements 
have been made for making the announcement sufficiently early for the Tenth Term to start 
in July 1956. Increased participation is expected during the Tenth Term. 


5. Instruction: Training during the Ninth Term comprised lectures, laboratory 
work, assisted reading, seminar discussions, in-service training (both at the Indian Statistical 
Institute and at the Central Statistical Organization (New Delhi) and field work at Giridih, 
relating to Sample Surveys. The first 3 months of the term were devoted to theoretical 
work involving about 180 lectures and 350 hours of laboratory work. About three weeks 
were spent on field work at Giridih and another month on training in official statistics 
at the CSO. The remaining period had been set apart for training in statistical projects 
at the Indian Statistical Institute and for specialization courses. The bulk of the lectures 
were delivered by members of the staff of the Research and Training School. A number 
of statisticians from different ministries and departments of the Government of India 


delivered lectures during the training organized by the CSO at New Delhi. 


6. Visiting Professors : A number of visiting professors arranged for by the Inter- 
national Statistical Institute or the Indian Statistical Institute, or deputed by the UN, and 
the specialized agencies of the UN have been associated with the instruction at the Centre. 
The visiting professors during the Ninth Term were Dr. M. Ziauddin (Pakistan), Dr. H. 
Lubell (USA), Mr. ©. A. Links (Netherlands), Dr. P. V. Sukhatme (FAO), Mr. C.K. Dilwali 
(UN), Dr. W. R. Leonard (UN), Prof. John Maclean (Bombay), Dr. K. S. Banerjee (West 
Bengal), Dr. T. Podea (USA), and Dr. Q. M. Hussain (Pakistan). ~ 

7, The students of the TSEC also attended lectures and seminars given at the 


Indian Statistical Institute by various distinguished visiting scientists. 


8. Fellowships: Out of Gove’ 
Co-operation scheme (Colombo Plan), a number of fellowships were 


ronment of India’s contributions to the Technical 
being granted to the 
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trainees of the Centre. During the first eight terms a total of 96 fellowship awards were 
made. In the Ninth Term six trainees were awarded fellowships. 


9. Certificates: The 11 students of the Ninth Term who had satisfactorily com- 
pleted the course received certificates of training at a function held on 5 April 1956. 


10. Student activities: The ISEC students’ association arranged excursions to 
places in Calcutta, Agra and Delhi. A Souvenir volume for the Ninth Term has been 
prepared.* 


3. PROFESSIONAL EXAMINATIONS 


1. The Statistician’s Diploma Examination of the Institute was held once in August 
1955 and again in March 1956 at Bombay, Calcutta, Delhi, Lucknow, Madras and Poona. 
In all 204 candidates registered for the exa: 


mination in one or more papers of whom 133 
appeared and 77 passed. 


2. The Computer's Certificate Examination was also held two times during the 
year (August 1955 and February 1956) at Calcutta, Delhi, Giridih and Poona, 448 candi- 


dates registered, 402 appeared and 219 passed, 


8 countries; 30 candidate: 
distribution being as foll 


ý 9 ia-11, J; 5 A rs ee 
Singapore-2, Thailand.2, Training during the t apan-4, Pakistan-4, Philippines-2, 


’s Certificate Tsien ties ies 
and 47 appeared for the Field Survey Certificate Wa in and 62 registered 
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4. PROJECT WORK 
4.1. National Sample Survey and Associated Projects 


1, The statistical work relating to the countrywide continuing National Sample 
Survey (NSS) has been the charge of the Institute since 1950-51 when the Survey was started. 
The Field Branch of the Survey has been under the direct control of the Ministry of Finance, 
except for a special survey unit under the Institute. By the beginning of the year under 
review, 8 rounds of the survey had already been completed. The 9th round of the survey 
was started and completed during the year under review, while the 10th round survey work 
was started and was still continuing at the end of March 1956. On the basis of the analysis 
of data collected during different rounds, various reports were prepared, and among these, 
the NSS Report No. 7: Couple Fertility, and NSS Report No. 8 : Report on Preliminary 
Survey of Urban Unemployment, were published. 


2. In January 1956 the NSS Statistical Section was reorgarized into 3 functional 
units — (a) Project, (b) Pilot and Research, (c) Special Unit. The functions allotted 
to the Project Unit were sample selection, preparation of schedules and instructions, clari- 
fication of technical points raised by field staff during the course of the survey, tabulation 
and preparation of summary of results, statistical analysis, drafting and submission of reports 
and project training. The Pilot and Research unit was charged with improvement of sample 
design and the assessment of the quality of material, exploring profitable lines of tabulation 
and analysis etc., and the functions of the Special Unit were project development studies. 


3. In the Sth round of the survey the main emphasis was on land holdings with 
particular reference to operational holding, whereas in the 9th round, emphasis was shifted 
to collection of information on employment and unemployment. Over and above this, 
the usual enquiries relating to household consumer expenditure and productive enterprises 
of household, prices etc., were conducted. Another special feature of this round was collec- 
tion of data on the small and household industries from households who reported self-manage- 
ment under the means of livelihood ‘manufacture’. 


4. The state of employment, on which special emphasis was laid in this round, 
was examined from different angles, namely, (a) usual features without particular reference 
to any short period or point of time, (b) specific features obtaining on a single day of reference, 
and (c) special features obtaining on each of the seven days of the week of reference. 


5. Due to the above changes in the scope of the survey in this round, the sample 
size was increased but it was considered expedient to try to increase the sample size 
gradually so that the work of recruitment, training and management of the additional 
investigation staff as well as of the statistical work was kept within manageable limits. In 
actual fact there was no noticeable increase in the sample size in the rural sector but in the 
urban sector it was quite appreciable. 


6. There was no substantial change in the scope of the survey conducted in the 


10th round except that the collection of data on yields by direct observation by erop-cutting 
experiments was an additional feature. Emphasis was laid on collection of data on land 
utilization which included, besides, cultivation of crops, any type of gRe. Gh TORE 5 i 
piece of land. Considerable attention was also given to the collection of dara ce Peer 
ment. Questionnaire on village statistics was reintroduced in this round with some m 
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ee ts ‘ t 
fication with a view to getting a picture of rural life in the country in its variate aie 
e.g., marketing facilities, proximity to important communication and administrative points, 

-G., mal F 1 i 
LA KA of rae and modes of conveyance, important local crops and sowing practices, 
educational facilities with their standards, sources of finance and the number of scholars 
and teachers, medical facilities etc. 


7. A training conference in which the field supervising staff of the NSS received 
their instruction from the technical experts of the Institute as to how to collect the data 
properly on the schedules and in which the objects, scope and Gen of terms used 1 
explained, was held in the Institute premises from 18 to 28 April 1955 and again from 2 
to 28 November 1955, the first one in connection with the 9th round of the survey and the 
second one for the l0th round of the survey. 


8. The National Sample Survey primarily meant for estimates of national level 
was intensified within certain States for the purpose of increasing the reliability of the survey 
estimates on State levels. This was made possible by the States of UP, Bombay and 
Travancore-Cochin participating with NSS on the basis of identical coverage and number 


of sample units. The number of sample units was thus doubled in so far as these States 
were concerned. 


9. An intensive training on the various aspects of project work including training 
in field survey work and mechanical tabulation was imparted to 19 officers deputed from 
the different States and the Centre, 11 trainees of the International Statistical Education 


Centre, and 18 second-year post-graduate students of the Indian Statistical Institute. The 
training was for an approximate period of 6 months. 


10. Sample survey of manufacturing industries : As in the previous years, this 
survey was continuing during the year under review. The reference period of this survey 
was 1954; field work which commenced from the Ist week of October 1955 and was expected 
to continue up to the end of September 1956. The special feature of this round of survey 
was the inclusion of undertakings relating to certain industries included in schedule (1) of the 
Industries (Development and Regulation) Act of 1951. 


4.2. Other Projects and Applied Studies 


l. Socio-Economic Surveys in Rural Areas, Giridih : Apart from Family Budget 
Enquiry in Rural Areas which started in June, 1953 the following surveys were conducted 
during the year under review : Employment Survey, Nutrition Survey, and a survey of 
Bullock Utilization (Daily) in Rural Areas, 


2. Socio-Economic Surveys in Urban Areas, Giridih : Family Budget and Employ- 
ment Surveys were conducted during the period under review and figures of purchases made 
in workers’ families were collected. 


3. Crop-cutting Experiments, Giridih : Some designs of crop-cutting experiments 
were tried by the ISEC students and the Institute trainees during their stay at Giridih in 
November and December, 1955. 


4. Progressive Harvest Surveys, Giridih : 


oe An experiment was conducted during 
November and December, 1955 with a total of 1125 samples cut in 5 Jote 
5. Field Trials and Precision Studies, Giridih : Experiments on Aus and Aman 
paddy for studying the effect of 


different methods of sowing, inter-culture, different kinds 
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of manures and fertilizers, different spacing and number of seedlings per hole etc., as also 
the effect of manures on the yield of different methods of plantation continued during the 
period. 

6. Data regarding rainfall and maximum and minimum temperatures, Giridih: The 
collection of these data which had started in 1953 continued during the period under review. 

7. Special Demography, Health and Employment Surveys : (March, 1955 to October, 
1955): A special Demography, Health and Employment Survey was conducted in 112 
urban blocks and villages throughout the State of West Bengal. 


8. Harvest Survey (October, 1955-March, 1956): Harvest Survey on a new design 
with special treatment on the border plants was conducted on different crops. A study 
of consumption pattern was also attempted for the pre-harvest and post-harvest periods. 
This intensive study was made in 14 villages of all the districts of West Bengal. 


9. Enumeration of casualties due to cancer for a year in Calcutta : This study started 
in August 1955 and it was found that there were about 800 casualties in a year due to cancer 
in Calcutta. 


10. Pilot Survey on production and utilization of cattle dung: A short pilot survey 
was taken up to study production and utilisation of cattle dung in 3 villages of 3 police 
stations of 24-Parganas, West Bengal. p 


5. ELECTRONIC COMPUTERS 


1. Preparatory work for the building up of a well-equipped modern electronic 
laboratory has been going on for the last three or four years. There was some significant 
progress this year. An Electronic Computer HEC-2M was purchased from the UK, and 
valuable electronic equipment also began to be received from the USSR through the United 
Nations. Two members of the staff, Shri S. K. Mitra and Shri D. S. Kamat were deputed 
to the USSR in September 1955 by the UNTAA on a special fellowship, to make a technical 
report on the electronic computer which the USSR Government had offered to the Insti- 
tute through the UNTAA. They visited Moscow, Penza and other places, where they 
saw factories and technological institutes concerned with computing machinery. Shri 
Mohimohan Mookerji and Shri Amaresh Roy also completed their training in gie British 
Tabulating Machines Works at Letchworth, and visited different computing machine labora- 
tories in Europe and returned to India early in 1956. 

2. The Hollerith Electronic Computer HEC-2M, was received in February, 1956. 
The Machine has been installed in an air-conditioned room situated on the ground floor of 
the Institute building at 203, Barrackpore Trunk Road, and was ready for operation by the 
end of March, 1956. The Research and Training School of the Institute has many problems 
to be solved on the machine. Requests have been received from several scientific institutions 
in India for assistance in computational problems. Efforts are also being made to use this 
machine for certain classes of data-processing work of the Project Division. 

3. A good number of Soviet electronic instruments obtained through the UNTAA 
have also been received and included six Q-meters and six impulse generators of a very high 
quality. The remaining items in the list of electronic instruments and the punched card 
machines to be received from USSR are already on the way. An electronic computer, 
called the “URAL”, much larger in capacity and with greater flexibility than the HEC-2M 
machine, is expected to be received by the end of 1956. 
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4, Attempts are being made to organize a computing centre for the benefit of agent 
fic institutions in India. Some service is already being rendered. A problem for preparing a 
table of values of an improper, convergent integral was received from the Indian siren 
of Technology, Kharagpur at the end of 1955, and was solved partly by an clentnones Nae 
culator. Other problems have been received from the Indian Association for the Cultiva pi 
of Science, Caleutta, and from the Indian Institute of Science, Bangalore, which are nov 
being run on the HEC-2M machine. 


5. The Analogue Linear Equation Solving Machine, designed and constructed in 
the Institute in 1953 was reassembled with improvements to achieve greater accuracy. Two 
electronic Random Number Generators designed, on a new principle, have been constructed 
and successfully operated. 4 


6. The plan of work on the development of an electronic digital computer, which 
had began early in 1954, was modified during the course of the year in view of the availabi- 
lity or near availability of machines like the HEC-2M and URAL. The earlier work on a 


magnetic drum device and associated auxiliary equipment is being incorporated into the design 
of faster switching and selector circuits. 


7. Dr. Clarence Ross, a computing machine specialist in USA spent a few days in 
the laboratory in November 1955 and had discussions with the staff about programming 
methods. Messrs. Konopley and Sychev, engineers, arrived from the USSR in January 
1956, to install the punched card machines from the USSR. 


8. A number of tape recording machines, speech amplifiers, projectors and other 
electronic instruments were maintained and repaired by the laboratory as usual. Two 


speech amplifiers were constructed for the Delhi and Giridih offices of the Institute during 
the year. 


6. STATISTICAL QUALITY CONTROL 


1. Three SQC Units were in operation during the 
1953) and at Bangalore and Calcutta (started in 1954). The activities of these SQC Units 
cover (a) installation and maintenance of SQC in factories, (b) training for SQC, and (c) 
promotion of SQC. Service, which is partly subsidized, is given to member firms on a fee 
basis. At the end of March 1956 there were 32 firm members on the roll, 


year at Bombay (started in 


2. SQC Policy Advisory Committee : 


The SQC Policy Advisory Committee which 
had been set up in 1954 with Shri C. D. Deshmukh as Chairman and Shri K. C. Neogy 
(Planning Commission), Sir Shri Ram, Shri Kasturbhai Lalbhai, Dr. S. S. Bhatnagar (Direc- 
tor, Council of Scientific and Industrial Research), Dr. Lal C. Varman (Director, Indian Stan- 
dards Institute), Shri H. H. Keil, Shri M. G. ; 


Kotibhaskar, Shri S. ©. Jai d Professor 
P. C. Mahalanobis as members and Shri Pitambar P $ ain an r 


ant as Secretary had one meeting on 7 
September 1955. The Committee suffered a great loss in the death of Dr 8. S. Bhatnagar 
The Committee requested Professor P. C. Mahalanobis to 


i j i prepare a scheme designed to meet 
the growing requirements of trained SQC statisticians in the country. The Committee was 


of the view that the existing scheme of contribution from industry should be continued for 
the present. The members thought that it would be very useful if the SQC Units could 
collect material for the assessment of gains arising from the use of SQC and associated 
methods. 


266 


| 


TWENTYFOURTH ANNUAL REPORT : 1955-56 


3. The Committee expressed satisfaction at the decision of the Ministry of Defence 
to set up a Statistical Quality Control Unit for the Ordnance Factories which would be guided 
in policy matters by the SQC Policy Advisory Committee. 


4. The Committee decided to invite Dr. Thacker, (who had succeeded Dr. Bhat- 
nagar as Director, CSIR) and Shri G. D. Somani, M.P. to join the SQC Policy Advisory Com- 
mittee. 


5. SQC Unit, Bombay: The Bombay Unit which was started under Dr. (Miss) 
S. P. Vaswani in December 1953, made good progress during the period under review. She 
was assisted by a team of 4 technical officers and a staff of 7. Recently the Unit has been 
allotted 4000 sq.ft. of space in a new building on Dinshaw Wacha Road. At the end of last 
year, 9 factories were enrolled’ as annual members of the Unit. During this year 5 more 
firms got enrolled and 5 other applications are on the waiting list pending expansion of the 
Unit. 


6. A five-day course in SQC for industrial management was organized by the Unit 
in Bombay in October, 1955. Admission to this course was restricted to managing directors, 
managing agents, technical directors and managers of mills and factories. The course was 
attended by 43 participants from 27 factories including 8 out-station participants from 
Ahmednagar, Hathras, Sholapur, Ratlam, Sidhpur, Moradabad and Ellichpur. This was 
followed by a 2-month training course for technicians; 54 trainees including 6 from outside 
Bombay, nominated by 30 factories representing textiles, automobiles, engineering, cycles, 
iron and steel, ordnance, oil, matches and silk industries were admitted to the course. In- 
factory training for inspectors, operative and setters were also organized in member mills 
yielding good results. Also, seven apprentices and four officers deputed by institutions were 
given training with the SQC Unit. Lectures, talks and discussions were also organized at 
various institutions and promotional work was done and studies made in several factories. 
Visits were also paid to 6 factories on request from management. 

7. SQC Unit, Bangalore: Shri R. Natarajan was the Administrative Officer of the 
Unit till the middle of September, 1955; and was succeeded by Shri A. K. Ghose, ICS, Manag- 
ing Director, Bharat Electronics Ltd., Mr. T. Hanada, SQC expert from Japan, worked with 
the Bangalore Unit from December, 1955 till the end of March, 1956. There were, on 31 
March 1956, 10 establishments on the roll as members of the Unit. 


8. A number of lectures and talks and discussions were arranged by the Unit at 
institutions and societies concerned with industry. Some talks were also arranged in co- 
operation with the Quality Control Association, Bangalore, and papers were submitted by 
the Unit for discussion at the Chemical & Textile Standards Convention of the Indian 
Standards Institute held at Bombay from 9th to 15th January, 1956. 

9. At the meeting of the Advisory Panel of the Unit held on 7th and 8th May, 1955, 
in Bangalore, Prof. S. K. Ekambaram gave a talk on “SQC in Industry” and Messrs. E. H. 
Osman and A. R. Frederick of the US Technical Co-operation Mission to India spoke on 
“The Role of Standards in Quality Control”, and “Managerial Prerequisites of Quality Cons 
trol” respectively. Practical demonstration of SQC methods and techniques were given 
by the Unit staff from materials brought from the production lines in factories. Visits to 
19 factories and mills were undertaken by the staff of the Unit and guidance in technical 
work was given. 
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10. A 10-Day course was conducted between 9th and 19th May, 1955 in Gg ar 
by the Quality Control Association in which the Unit staff fully participated. A on 
similar course for managers and supervisors was held in Coimbatore from 19th to “ian 
December, 1955 by the Unit. This was attended by 25 candidates from textile, rubber, 
textile-machinery, engineering and other industries. 


11. SQC Unit, Calcutta: The Calcutta Unit which had been established in oe 
ember 1954 got into stride during the year under review. The staff D of 6 ima 
assistants and 2 others at the end of March 1956. The Unit was fortunate in having adah 
guidance from Messrs. G. Taguchi, and T. Hanada from Japan and Mr. D. J. Desmond 
from the United Kingdom. Mr. Taguchi, who was associated with the Unit from the begin- 
ning returned to Japan in the middle of August 1955. Mr. Hanada worked with the Unit 
om April to December 1955. Mr. Desmond, whose services had been made available by the 
Government of UK under the Colombo Plan, was in charge of the Unit for the rest of the 
period under review. 


12. The Unit started its regular service to industry 
as members. By 31 March, 1956, 5 more firms had joined, b 
bers to8. The Unit arranged for two courses for trai 
A course of lectures on Design of Experiments was given by Mr. Taguchi to the technicians 
of the Indian Aluminium Co. Ltd., Belur, in April 1955. 
afternoons, was organized from 17 to 31 
factories. Facilities were also 
from outside. 


in April 1955 with three factories 
ringing the total number of mem- 
ning factory-technicians in SQC methods. 


An intensive course of ten working 
May, 1955 for the SQC technicians of the member 
provided by the Unit for practical training in SQC for officers 


7. WORK ON PLANNING FOR NATIONAL DEVELOPMENT 


7.1. Economic Planning 


1. A small Operational Research Unit (ORU) for planning w 


as established early 
in 1954, and work was started on a small scale, 


Prime Minister Jawaharlal Nehru 
ent in the Institute on 3 November 
large scale and culminated in the 


, the Planning Commission and 
India) as the basis for 


, the Ministry of Fi 
In accordance with the above decisions by Gove 


was expanded and an economic wing was set up in stitute in the last quarter of the 
i £ AR FeR Banh, 3 

ee inge then work on plann 8 in the Institute has been continuing 

in both Calcutta and Delhi and is organized in seye 
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3. One section was engaged in studies on methodological aspects of long-term plan- 
ning. Professor Charles Bettelheim of Paris, who came to the Institute in October 1955 with 
an assignment under the United Nations, was actively associated with this work. The general 
approach in this section is to assess physical requirements and available resources; and to work 
out plans for various periods with the help of input coefficients and technological constants. 
Work was also started on transport requirements, and on the coal industry in all its aspects. 


4. Another section continued the study of inter-industry relations which had been 
started in 1954 on the lines of Leontief’s work. A table of inter-industrial transactions for 
1951-52 was completed which distinguished between 34 broad groups of activities, and 
showed the utilization of the product of each activity in the form of input into one or more 
of the other activities as well as in private and public consumption, capital formation and 
export. The construction of another table of transactions for 1953-54 was in progress. 
Analytic studies had also been started on estimating levels of activity appropriate to any 
assigned target of final demand; and on forecasting the final demand in 1953-54 on the 
basis of the coefficients of 1951-52 for purposes of comparison. 

5. A third group was engaged on economic studies of a more general nature covering 
such topics as problems of differential excise duties, interaction between the monetized and 
the non-monetized sectors of the economy, labour productivity in Indian manufacturing 
industries, capital-output ratios, monopoly concentration in Indian industries, concepts of 
national income appropriate to underdeveloped countries ete. A report on a special survey 
of the Chittaranjan township was in progress. 

6. In Delhi the Institute staff worked in close collaboration with the Central. Statis- 
tical Organization (CSO) and undertook a number of special studies among which may be 
mentioned the problems of financing the Second Five Year Plan, and the statistical relation- 
ship between changes in national income and changes in the production of basic commo- 
dities like steel, coal, electricity and cement in the UK, USA and the USSR. 

7. Besides studies on planning, the Planning Division collaborated with the National 
Sample Survey for the framing of a pilot schedule for the agricultural labour enquiry and the 
price schedule of the eleventh round of the NSS. 

8. The work on planning greatly benefited from discussions with foreign scientists 
who gave lectures and participated in seminar work in the Institute. Special mention may 
be made in this connexion of Professors, Paul Baran (USA), V. Dyachenko (USSR), Charles 
Bettelheim (France), J. K. Galbraith (USA), Oskar Lange (Poland), J. A. Links (Nether- 
lands), The Rt. Hon’ble John Strachey, M. P. (UK), J. Tinbergen (Netherlands). Professor 
Norbert Wiener (USA) set out in a seminar lecture the theoretical considerations involved 
in work on planning. Dr. Frank Yates (UK) gave some preliminary considerations to 
agricultural planning. 

9. Dr. Nicholas Kaldor of the University of Cambridge, UK, came to India at the 
invitation of the Indian Statistical Institute. By special arrangement he worked for nearly 
three months in the Ministry of Finance in New Delhi and prepared an important Report 
on Indian Tax Reform. He also gave lectures and had discussions in Delhi and Calcutta. 


10. Working Papers on Planning: A series of working papers on planning,, which 
had begun to be issued from November 1954, were continued and 22 Working Papers 


were released during the year under report. A list is given in Appendix 9. 
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A nit called Kalyanashree was started in Calcutta on 28 os 
new u : sik 
i small-scale household industries 
5 tistics and study the economics of 3 | 
oe Be cin aa has supplied accommodation and some equipment and 
andicrafts. So hegek aga 
isti studies. The actual work in the 
i ff for the statistical and economic s ! 
Bea cs S entirely self-supporting basis and current expenses are met from sales 
ae Extracts from the speech delivered by Professor P. ©. Mahalanobis at the 
of pr 5 
opening ceremony are given below. 


“l. Ishall try to explain very briefly the purpose which we have in view in ere 
this new unit. There are no immediate prospects of our being able to get rid of unemp) ml 
ment exclusively through modern industrial developments. We must, of course, develop 
modern industries as fast as we can; but it would take a number of years, 5, 10, 1 
20 years before we can solve the problem of unemployment in the way it wi 
industrialized countries of the world. In this situation, as we hay: 
materials, our thinking in India is turnin 


5 or even 
as solved in highly 


ith the help of modern machinery driven by power. 
or per person which is important—it is the total pro- 
duction in the country which matters; and, therefore, in India we are thinking seriously of 
activating the unexploited resources which are not being utilized at present; and the biggest 
pool of such resources is, 


of course, the idle hands. Therefore, we are eager to know what 
are the possibilities of increasing production in household enterprises. 


But it is not merely the production per hour 


“2. In this situation, in our 


own Institute, we are thinking of making a thorough study 
of the problem through partly con 


trolled laboratory-type experimentation and also through 
field studies. As a first step, we are establishing this small centre for tradition 


where those who have no employment would come and would be 

terials with which they would produce what they can. And we shall give a guarantee to pur- 
chase what they would produce. We shall, most of all, draw upon skills which are already 
there but are not being used. We would also supplement this, to Some extent, by giving 


training to the unemployed (many of whom would be refugees). The aim would be to help 
them to earn their living as quickly as possible. 


al handicrafts 
given tools and raw ma- 


“3. ** * Our statisticians, 
would use this centre as a laboratory t 


cost, and what would be the effort needed to organize the w 


“4. This is the first step. It is our hope that vı 
to some of the households in our neighbourhood. Ul try to supply raw materials, 
perhaps also some small tools to people who will wor 


k in their own homes—that would be 
our second step. We may then extend the study wid We may take a group of 4 or 5 


villages about 3 or 4 miles away but still within easy reach so that contact can be maintained; 
and we shall supply raw materials or tools and try to increase Production in the village enter- 
prises. This would be the third step. Wehave also a fourth step in view, namely, to establish 
a small independent centre with perhaps one worker or may be with two for a group of 8 or 
10 or even 20 villages. In these villages efforts wo 


uld be made to increase production by 
using idle hands and skills which are already there, 


our economists, and our te 


chnologists and scientists 
o study what would be ¢ 


he output, what would be the 
ork and so on, 


er. 

ch s 
crea 
four 
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“5. At the same time, our economists and statisticians would study the effect of 
an increase of production and income. It will be the task of the National Sample Survey, 
the Special Technical Unit, and the Planning Division, to find out how the unemployed 
are living before they start work in our centres. Our survey staff will go to their home and 
find out what is their income, what they are now eating, and how they are living. When 
they begin to work in our centre and their income goes up, we shall try to find out how that 
additional income is being spent, and what are the new demands. This we hope to do not 
only in the indoor centre but in the outdoor unit; and, later on, also in the village unit. This, 
we hope, will throw some light on the question of what would be the new demands which 
would be created by the new purchasing power. 4 


“6. There is a third aspect which also we are keeping in mind, namely, the evaluation 
of the product at market prices, and also in relation to what should be considered some kind 
of a living wage. That is, we want to find out to what extent subsidies would be required 
and what would be the amount of such subsidies, to enable the products being sold in the 
market; of course,we may find that in certain lines no subsidies are needed. We shallalso try to 
learn something about the marketing aspect of the problem. Finally, we are keeping in mind 
the need for improving the tools for household enterprizes. 


«7, *** Tn our household enterprises in which we have a tradition of welfare wedded 
tobeauty—the name which has been selected for the new centre gives expression to this 
idea—Kalyana may be, in a general way, translated as “welfare”, and Shree is “beauty and 
grace”. It is a great tradition of India to look upon production not merely from the aspect 
of value but also from the aspect of welfare and the aspect of beauty. Therefore, I think 
Kalyanashree which is welfare and beauty wedded together is an appropriate name for 
the new unit.” 


7.3. Industrial Management Research Unit for Planning (IMRUP) 


The Council of the Institute approved in March 1956 a scheme for the setting up 
of another special unit with headquarters at Bangalore to study the problems of 
industrial management in both the public and private sectors. Two experienced engineers 
of senior standing, Dr. Bhola D. Panth and Shri D. P. Basu, started preliminary work in 
consultation with another senior engineer, Shri R. Natarajan who joined the new Unit in the 


Institute a little later in May 1956.* 


* The work of the IMRUP began with a preliminary Symposium on “Organization and Management 
of Public Enterprises” held in Bangalore on 17 and 18 April 1956 which was inaugurated by S. C. Sen, Joint 
Sccretary of tho Institute, and was attended by R. Natarajan as Chairman, and D. P. Basu (Director, IMRUP; 
Director ACBI Ltd.), M. N. Dastur (Industrial Consultant, Managing Director, M.N. Dastur & Co Ltd.), D. J. 
Desmond (Adviser on SQC under the Colombo Plan), J. K. Galbraith (Professor, Harvard University, 
USA), A. K. Ghosh (Managing Director, Bharat Electronics Ltd.), P. K. Gopalakrishnan (Research Asso- 
ciate, IMRUP), S. S. Khera (Secretary, Ministry of Production), K. B. Madhava (Actuarial Consultant), 
M. K. Mathulla (Managing Director, Hindusthan Machine Tools Lid.), K. Narayanaswamy (Director of 
Industry & Commerce, Mysore State), Pitambar Pant (Secretary to the Chairman, Planning Soran 
Bhola D. Panth (Director, IMRUP), T. Shamanna (Vice-Chairman, Mysore Iron & Steel Works Limited), 
J. M. Shrinagesh (Managing Director, Hindusthan Aircraft Ltd.), the Rt. Honb’le See Strachey, 
(Member, British Parliament), and P. C. Suri (Director, Public Management Studies, Planning Commis- 


The proceedings of the Conference have been circulated separately. 
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8. SERVICE UNITS 


8.1. Machine Tabulation Unit 

1. The Machine Tabulation Unit was mespousthls primarily for (1) = 

(2) processing and (3) storing of punched cards relating to statistical work of ag 
Sample Survey and allied projects undertaken, by the Institute. This Service f p 
mmodated also special types of calculation work of the research workers of the 
Tanti te. In the year 1954-55 the size of the Machine Tabulation Section doubled 
oe and i necessitated, early in 1955-56, experienced workers from other orga- 
nizations to be requisitioned to meet up the personnel deficiency. By the latter path of the 
new tabulating unit started functioning at Delhi. An experienced senior worker 

= aa was sent to Delhi to organize the tabulation unit there solely for NSS 


work. The strength of tabulation equipment at Baranagar, Giridih and Delhi, as they were 
in December 1955 and in March 1956 are given in Appendix 7. 


2. The rapid expansion of this Section created a number of problems of which 
scarcity of trained operators was the foremost. A hat 
ed and trained in punched card system. At the end ini 
successful and were absorbed as machine operators at Baranagar. 


8.2. Library 
The Central Library was located at Baranagar with service br 
at 9/B, Esplanade East, Calcutta, and at the Giridih Branch of the I 
2. The Library ac 


1. anches at the 
City Office 


nstitute, 


3. Amongst the various servic 
Bibliographical Services, (2) Circulating 
June 1955 for systematic processing ani 
and planning in India, and (4) Translat: 
specially in French and Russian wer 


al relating to statistics 
other foreign languages 


8.3. Workshops 
1. The workshops of the Institute b 
the year. The development sector was 


j section and catered for other research 
needs. It made considerable progress in improv 

machine which was designed in 1954-55 and repaired 671 desk calculators of different 
types. A number of additional equipment were installed in this sector during the year 
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which made it necessary to expand the floor space from about 1000 sq. feet to nearly 
4000 sq. feet. The number of workers also increased from 19 to 37. 


2. The general sector of the workshop, which had 12 workers including some highly 
skilled mechanics, looked after the general requirements of the Institute. It constructed 
one heavy duty handpress (capacity 40 tons), one grinding machine, one blade grinder and 
several other small tools. This sector manufactured 250 pieces of crop-cutting apparatus 
and six sets of SQC models with improvements devised in the workshops. It also executed 
a large number of maintenance jobs. 


3. The project for securing machine tools from the USSR through the United Nations 
Technical Assistance Administration materialized during the year with the arrival of the 
first consignments of Soviet machine tools. Some of these machine tools are being installed 
in the workshops. 


9. SOCIAL AND WELFARE SECTION 


1. Health Home: The foundation stone of the Health Home for workers was laid 
by Dr. Satyasakha Maitra, F.R.C. S. at Giridih on 26 December 1955; and the Home was for- 
mally opened by Dr. F. Yates, F.R.S., on 5 March 1956. Professor P. ©. Mahalanobis presided 
over the opening ceremony at which Mr. E. A. Rowse, Shri C. V. Narasimhan, (Joint 
Secretary, Ministry of Finance) and Shri N. S. Pandey (Deputy Secretary) were present among 
the guests. The Health Home was built on land received as a gift from Sm. Nirmal Kumari 
Mahalanobis with an initial donation of Rs. 5150/- received from the delegation of Soviet 
scientists in 1954-55. 


2. Medical Welfare Unit: The Medical Unit at headquarters, under the charge of 
Dr. R. Maitra, M. B., has made steady progress and is at present housed in an independent 


building with a well-equipped dispensary, a reception room for patients, an examination 
room, an isolation room and two single-seated sick rooms. l 


The benefits of the Unit cover the workers and their families and include free 
treatment at the attached dispensary, calls at Workers’ and Officers’ residences by the 
medical officers at the subsidized rate of one rupee and eight annas per cal, and 
prescriptions supplied on a cost basis. 


The total number of cases treated during the year under report was 8,819 against 
7,449 during 1954-55. The Medical Officer attended 830 calls at workers’ residences, the cor- 
responding figure for the previous year being 740. Medical consultations, minor surgical 
treatment and injections ete., totalled 757 against 688 in the preceding year. In all 9,079 
prescriptions were served by the Unit Dispensary, the corresponding number for the previous 


year being 7,214. Medicine worth Rs. 10,332 was supplied to workers during the year; the 
cost on this account during the previous year was Rs, 7.877 only. 


Six-monthly inoculations against typhoid and cholera and yearly vaccination against 


small pox were given as usual to the entire Institute staff at Headquarters and City offices 
The benefit of the anti-malarial measures, which was so far confined to the Institute workers 
only, has been extended to cover the entire Field staff. The Medical Unit also looked after 
the sanitation of the Institute campus, including hostels and other residential quarters with 
the active co-operation of the Estate Office. The Medical Unit has started a preliminary 
statistical study on health conditions of Institute workers. 
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In the Branch Medical Unit at Giridih under the care of Dr. N. K. Das, M.B., 2015 
Prescriptions were served and the Medical Officer attended 377 calls from the workers 
families. Although there is no regular Unit attached to the ISI Office at New Delhi there 
exists an arrangement for medical aid to the workers and guests. The services of Dr. B. 
Saha, M.B. are available to the guests and workers as and when required. 


3. Wight School and Adult Literacy Drive: At the beginning of the Session the 
Night School had 40 students on its roll. Two new teachers were appointed and a School 
Committee of 4 members has been formed. The School now has some permanent accom- 
modation and some essential equipment has been obtained. 


As a part of the ensuing 25th Anniversary Celebrations 
has been launched among the workers of the Institute, 
been enrolled and judging by the Progress already 
become literate before the Anniversary celebration: 


4. Workers’ Club: During the year under review the Club at Baranagar made subs- 
tantial progress in every sphere of its activities. The membership registered a further in- 
crease and stood at about 600 at the close of the year, 


a drive against illiteracy 
Fiftyone students have already 
made it is expected that all of them will 
s in December 1956. 


The Sports and Games Section of the Club arranged inter-section football and volley- 
ball tournaments, Competitions in badminton, chess, cards (auction bridge) and table tennis 
were organized during the year, The fourth annual Sports meeting was held in J. anuary 1956. 


ural Section organized debates, film shows and an exhibition of 
kind in our Institute, A large 
ranged by the Club and a steamer 


eral issues of a wall paper came 
gathering and prize distribution 
* by Shri Manoj Bose. 


Society. The IST Workers’ Tuberculosis Bed F 


A Recepti i ion- 
ist was set up in J; anuary, 1956, A brochure, ¢ eption Room attended by a reception: 


> €Xplainj s ; 
been published. Plaining the work of the Institute, has also . 


6. “Samvadadhvam;?: 
to have a house journal that wo ‘ 
Institute and provide a common medium for cig, Bae a different departments of the 
entire body of its workers, Plans fo S mation and ideas between the 
the year and the first issue came ou 
text which means “united We speak”). It ig hop 
by fostering a sense of solidarity among the 
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7, Canieen: Besides the routine serving of meals and refreshments to the workers, 
the canteen undertook the catering arrangements for several tea and luncheon parties. 


8. Salboni Club: The Salboni Club at Giridih celebrated the Bengali New Year's 


“Day: the Republic Day, ‘Barsha Mangal’ and the Anniversary of the Foundation Day of the 


Institute. It held social functions on different occasions such as the opening of the Club’s 
present premises, inauguration of the Health Home, and reception to the ISEC trainees 
and RTS students, The Club provided facilities for indoor and outdoor games, staged a 
play, held an annual sports meeting, and organized tournaments. It also organized for its 
members a sight seeing and educational tour to the DVC area. The Club raised a fund of 
Rs. 138/6/- to provide medical relief to an ex-worker. 


10. EXTERNAL ACTIVITIES 


1. Professor P. C. Mahalanobis (accompanied by Mrs. Mahalanobis) and Dr. C. R, 
Rao attended the biennial session of the International Statistical Institute held in Rio de 
Janeiro, Brazil, from 24 June to 2 July 1955. Dr. C. R. Rao also attended the Biometric 
Conference at Campinas, Brazil, in the same month. Professor and Mrs. Mahalanobis visited 
New York and London on their way back. 


2. Professor Mahalanobis attended the meetings of the Working Group of Experts 
on Family Living Studies in the International Labour Organization (ILO : Geneva, 
September 1955); Study Group on the Measurement of Levels of Health of the World 
Health Organization (WHO: Geneva, October 1955). 


3. Shri Samar Kumar Mitra and Shri D. S. Kamat visited the USSR in September- 
October 1955 for discussions on electronic computers, 


4. Shri Ajit Das Gupta and Shri Ranjan Som attended the first meeting of the Work- 
ing Party of the Economic Development and Planning held under the auspices of the ECAFE 


at Bangkok from 31 October to 12 November 1955 and also attended a seminar on Population 
Studies held in Bandung in November 1955, 


5. Professor Mahalanobis presided over the Third Pakistan Statistical Conference 
at Lahore in February 1956. 


6. Shri Debabrata Lahiri attended the Fourth Regional Conference of Statisti- 


cians organized by Economic Commission for Asia and the Far East at Bangkok from 26 
March to 6 April 1956. 


7. Dr. C. R. Rao attended by invitation the Third All Union Mathematical Con- 
ference held in Moscow from 24 June to 5 July 1956, 


8. Shri S. Chatterjee, Dr. E, Harper, Shri S. Mitra, Dr. Des Raj, Shri S. P. Sangal 
Shri Sushil Kumar and Shri T. K. Sen attended the Agra Session of the Indian Science 
Congress in January 1956. 


9. Dr. Shib K. Mitra attended the Third All-India Seminar on Educational and 
Vocational Guidance held at Baroda in February 1956. 


10. Dr. C. R. Rao, Dr. Œ. Kallianpur, Dr. A, Matthai and Dr. Des Raj served as 
members of the Board of Studies and also on the Board of Examiners of different universities. 
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ll. VISITING PROFESSORS 


As in previous years the Institute was fortunate in having a number of distin- 


guished scientists as visitors from France, Israel, Japan, Netherlands, Norway, Pakistan, 
Poland, Sweden, the UK, the USA and the USSR. 


The following scientists came to India atthe invitation of the Institute and 
gs 


worked here for several months. 


I. 


bo 


10. 


TY. 


12. 


13. 


14. 
15. 


16. 


17. 


: s iversil A 55 to February 
PROFE: PauL A. Baran, Stanford University, USA (December 1955 to | 
ins ee : (i) National Income Concepts and Computations and (ii) Theory 
of Imperialism Reconsidered. Discussions on Planning. 


PROFESSOR CHARLES BETTELHEMM, University of Paris, France (Through United 
Nations : October 1955 to August 1956). Research on Economic Planning. 


Prorsssor J. K. GALBRAITH, Harvard University, USA (February to April 1956). 
Lectures : Strategy of Inflation Control. Discussions on planning. Paper: “Eco- 
nomic Planning in India: Five Comments”, 


Dr. ARTHUR GEDDES, University of Edinburgh, UK (September 1955 to January 1956). 


Lecture: Traversing India a geographer uses Economic Statistics. Discussions 
on the use of NSS data for geographical purposes. 


Dr. Q. M. Hussar, University of Dacca, Pakistan, (ISEC : September 1955 to 
February 1956). Lecture : On Design of Experiments. 


PROFESSOR OSKAR LANGE, Rector, Institute of Statistics and Planning, Warsaw, Poland 
(January to May 1956). Lectures : (i) Organization and Working of Socialistic 
Economy, (ii) Theory of programming. Discussions on planning. 


Dr. J. A. Lgs, Central Planning Bureau, Netherlands (ISEC : September 1955 
to February 1956). Lectures and research on planning. 


Mr. H. LUBELL, Falk Project for Research, Israel (ISEC : September to October 1956). 
Lectures on International Accounts, Studies on analysis of consumer expenditure. 
Dr. NICHOLAS KALDOR, Cambridge University, UK (January to April 1956 
report on “Indian Tax Reform” (published 
lectures on Indian taxation, 
PROFESSOR S. N. Roy, 
Lectures on “Stat: 
statistics. 


). Prepared 
by the Government of India). Also 


University of North Carolina, USA 


(February to April 1956). 
istical analysis” with seminar dis ‘ i 


cussions on mathematical 
Tue Rr. HoN’BLE JOHN Srracuny M.P., UK (F i dare 
aes > M.P., ebruary to April 1956) : Lecture : 
Contemporary Capitalism and the Under-developed Mii Di maan. ie planning. 
PROFESSOR A. S. SOBOLEV Academ i i 
; y of Sciences, US r 56) : Lecture: 

Closure theorems of an algorithm jn solving integral nA veg i 

Dr. G. TAGUCHI, the Institu 


te of Tele-communicar i = 
to August 1955): Camale ae Tokyo, Japan (September 1954 


i Statistical Quality Control. 

Dr. DANIEL THORNER, the Institute of Orient - : i 

to December 1955): Lectures 5 Agrarian ‘obese delpha, USA (November 
Dr. J. TINBERGEN, Planning Bureau, Neth xá 

Lectures and discussions on Econometric mang, cee Meteumry 1966), 
PORES ee We Th of Technology USA (September 

eee eet or lectures on (i) Harmonic analysis (i) Ergodiô 
Ube ae seminar discussions. 
Lectures on (i) Ordered statistics, (ii) Vari (March to April 1956). 
statistics in the USA, with discussions, ah; components, (iii) Government 
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Dr. Frank Yates, Rothamsted Experimental Station, UK (March to April 1956). 
Lectures : (i) Programming problems, (ii) Long term experiments with discussions. 

Dr. M. Z1a-up-Diy, University of Punjab, Pakistan (ISEC : August to September 1955). 
Lectures : (i) Statistical methods, (ii) Symmetric functions. 


FOREIGN LECTURERS 


A number of foreign scientists visited the Institute for short periods and kindly gave 
lectures and had discussions in the Institute. 


Dr. Marcus Bacs, University of Iowa, USA (February 1956). Lecture: 
Mahatma Gandhi & Albert Schweitzer: Links between East and West. 


Mr. ©. K. Duwarr, UN Statistical Office, New York (January 1956). Lecture : 
UN Statistical data processing. 


Proressor V. P. DYACHENKO, Corresponding Member of the Academy of Sciences, 
USSR, Institute of Economics, Moscow (January 1956). Lecture: Organization 
of Economic Research in the USSR with discussions. y 


Dr. J. DownNir, UK (August 1955). Lecture : Competition theory and its relation 
to Macro-economics. 


Dr. ERLAND v. Horsten, Chief of the Statistical Division of the Social Welfare Board, 
Sweden (November 1955). Lectures : (i) Household enquiries, (ii) Some new 
problems in Index numbers. 


Dr. GUNNAR MYRDAL, Executive Secretary, Economic Commission of Burope, Geneva 
(January 1956). 


Proressor EDWARD NAROZEWSKI, Poland (March 1956). Lecture: Problems of 
measures, 


Dr. Trrus Popna, Economic Consultant, New York, USA (February 1956). 
Lectures: Planning in USA. 


Proressor S. M. Tuan and S. CuEne, China, Lecture : Some mathematical problems. 
Prormssor S. Krirsky, USSR (January 1956). Lecture: Problems in river research. 
Dr. P. K. Wuutrrox, Director of Scripps Foundation for Research in Population 
Problems, USA (January 1956) Lecture : Fertility analysis. 
INDIAN LECTURERS 


We are also grateful to a number of Indian colleagues who gave lectures in the 
Institute. A list is given below. 


Dr. K. S. Bangeran (Deputy Director, State Statistical Bureau, West Bengal) : Lectures 


on Constructions of Cost of Living Index Numbérs. 


Mr. K. C. CHERIYAN (Agricultural š F y : A a 
Lectures on Rural ihe ae Gee Department, Reserve Bank of India, Bombay) : 


a crn y M piso (Gokhale Institute of Politics and Economics, Poona) : 
singh: ndamental concepts in Fisher’s theory of estimation. 


Mr. C. R. B. Menon (Director 


Gi i i Statistics, 
Government of India) eneral of Commercial Intelligence and 


: Lectures on Statistics of trade and industry. 


PROFESSOR J. MACLEAN (formerl j : Problems 
a MKD a fi y of Wilson College, Bombay): Lectures on 


Dr. G. B. Rao (Deputy Director of Commercial Intelligence and Statistics, Government 
of India): Lectures on Statistics of trade and industry. 


Dr. K. 8. Rao (University of Bombay): Lectures on Econometric problems. 
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12, GENERAL ADMINISTRATION 


1. Membership: The position of membership of the Institute during the year under 
review was as follows: 


new members enrolled total number at the end 
during the year of the year 
Ordinary members oo m 
Sessional members nil 7 
Student members 6 a 
Life members 1 


2. Honorary Members: On the recommendation of the Council the following were 
elected Honorary Life Members: 

Shri Chintaman D, Deshmukh w 
since 1945. 


Dr. Satya Churn Law, M, AB, Ph. D 
Treasurer since 1936, 


ho has been helping the Institute as its President 


who has been holding the Office of 


Sm. Nirmal Kum 
its foundation. 


Dr. H. O; Sinha, M, Sc., Ph. D., who h 
the foundation of the Institute in 1931 and ga 
earlier years, 


ari Mahalanobis who has been actively helping the Institute since 


ad helped in the Preparatory work leading to 
ve effective help as Joint Secretary in the 


3. Council: Names of the members 
The Council held nine meeti 


establishment of the Industrial 


changes in the Rul f the Institute 
(24 March 1956). e Aules of the Ir 


4. Governing Body: The Governing Boq 
at Baranagar on 13 August 1955 with Sir D. N. M 
of the Governing Body also met on the sa 
the Governing Body the Finance Commi 
are given in Appendices 2 and 3). 


5. Headquarters: During the year under review an area of 18.000 s ft. was built 
upon in addition to the existing floor Space of 44,000 Sq. ft. in the main buildin, aa Barrack- 
pore Trunk Road, Moreover, to meet the demand for more space for a . | k an 
q. ft. was made a p ee wai 


increased floor space of 25,000 s vailab] 
e by erecti 


the whole requirement of fu 
ts for B ie a 
Calcutta offices. r Baranagar, Giridih an 


Y of the Research and Training School met 
itra in the Chair. The Finance Committee 
eday at Baranagar, (Names of the members of 
ttee and other Committees set up by the Council 


ers met, 
Thiture and Hollerith Cabine 
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6. Calcutta City Office: The Calcutta Unit of Statistical Quality Control which 
was established in September 1954 had its office at 9B, Esplanade; this office was also used for 
general administration work and for meetings and lectures of the Institute. Other offices 
were located at 294/1, Upper Circular Road, Calcutta-9 and 210, Cornwallis Street, Calcutta-6. 

7. Giridth Office: During the year under review development work on land progressed 
satisfactorily. A survey of the entire land was carried out, and a contour map was prepared. 
A Health Home was opened in February 1956 (further details in Section 9). The students 
of the professional training course and ISEC trainees went to Giridih for field experiments 
and training and various experiments and surveys were organized there. (Further details 
in Section 4.2.) 

8. Delhi Office: The office at Delhi continued to function at 8, King George Avenue 
as a link between the Institute and the Central Statistical Organization, the Planning Commi- 
ssion, the Department of Economic Affairs and other departments of the Ministry of Finance 
and other Ministries. 


9. Bombay Office: The Bombay Office helped the Branch in the work of ninth 
and tenth rounds of National Sample Survey in Bombay city as also in conducting 
Statistician’s Diploma Examinations and organizing a series of lectures, the details of 
which are given under section 13.1. The report of activities of the Statistical Quality 
Control Unit at Bombay is given under Section 6. 

10. Bangalore Office: The Bangalore Office helped in the work of two pilot 
sample surveys, the details of which are given under Section 13.2. The report of activities 
of Statistical Quality Control Unit at Bangalore is given under Section 6. 

ll. Field Branch: The Field Branch of the Institute had a staff of 161 workers 
on 31 March, 1956. During the year under review, series of short-term experimental surveys 
were taken up along with NSS work. Among such surveys may be mentioned enquiries 
relating to demography, health and employment, harvest crops, casualties due to cancer 
year in Calcutta, and a pilot survey to study the production and utilization of cattle dung in 
selected villages etc, 

12. Distribution of staff at different centres: The following table shows the distri- 
bution of workers at Baranagar, Calcutta, Giridih, Delhi, ombay and Bangalore as on 
31 March 1956 as compared with the figures at the end of the previous year. Figures are also 


shown for the Field Branch maintained under the direct control of the Institute for sample 
surveys and special enquiries, 


centre = SA subordinate staff PA Ti 
1955 1956 1955 1956 1955 1956 
Calcutta Headquarters 548 756 161 « 290 709 1046 
Calcutta City 26 9 8 9 34 18 
qian 70 100 16 29 86° 129 
Delhi 6 28 3 5 9 33 
Bombay SQC 7 10 3 1 10 11 
Bangalore SQC 8 s 1 1 9 9 
IMRUP (Bangalore) nil 1 nil nil nil if 

ag a NT. ee ee 
Statistical 665 912 192 335 857 1247 
Field Branch 120 132 38 41 158 173 
total 785 1044 230 376 1015 1420 
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13. Changes in Staff: Some of the senior workers who joined the Institute ier 
the year are mentioned below together with the respective joining date sed, wit re 
brackets, the name of the Division: Shri Satyasankar Sengupta, 1 May 1955 Fa 
Division), Dr. Shib Kumar Mitra, 12 July 1955 (Psychometric Unit), Shri Sidar as 
Banerjee, 19 September 1955 (Organization and Methods Unit), Dr. B C. Das, < 
October 1955 (Biometric Research Unit), Dr. Rhea Das, 20 October 1955 (Psychometric 
Unit), Professor Panchanan Chakravortty, December 1955 (Planning Division), 
Shri Mohanlal Ganguli, 2 January 1956 (National Sample Survey), Dr. Bhola D. Panth, 
3 January 1956 (Industrial Management Research Unit for Planning), Professor P. 


Sarbadhikari, 9 January 1956 (Planning Division), Shri Ajit Kumar Biswas, 15 March . 


1956 (Planning Division). 


Shri S. B. Sen who had gone on leave in May 1954 to take up an assignment under 
UNTAA Programme in the Philippines returned and rejoined the Institute to work on a part- 
time basis from 28 November 1955. Dr. Sujit Kumar Mitra who had been away for 


about two years as a research assistant at the University of North Carolina, joined the 
Institute on 20 August 1956. 


The following persons left the Institute during the year: Dr. P. B. Patnaik left 
in September 1955 to join the Central Statistical Organizations. Dr. G. Kallianput 
was given leave to take up some work in collaboration with Professor Norbert Wiener 
and left for USA in May 1956. Shri Ravi KuMar left in January 1956 to join the 


Directorate General, Ordnance Factories as statistician. Shri Ananta Pandey left in 
February 1956 to join the University of Lucknow. 


14. Cost Accounts Section: This Section was, as usual, mainly concerned with 
evaluating output for various operational items in terms of equivalent standard hours for 
all primary workers, and also for all jobs undertaken by the - Projects Division. The 
system of incentive bonus was in operation in the form of prizes for ef“. — nerformarice- 
The Board of Standards continued to function and held 12 meetings A Ta reasonable 
levels of output rates for 238 items of work were fixed, 


15. 


Sankhya: The Indian Journal of Statistics: During the year under review 
four issues of Sankhyā were published comprising 


= Parts 3 and 4 of volume 15 and Parts 1 
and 2 of volume 16, and containing between them 2] papers including technical papers besides 
several important contributions on the Second Five Year Plan of India. The demand for 
the journal is steadily increasing and a number of new subscribers have been enrolled. 

18. BRANCHES 


13.1. Bombay Branch 

1. The Bombay Branch, in addition to its local activities, undertook many items 

of work on behalf of the parent Institute, (Names of office-bearers are given in Appendix 
4). 


2. Sample Surveys: The Branch carried out the field work of the ninth round 
of the National Sample Survey in Bombay City from Map to Rerenher: 1088 The 
field work for the tenth round was in progress Analysis of data on small scale industrial 
establishments in the City collected last year was also in progress, The Branch published 
the report on the enquiry into economic conditions of middle class families in Bombay city 
conducted in 1950. 
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3. Quality Control: The staff of the Board of Management for Quality Control 
continued to work in close cooperation with the SQC Unit, Bombay. Regular visits to 
factories were paid by members of the Board. Apprentices of the Board helped the SQC 
Unit in the collection and analysis of the data from member factories. 


4. Institute Examinations: The Statistician’s Diploma Examination was conducted 
at the Bombay centre in August 1955 and in March 1956. Fourteen candidates appeared 
for the examination in August 1955 and eleven in March 1956. 


5. The Branch arranged a series of lectures during the year. Among the lecturers 
were Shri V. P. Godambe and Prof. Oskar Lange. The Branch also received guests like 
Dr. Arthur Geddes, Prof. Oskar Lange, Prof. P. A. Baran, Dr. J. Links, Prof. E. A. Rowse, 
Mr. D. J. Desmond, Prof. J. K. Galbraith and Prof. S.S. Wilks. 


13.2. Mysore State Branch 


1. Membership: Ason 31 March, 1956 there were 22 ordinary members, 3 sessional 
members and 2 life members bringing the total membership of the Branch to 27. The 
Second Annual General Body meeting of the Branch was held on 27 May 1955. (Names of 
members of the Executive Committee in Appendix 4). 


2. Statistical Surveys: A pilot sample survey on ‘the spread of labour and their 
mode of transport in industries in Banfalore at Hindusthan Aircraft Ltd.,” was completed 
in March 1956. Another pilot sample survey on “‘consumers’ demand for products of cottage 
industries in Mysore city” was also completed during this period. ` A scheme was drawn up 
for a survey on ‘‘job satisfaction among workers in industrial concerns in Bangalore”. 


3. Visiting experts, lectures and seminars: Among the visitors to the Branch who 
delivered lectures were Prof. P. C. Mahalanobis, Mr. G. Taguchi, Dr. A. Geddes, Prof. Norbert 
Wiener, Mr Rowse, Prof. Oskar Lange, Prof. P. Baran and Prof. H. ©. Ghosh. 


ot 


13.3. Aligarh Branch 


1. The Aligarh Branch was inaugurated by Dr. Zakir Hussain, Vice-Chancellor of 
the Muslim University, Aligarh, on October 6, 1955 with Dr. Hussain as President, and 
Prof. D. P. Mukherjee of the Economics Department and Prof. S. M. Shah of Mathematics 


and Statistics Department as Vice-Presidents. (Names of office bearers are given in 
Appendix 4), 


2. The Branch undertook the study of two important problems, viz., agricultural 
underemployment and potential development of cottage industries. A preliminary survey 
of village Sarsol, 2 miles away from Aligarh, was carried out with the main purpose of 
studying the generation of rural incomes. The summary of results was sent to the Central 
Statistical Organization, Government of India. A detailed survey of village Faridpur was 
carried out for studying different aspects of rural economy. The survey extended from 
13 March to 14 April, 1956. A report was prepared on the basis of the data collected 
and was submitted to the Indian Statistical Institute, Calcutta. 
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Indian Statistical Institute : Receipts and Payments Account 
——— eee 


To Receipts N As. P. Rs. As P. 
; k: 25,096 15 1 
3 ing Balance : Cash in hand and at Banks is aks 
1. Opening Unadjusted suspense of 1954-55. ee aD 98.999 11 0 
Ds fi 3,537 4 0 
2. Membership subscription . i 
k: 4,090 0 0 
3. Training fees . ois si 
4, Examination fees and other receipts . . 32,390 9 0 
5. S.Q.C. membership and training fees eee. ae 76,639 2 0 
charges a oe 
6. Block grants from the Government of India, Ministry of 
Finance for— R 
5 Trai & General Purposes vie 7,26,000 0 0 X 
i) Ta De a a Cae, °° 95,400 0 0 
iii) Statistical Quality Control Units Ee = 1,36,700 0 0 
iv) Electronic Laboratory & Computing Machines 
Sector ats an is a3 1,15,000 0 0 
v) Economie wing pa 1,00,000 0 0 
vi) Operational Research Sector na ih 2,00,000 0 0 
vii) Multipurpose National Sample Surveys es 38,38,700 0 0 
viii) Employment Surveys (Planning Commission’s \ 
restricted programme) .. “se! 17,600 0 0 i 
le 52,29,400 0 0 
7. Development grant received from Government of India, 
Ministry of Finance in lieu of Supervision fees 5 2,50,000 0 0 
8 Funds received from Government of India, Ministry of 
inance for disbursement to the trainees at ISEC 
selected as fellows under the Technical Cooperation 
Scheme, Colombo Plan nits a sie 16,170 0 0 
9. Arrear dues for work in earlier years from : 
i) Government of India, Ministry of Home Affairs 
for United Nations & Government of India joint 
population studies at Mysore .. . 68,000 0 0 
ii) Government of India, Ministry of Finance for 
Employment Surveys integrated with NSS 9th 
Round ea as = ay 30,000 0 0 - 
iii) Government of India, Ministry of Finance for 
Planning Commission’s restricted programme on 
Employment Surveys .. ore 1,100 0 0 
— 99,100 0 0 
10. Refund received through Government of India on 
account of excess amount paid during 1954-55 through 
the Indian Embassy, United States o erica for 
preparation of a duplicate set of punched cards relating 
to Industrial Statistics ao 0 
ne 708 15 
11. Receipts from other sources for small items of work ; 
a) F.A.O.Rome .. aki ba E 2,381 0 0 
b) University of Michigan wia an ie e 
1,419 0 0 
SS, 3,800 0 0 
12. Miscellaneous receipts : 
a) Donations & contributions .. ie ahi 5,264 0 0 
b) Sale proceeds of waste paper, cards ete, pi 21 43 1 3 
SSS, 7,407 1 3 
13. Deposit accounts ., 5,514 5 3 


14, Outstanding liabilities for goods & services, . ie. a a 


a 
Rs, 69,76,641 6 0 
= a a 
6, HASTINGS STREET, CALCUTTA, 
The lst October, 1956, 


rrent expenditure) for the year ending 31st March 1956 


fret ete ee ai 


By Payments 

Rs. As. P. Rs.) As. P. 

1. Salary, dearness allowance, honorarium etc. - - ss 25,46,556 15 9 

Employer’s contribution to workers’ Provident Fund .- 95,259 6 0 
a 26,41,816 5 9 
2, Travelling allowances hå .. . 1,30,183 3 6 
3. Overtime allowances i a . 19,826 3 0 
4. Contribution to leave salary fund 1,45,000 0 0 


5. Visiting Professors, Fellows, Foreign experts & scientists 


ete. (SQC & ORU sectors) 1,36,445 5 9 


Research & Training sector (Transfer to fund account) 45,000 0 0 

aaa 1,81,445 5 9 

6. Scholarships, Stipends & assistance to trainees of the 
R. & T. School (transfer to fund account) .- sä 1,00,000 0 0 
7. Non-Colombo Plan Scholarships & assistances . 14,239 12 0 

8. Disbursement of Fellowship allowance to ISEC trainees 
under Colombo Plan we a ès 15,038 15 6 
9. Prizes to workers for initiative etc. ws .. 11,600 0 0 
10. Contribution to Gratuity fund .- ae . 1,10,000 0 0 


7 11. Machine Tabulation Expenses : . 2 
a) Hire & maintenance of Tabulating equipment, Key 
punches and verifiers including freight, transport, 
etc. se . is s> 
b) Cost of cards, Cabinets ete. sis a 
c) Payments to I.B.M., BTM., Powers-Samas & 
Gokhale Institute of Politics & Economics, Poona for 

tabulation of N.S.S. data -- or we 1,24,816 8 6 

eo ae $,13,878 12 
12, Printing & Publication (including paper for printing) -- 65,191 6 


5,08,643 1 0 
1,80,419 2 9 


13. Society type Activities ° 25.692 13 11 
14, Examination expenses |. af eens . 15,949 8 6 
y 15. Books & Journals (including cost of binding) He 50224 71 
pe 16. Workshop, Photo & Microfilm .. = ae 

17, Stores & materials for the Computing machine & Electro- 


1 
18,717 1 0 
6 


nic Laboratory unit 


-i eat R ae 29,240 11 
18. Repairs & replacement of machineries, equipment, 


accessories, furniture & fittings ete. . ia 53,414 5 3 
19. Stationeries & consumable stores a .. 69,064 7 3 
20. Auditor’s fees .. . sg .. 3,600 0 0 
21. Bank charges & interest EE ei a wa 3397 8 0 
22. Crop-cutting labour charges & experiments oe 3.643 3 6 
23. ‘Telephone charges " .. oe we 20,714 6 0 
24, Postage, telegram; advertisement, & other miscellaneous ? 
contingencies . ax as . 53,470 0 6 
` 25. Electric charges w a oe ae 23,373 2 0 
x 26. Ront, rates & taxes—including those of field & camp 2 
offices f š: 2 ete os oo 1,35,438 3 0 
+ 27. Repairs & maintenance of land & buildings including 
petty constructions . - iš . ijs 97,461 9 0 
28. Transport a a M m Ai 48,590 3 0 
29. Workers’ welfare & amenities -- ie KAN 81. 655 0 9 
30. Development at Director's discretion 29,648 0 6 
31, Statistical Quality Control Conference = 4 1332 3 6 
$ 32, Repayment of outstanding liabilities (as per last account) 63,301 5 6 
5 33. Repayment of Bank overdraft (as per last account) .. 65,722 3 10 
34. Repayment of loan from funded accounts (as per last 
account) ya y ih a = 1,95,000 0 0 
35. Repayment of old deposits (as per last account) we 3,963 2 3 
36. Depreciation charges (transferred to fund aje.) ee 71,000 0 0 
37, Development Grant (transferred to fund a/c.) D 250,000 0 0 
38. Temporary loan to Capital Expenditure A/c. $ 140,682 4 0 
39. Loans to staff for educational & house building purposes 4084 1 0 
40, Amount under suspense with staff and others pending 
4 final adjustmen Sie, ws ue ae 75,010 1 2 
‘te 41, Closing Balance : Cash in hand & at Banks : 
va i) with Central Office x ate d 36,856 15 $ 
4 ii) with pranches & sub-offices os He 96,774 5 0 
ee AA 
63,631 4 8 


panga ee 
Rs. 59,76,641 6 0 
a Na 


saj- P- ©. NANDI 


i Examined and ad correct. 
> 

Chartered Accountants & Auditors 

n 
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PART 3: APPENDICES 
Appendix 1: Members of the Council, 1955-56 


President: Shri Chintaman D. Deshmukh. 

Vice-Presidents: Dr. P. N. Banerjea, Professor D. R. Gadgil. Shri K. Œ. Mahindra, 
Sir Shri Ram. 

Chairman: Sir D. N. Mitra. 

Vice-Chairmen: Dr. S. K. Banerji, Prof. S. N. Bose, Shri K. P, Goenka, Shri S. C. Ray. 

Treasurer: Dr. Satya Churn Law. 

Secretary: Professor P. C. Mahalanobis. 

Joint-Secretaries: Shri Nihar Chandra Chakravarti and Shri 5. C. Sen. 

Members: Shrimati Chameli Bose, Prof. K.N, Chakravarti, Shri Nistaran Chakravarti, 

Shri V. M. Dandekar, Shri M. Ganguli, Prof. H. C. Ghosh, Shri Nimai Charan Ghosh, Dr. 

Q. M. Hussain, Prof. D. G. Karve, Prof. K. B. Madhava, Shrimati Nirmal Kumari Mahala- 

nobis, Shri N. T. Mathew, Shri Mani Mukherjee, Dr. U. S. Nair, Shri Pitambar Pant, Dr. B. 


Ramamurti, Dr. C. R. Rao, Mr. N. Sundararama Sastry, Shri J. M. Sen, Shri Sadasiv 
Sengupta. 


Appendix 2 : Governing Body of the Research and Training School, 1955-56 


Shri Chintaman Deshmukh (President, ex-officio), Sir D, N. Mitra (Chairman, 
ex-officio), Prof. P. C. Mahalanobis (Secretary, ex-officio), Shri Bali Ram Bhagat and 
Shri C. V. Narasimhan (Representatives of the Government of India), Dr. N. S. R. Sastry 
(Reserve Bank of India), Dr. U. Sivaraman Nair (Inter-University Board), Mr. J. A. R. 
Tainsh (Associated Chamber of Commerce), Shri D. N. Mukherjee (Fedaration of Indian 
Chambers of Commerce and Industry), Dr. V. Q. Panse (National Institute of Sciences), 
Dr. J. P. Niyogi (Indian Economic Association), Sir Shri Ram, Dr. S. K. Banerji, 
Prof. S. N. Bose, Prof. K. B. Madhava, Shri N. C. Chakravarti and Dr. C. R. Rao 
(Representatives. of the Council of the Indian Statistical Institute). 


i Finance Committee (of the Governing Body): Sir D. N, Mitra 
Prof. P. C. Mahalanobis (Secretary, ex-officio), Dr. C. R. R 
Training School), Shri C. V. Narasimhan and Shri 
Government of India), Mr. J. A. R. Tainsh and Shri 
of the Governing Body). 


(Chairman, ex-officio), 
ao (Director of Research and 
5. Jayasankar (Representatives of the 
Nihar Chandra Chakravarti (Members 


Appendix 3: Committees set up by the Council, 1955-56 


Finance Committee: Sir D.N. Mitra (Chairman), Dr. S. 0, Ii 
Prof. P. C. Mahalanobis (Hony. Secretary, ex-officio), Dr. S. K. Ban 
C. V. Narasimhan, Shri P. Pant, Shri S: ©. Sen, Shri N. C. 
Secretary). 

Journal Committee: Prof. S. N. Bose, Dr. Debab 
Prof. K. B. Madhava, Prof. P. C. Mahalanobis (Editor, 
Mukherjee, Dr. U. S. Nair, Shri D. B. Lahiri, Shri P, Pan 
Rao, Dr. N. 8. R. Sastry and Dr. P. B. Patnaik (Repres 
Shri Anikendra Mahalanobis (Member and Secretary), 


aw (Treasurer, ex-officio), 
erji, Shri S. C. Ray, Shri 
Chakravarti (Member and 


rata Basu, Dr. Q. Kallianpur, 
Sankhya, ex-officio), Shri Moni 
t, Dr. B, Ramamurthi, Dr. €. R. 
entatives of the Governing Body), 
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Examinations Committee : “Dr. N. S. R. Sastry, Shri V. M. Dandekar, Prof. P. C. 
Mahalanobis, Shri M. L. Ganguli, Shri N. C. Ghosh, Shri P. Pant, Dr. B. Ramamurti, Shri 
N. C. Chakravarti, Dr. C. R. Rao, Shri J. M. Sengupta, Shri Sadasiv Sengupta, Shri D. 
Y. Lele, Prof. K. B. Madhava, Dr. S. K. Banerji, Dr. U. S. Nair (Representative of the 
Governing Body) and Shri J. M. Sen (Member and Secretary). 


Appendix 4: Office Bearers and Council Members of Branches, 1955-56 


Bombay: Shri V. L. Mehta (President), Prof. C. N. Vakil, Shri R. G. Saraiya, Shri 
L. S. Vaidyanathan and Dr. N. 8. R. Sastry (Vice-Presidents), Dr. K. S. Rao and Shri K. Cs 
Cheriyan (Joint Secretaries); Dr. D. T. Lakdawalla (Treasurer), Dr. R. L. N. Iyenger, Prof. 
M. C. Chakravarti, Shri H. T. Parekh, Shri A. S. Palekar and Shri M. A. Telang (Members 
of the Council). 

Mysore : Prof. S. K. Ekambaram (President), Shri A. Ananthapadmanabha Rao 
(Vice-President), Shri Srinagabhusana (Secretary), Sri R. Guraraja Rao (Joint Secretary); 
Shri R. Ramaswami (Treasurer), Shri Ravi L. Kirloskar, Shri S. K. Rama, Shri H.S. Nara- 
yana Rao, Shri M. C. Satyanarayana, Shri R. Natarajan and Shri M. V. Venkataraman 
(Members of the Council). 

Aligarh : Dr. Zakir Hussain (President), Prof. D. P. Mukherji (V ice-President), 
Prof. S. M. Shah (Secretary), Shri Harish Ch. Gupta, Mr. Abu Salim, Shri A. R. Kokan, Shri 
s. S. Gupta, Shri. K. A. Naqvi, Shri M. A. Raj, Shri Abdul Qayum, Shri M. A. Rizvi, Shri 
M. Sultan and Mrs. Syera Irfan (Members of the Council). 


Appendix 5 : Scientific Enquiries 
Sponsors and Subjects 


Miss A. DASGUPTA, Government Training College for Women, Samba: 
Correlation between Mental age and scores in arithmetic of Secondary School stu iar: 
DEPARTMENT OF AprLIED PSYCHOLOGY, University of Calcutta : 
Differential effect (in respect of age, Ses and levels of intelligence) of practice on the 
score in 2 psychological test. 
Differential performance of delinquent and normal children in psychological tests. 
Effect of time interval on recall in the case of nonsense and meaningful syllables. 


Reminiscence effect in whole and part learning of paired associates. 
DEPARTMENT or PsycHOLOGY, University of Gauhati : 
The influence of colour in the assessment of lengths. 
AGRICULTURAL GoLLEGE, Government of West Bengal : 
Analysis of manurial and varietal experiments on paddy. 
NATIONAL MEDICAL COLLEGE, Calcutta : 
Statistical analysis of the effect of a new drug on Cholera. 


Rice RESEARCH InstituTE, Cuttack : 
Estimation of linkage between certain factors in paddy. 


Crry COLLEGE, Calcutta : 
Land utilization statistics for the different states of Tada 


CALOUTTA Purn DRUG Company, 2, Cooper Lane, Calcutta : 
Certain vital statistics relating to India. 
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Appendix 6 : Sampling Design of the 9th and 10th rounds of the NSS 


l. Ninth Round: In the 8th round there were 1242 sample villages (central — 
only) which increased in the 9th round to 1624, or by about 14 per cent. The state 4 a 
were concerned with land holding surveys ete., in the 8th Found. only, and are ther poy 
excluded from the comparison with the size of the sample in the 9th round, In the ur 


2. The sample villages were allocated to districts or groups of districts, which 
were the ultimate strata, in proportion to their relative rural population. The allocated 
numbers were so adjusted as to make them multiples of four. Samples were then drawn 
from these strata at random with probability Proportional to population and with replace- 
ment. In the urban sector the sample blocks, which were the first stage units, were allo- 
cated to States, in the first instance, in Proportion to their respective non-apa gulan 
population. Within each State, the State quota was further allocated to each of the big 
cities with population (1951 census) of 3 lakhs and above and capitals of part A and part B 
States with population below 3 lakhs, except in the case of Shillong, capital of Assam, and 
to the rest of the urban area in that State, The ultimate str 


> exclusive of the cities of Calcutta and Howrah. This 
Similar was the 


tion (1951 Census), and preferential weights in varying de, 
constituted by individual cities, Adjustments were further 
tions multiples of 4 in all cases. Within each stratum the 
were drawn according to the method of Systematic sele 
completing the cycle, Four such systematic samples of block 
four independent sub-sample estimates, 


nly, namely em loyment and unemploy- 
ment, and household manufacture and handicraft, Sa a sd 


i Het of ple villages Selected for the 9th round 
was surveyed for all subjects of enquiry in this round : & sample of 3260 villages 
r land utilization survey 


é, 
“re, 


baka a 
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Allocation to different strata was made bya joint consideration of the geographical area 
of the stratum and the proportion of the area under various crops for the season covered by 
the present round. Selection of villages within each stratum was done with probability 
proportional to area and with replacement. In cases where area figures were not available, 
selection had to be made at random with equal probability. 


Appendix 7 : Mach ne Tabulation Unit 


1. The strength of Tabulation Equipments at different centres 


Baranagar Delhi 
period machines ee Se | JANG total 
IBM/Holl. Power- IBM/Holl. Powers- 
samas samas 

Accounting 

machine 8 2 1 = - 11 

Apri 1 ESM (101) 2 - - se = 2 

to Sorter - 10 2 1 = ee 13 

Dec. 55 Multiplier 2 1 = = A 3 

Collator 2 - - = = 2 

Reproducer 6 = = di _ 6 

Gang Punch 3 2 1 = = 6 
Accounting 

machine 9 2 1 i 1 14 

ESM (101) 2 - - ex 2 

Jany. Sorter 13 2 1 1 a i 

to Multiplier 2 1 5 1 a i 

Mar. ’56 Collator 2 1 1 1 = 5 

Reproducer 7 = 1 ” < 8 

Gang Punch 5 2 1 1 = 9 


2. The output: The per hour output from tabulating units recorded an increase 
from 0.95 to 1.39 for accounting machines and from 4.62 to 5.43 for ESMs. The total card- 
passage through all the tabulating units and ESMs during the year was 16,327 thousands and 
11,308 thousands respectively. In spite of the improved output record for the year, it was 
felt that further improvement in output record can be achieved by effecting some changes 
in the composition of punched card tabulating equipments by giving optimum number of 
auxiliary machines for tabulating units. A sub-committee was formed in February 1956 
to effect necessary changes. 

3. Unlike previous years, card-stores were located at Baranagar, Giridih and Delhi 
with 250 lakhs of cards stored in cabinets with 50 drawers and 25 drawers. This constitutes 
the punched cards of 2nd to 9th rounds of NSS and related surveys. Besides, about 5 
lakhs of Y-sample cards of 1941 census stored at Giridih were brought down to Baranagar 
for MIT work. b 

4. During the year under review, method of scoring by the PRS Unit conducting 
individual tests of aptitude and ability was mechanized through the probabi 


sorting by electronic statistical machines. This has widened the field of ap 


ESMs. 
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Appendix 8: Library 


1. The Central Library containing about 56,000 books and monographs and 
1190 Jri besides a large collection of special material was located at raen 
intair i t 9/B Esplanade East, Calcu a, 

i vere maintained at the City Office a 
ie Gre bees of material and personnel from 204 Barrackpore Trunk Road, 


2. Books: The library acquired 2717 volumes of books against 1945 last year. 
Of these 552 were received as gifts, 53 in exchange and 82 through Review Section. 
addition to these, 719 volumes from the Late J. 0, Sinha’s collection which was purchase 
last year were integrated into the library stock. 


4. Special Gifts: The library thankful] 
by the Joint Committee on Slavic Studies (Ame 
Social Science Research Council) towards the an 


y accepted a concession of $125 offered 
rican Council’ of Learned Societies and the 
nual subscription of $ 150 for the Current 


5. Bibliographical Services: Two bibliogra; 
Industries and the other on Industria; D 


The library continued to i 


monthly bulletin of new acquisition. The issue of the Index 
to be kept suspended for want of ade 


6. Service and Circulation : 
from 624 last year. The total number of 
38,055 against 23,033 last year, of which 28 


T. Circulating Library: There was new acquisition of 733 Bengali, 152 English, 
26 Hindi and-28 Oriya. books bringing the total to 6581 volumes, Stocks were regularly 
rotated amongst the branches of the libr: 


ary.. The number of books issued from Baranagar, 
Calcutta and Gitidih were 14,993, (1240 and 3384 respectively,- 
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8. : News Clippings : With the formation of the Planning Division and the publica- 
tion of the Draft Plan-frame growing need was felt for easy and quick reference to topics 
relating to statistics and planning in India which appeared in important dailies and periodi- 
cals. For this purpose a new unit was started in June 1955 for systematic processing and 
indexing of relevant material. 


Clippings were gathered from’ 5 dailies of Calcutta and the cuttings received 
through the All India Press Cutting Service which covered more than 100 dailies and 
periodicals all over India. The total number of clippings processed and properly indexed 
was 11,559. The number of articles indexed from periodicals was 1625. 


9. Translation: Several requests were received and complied with for English 
translation of various matters — letters, articles, books in other foreign languages, specially 
French and Russian, A major work taken up was the translation of three Russian books 
on the introduction of metric system in the USSR. 


10. Records Unit: The Records Section continued to function at 206 Barrackpore 
Trunk Road, Calcutta. The Project Unit which maintains schedules, working papers and 
reports relating tò surveys and projects carried out in the Institute arranged, classified 
and indexed 5004 files, against 4387 last year, bringing the total number of files tiga arranged 
so far to 12,429. 


In the map unit, 84,249 cadastral survey maps, 251 P.S. maps and 10 district 
maps of West Bengal as well as 6185 State maps of Indian Union, totalling 90,668 sheets 
have been finally processed and shelved through serial sorting and nuinbeting The 
number of maps issued to Field Branch and other units was 1866. S 


Ll. Photographic Unit: Major work on documentary reproduction consisted of 
2588 frames of microfilms, 1359 paper prints from microfilm A A E x po 
Photographic Unit also took 1489 still photographs of individuals EAA ie Ss. ‘he 
functions at the Institute as well as 1200 feet of motion picture T a LA pee 
2766 bromide enlargements were made. . In addition to these, 


Other types of work included preparation of profiloscope pictur re plat 
projection slides (black and white, and colour) ete. ah p | ka Bawi 
Requests for documentary reproduction from other Tigang a eh 2 be ae eet 
by supplying microfilms, photostats and photoprints. e also complied with 


To supplement the existing equipment the library acquired a Remington Rand 


Transcopy unit for preparing multiple copies of d 
: É ocuments and teria Athi 
short time. nd material within a 
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Appendix 9: List of papers completed during 1955-56 
A. Theoretical Statistics 


A.l SUMMARY OF RESEARCH WORK IN THEORETICAL STATISTICS 
(The figures within brackets refer to the list of papers appearing later in this Appendix.) 


1. Tests of significance (3,21,22,23.24,33) : Considering the conditional probability 
given the total of a number of observations from a Poisson distribution some exact tests 
of significance were constructed for judging (i) goodness of fit, (ii) homogeniety of observa- 
tions, (iii) deviations in the frequency of the ‘zero’ class. Tables have been provided in 
a limited number of cases. The same technique was exploited in obtaining some exact 
tests of significance in the case of a binomial distribution also. 


The concepts of partial and multiple correlations associated with a multi-normal 
population have been extended to the case of populations admitting a multiple classifica- 
tion as in a contingency table and large sample tests for hypotheses concerning them have 
been developed. Analogous problems of testing ‘main effects and inter-actions’ in cases 
of sampling from multinomial populations have been discussed. Limiting power functions 
(in Pitman’s sense) of the frequency chi-square tests have been obtained and their possible 
uses indicated. 

2. Design of experiments (2,11,12,13,20,27,28,29,30,35,36,37) : ‘Orthogonal arrays’ 
have been used to construct fracti 
ments. A new class of arrangeme 
and their use in industrial experimentation demonstrated. 

The conditions on the des 


ign matrix for certain parametric functions to uncorrelated 
estimates have been investigated 


With reference to varietal trials a number of contributions were made both on the 


A new system of arrangements known ag the Quasi- 


carrying out inter-block 
that the expressions for inter-block analysis 
Inter-block analysis by just 
: ae : simple way. This is applicable in whatever 
way intra-block analysis is carried out by estimating the treatment contrasts first or other- 
wise by estimating the block contrasts first, 4 


of moments has been investigated i 
at zero. The loss of efficiency is no 
pared to the labour involved in o 
tables have been provided to obtain likelihood estima, 


Under conditions of Fisher consistency and Frechet differentiability lower limit 
to the asymptotic variance of a statistical functional i 


i s shown to be the information limit, 
information being as defined by Fisher. 
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4. Sample Surveys (34,38): The variance of the estimate of the population total 
in a multi-stage survey where units are chosen with probabilities proportional to size is 
decomposed into meaningful stage components and their unbiassed estimates are derived. 


A simple sampling scheme has been devised by which at most (n—1) sample units 
are examined for two sampling enquiries involving two systems of p.p.s. sampling for the 
units, which ordinarily require the examination of 2n sampling units. A great reduction 
in cost can be achieved with no loss in precision. 


5. Characterization theorems (1,9,10): Work on characterization of distribution 
functions mentioned in the earlier reports was continued. An important characterization 
of the normal distribution was obtained using the properties of distributions of linear statistics. 


Using the necessary and sufficient condition for a k-dimensional vector to be dis- 
tributed as multivariate normal, that every linear function should be univariate normal, 
several characterization theorems of the multivariate normal distribution have been obtained 
by first reducing the problem to the univariate case for which a solution is readily available. 


6. Stochastic processes (£,5,6,15,16) : Making use of the canonical representation 
of an inflnitely divisible distribution due to Kolmogorof and Polya it was proved that an 
infinitely divisible distribution is necessarily bounded. 


Some theorems-on the limiting distributions of maximum of partial sums have been 
proved assuming the existence of the second moment. This generalizes all the results of 
Chung obtained on the assumption of the existence of the third moment. 


7. Miscellaneous (7,14,25,31) : There were a number of other contributions relat- 
ing to the construction of analogue machines for solving linear equations, mathematical 
models of planning, acceptance sampling for variables and problems of optimum selection 
in multivariate analysis. 


A.2. PAPERS 


= 


Basu, DEBABRATA : A note on the multivariate extension of s | 
to the univariate normal distribution. (submitted to Santhya) theorems related 


2, CHAKRAVARTI, INDRAMOHAN : Fractional replication in a 4 atoni í 
and partially balanced arrays. (Sankhyā, 17, 1 43). symmetrical factorial designs 


3. ——— and C. R. Rao: Some small sam 


distribution. (Biometrics Bull., Sept. 1956) tests of significance for a Poisson 


4, CHATTERJEE, SRISTIDHAR: A note on mean first passage and recurrence times. 


A generalization of a result due to Chung. 


and R. P. Pakshirajan : 
Sankhy@). 


On the unboundedness of the i.d. law. (submitted to 


7. Dres Ras: On optimum selections from multivariate populations. (Sankhya, 14, 363). 


8. KALLIANPUR, GOPINATH and C. R. Rao: 


i s t toti 
variance. (Sankhya). On Fisher’s lower bound to asymptotic 


9. Lana, RADHA Govinp : On a characterization of the normal distribution - from 
properties of suitable linear statistics. (Ann. Math. Stat., in press). 
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10. : Characterization of probability distributions and statistics. (Thesis sub- 
mitted to Calcutta University for the degree of D. Phil.). 
11. and J. Roy : Classification and analysis of linked block designs. (Sankhyd, 
17, 115). 
12. ——— and J. Roy: Partially balanced linked block designs. (Sankhy@, in press). 
13. and J. Roy: Two associated PBIB designs involving three replications. 
(Sankhya, 17, 175). 
14. MATTHAT, ABRAHAM: A class of acceptance sampling plan for variables. (Bull. of the 
Quality Control Association, Bangalore, Vol. III). 
15. PAKSHIRAJAN, RAJAKULARAMAN PoNNUSAMI : On the maximum partial sums of 
sequences of independent random variables. 
16. ropa D. Chatterjee: On the unboundedness of the i.d. law. (Submitted to 
17. Manatanosis, P. C.: The approach of o i ing i i 
Sg Goss bats pp perational research to planning in India. 
18. ———: Approach to planning in Indi i 
Mio eT ef ane : oe ndia. (Based on a talk broadcast from All India 
19. ———: Statistics must have purno Presi i i i 
Statistical Conference, Taho, bika en ae re es mas Pakai 
20. Mirra, Suz K ; i i 
= UMAR: A note on orthogonality and design of experiments, (Sankhy@, 
21. On Bartlett’ i i IS 
a 8 test of complex contingency table interaction. (Sankhyd, 
22. ———: On the limitin Ow i i 
au g power function of the frequency Chi-Square test. (Sankhya, 
23. ———: Contributions to the statisti i 
4 stical anal: i i 
Institute of Statistics Mimeograph Series No. laa, Deel co inset ES 
24, ——— and S. N. Roy: i i 
1 - A. Roy: An introduction t ; 
analysis of variance and multivariate analysis. (Biome ad 4 
ii ka, in press 
25. MITRA, Samar: Electrical a 
; : nalogue computi i ; 
and related problems. (Review of Boien an is ae ae aa 
> 1, 26, , May P 
26. A a Eis The efficiency of the “Two-Moments” est; 
single truncated binomial distribution. stimate of the parareka moii 
27. RAMAKRISHNAN, C. S.: The dual of 
H 2 Bes at i + 
with two replications. (Sankhya, 17, ia, mate ay design and new designs 
28. ——-——: Designs with two replications 
as d 5 Eia 
i et uals of certain group divisible designs. 
i 0, C. RADHAKRISHNA: On the recovery of inter-block i aa ; 
trials. (Sankhyā, 17, 105). ock information in varietal 
30. A general class of Quasi-factorial 
and i 
is related designs, (Sankhya, 17, 165). 


Analysis of dispersion with missing observations 


Sept., 1956). (Jour. Roy. Stat. Soc. 
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——— and G. Kallianpur : On Fisher’s lower bound to asymptotic variance. (Sankhy@). 


and I. M. Chakravarti: Some, small sample tests of significance for a 
Poisson distribution. (Biometrics Bull., Sept., 1956). 


Roy, Jogaprata: Variance components in multistage PPS sampling. (Sankhya, 
in press). 


and R. G. Laha: Classification and analysis of linked block designs. 
(Sankhya, 17, 115). 


and R. G. Laha: Partially balanced linked block designs. (Sankhyd, in press). 


and R. G. Laha: Two associates PBIB designs involving three replications. 
(Sankhya 17, 175). 


Roy Cuoupnury, D. K.: An integration of several PPS surveys. (Science & Culture, 
Vol. 22, No. 2). 


B. Applied Statistics 


B.1. BIOMETRIC STUDIES i 


Das, BHUPENDRA CHANDRA and Nalvandov, A. V.: Responses of prepuberal chicken 


ovaries to avian and mammalian gonodotrophins. (Endocrinology, 57, 705). 


Roy, SUBODH Kumar : Studies on the activities of earthworms. 


UP. Jail. 


______. Observations taken on the ear lobes of a group of U. P. convicts 


Verma, V. K.: A note on the relative length of fingers in a group of prisoners ina 


___. A note on the human face-observations on convicts. 


B.2. PSYCHOMETRIC STUDIES 
Cuarrerst, S.: Machine scoring of objective tests. 


Das, Rura S.: A logical analysis of the ‘ sg ee 6 
(Submitted to Psychological Review). concepts ‘personality’ and ‘attitude’. 


Recommendations for personnel selection in Indi wit 4 
methods in Civil Service & in Industry. | ie ae selection 


and J. P. Das and R. Rath: Understandi ion i j 
ment of literary passages. (Journal of Ahonen ant Norta Pgh Fortine 
Das Qurra, B.:, Some aspects of scaling in the two-stage selection process. 

A simplified method of item analysis. 


a and oth t 4 idi 4 
( Sankha a). OES he validity of the Vellore Medical College selection methods. 


HARPER, A. Epwiy, Jr.: Modern objective examination marking. (Cyclostyled). 


: A manual of test scori i i i i 
the Harper-Mitra Answer Shen” edge marking for item analysis for use with 


(Banta as : The validity of the Vellore Medical College selection methods. 


Susu Kumar: Development of a new edge-marking method for psychological uses, 
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55. 


56. 


57. 


58. 


59. 
60. 


Mirra i ists i lan-frame of the 
K.: Roles available to psychologists in the draft p 
eis Year Plan. (Psychology and Education, Baroda, 1956). 


On correction for chance success. 


i i i eni Foun- 
i f University of Chicago and J. Osterweil of the Meninger 
dation, Bose cea : The velationahtp between variability and group frequency 
of responses. 


SANGAL, S. P. and others: The validity of the Vellore Medical College students 
selection methods. (Sankhya). 


Some aspects of problem of validity study in selection programmes. 


Sen, Tapas Kumar: A systematic method of calculating discriminant functions 
for psychological data. 


C. Working Papers on Economic Planning : 1955-56 


Working Paper Series : 


54. 
50. 
52. 


43. 
53. 
37. 


Baran, P. A.: The concept of the economic surplus, 

BETTELHEIM, CH. : Foreign trade and planning for national economic development. 
Planned economic growth and foreign trade. 

Divista, F.: Technical coefficients (consumption units physical), France 1949. 
GOPALAKRISHNAN, K., P, : Financing the Second Five-year Plan. 


LANGE, O.: Some problems concerning economic planning in under-developed 
countries. 


Fundamentals of economic planning, 


Some observations on input-output analysis. 
Lose, E. and Das, P. : 


MUKHERJEE, M. : Value of material production in India (1948.49), 
——— : On the shift of employment from capi 


MUKHERJEE, M. and Du 
income to investment. 


Balance of the national economy. 


NARSU, A. V.: Introduction to a study of industrial i i ial 
groupings in India (Calcutta region). J py aia — 


Pisarny, I. Y.: Balance method in the Soviet socio- i isti 
Statistias ena planning. 10-€conomic Statistics. 


: The most important categories concepts, definiti i isti 

5 A > 5 lons of Soviet State Statistics 

of Population and Industry based ‘Dictionary-Reference Bool. “of Social 
Economie Statistics of the Central Statistical Department 

Roy, A. ana BANERJEE, N, : Monopolies and concentration of economic power—Part Is 

RUDRA, A.: A scheme of calculations for an Annual Plan, 


SENGUPTA, S. S. and Bosn, D. K. : A study in maximalisation of employment. . 
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D. Miscellaneous Observations on Indian Planning 


Baran, P. A: Reflections on planning of the economic development of India. 
BETTELHEM, CH.: Remarks on the second Five Year Plan: Draft outline. 
GALBRATIH, J. KENNETH: Economic planning in India, Five comments. 


LANGE, O.: Observations on the Second Five Year Plan. Long-term and short-term 
capital. 


Roy, A. and BANERJEE, N.: The position of foreign capital in big joint-stock companies 
incorporated in India. 


RUDRA, A.: Food production targets in the Second Five Year Plan. 
SENGUPTA, S. S.: Macro economic dynamic programming. 

Srracury, J.: A note on Indian development. 

TALUGDAR, S. N.: Planning and integration in coal. 

TINBERGEN, J.: Accounting interest rates and accounting wage rates. 


A note on employment policy. 


On the optimum use of the factors of production. 

How to split up a plan into its geographical components. 

The socialistic pattern of society. 

The need for a uniform method of appraising investment projects. 

A possible set up for a planning model with supply and demand equations. 
A note on employment policy. 


The optimum rate of saving. 


EAT 


Appendix 0 : List of Trainees 


(a) Three-year (formerly two-year) Statistician’s Course 
(i) Trainees attending first year class on Ist April 1955. 


1. Rattan Chand Arora; 2. Satnam Das; 3. Chandra Shekhar Dutt; 4. P. 
Gopalakrishnan; 5. Govind Ram Gupta; 6. Jai Prakash Gupta; 7. Satish Mohan Kansal; 
8. Kaushalendra Kumar; 9. Gyanendra Deo Misra; 10. Amar Nath Nankana; 11. Vinod 


Prakash; 12. Miss G. Premlata; 13. Keshav Roop Rai; 14. G. Divakara Rao; 15. V. 
Subramaniaswamy; 16. Tilakraj Talwar. i ` 


(ii) Trainees attending Second Year Class on Ist April 1955. 

1, S. Ramanatha Iyer; 2. G. K. Nair; 3. M. Narasimhamurti; 4. B. V. Rama- 
sarma; 5. N. Sen; 6. V. K. Sethi; 7. T. N. Srinivasan; 8. Y. P. Bhasin; 9. G. Hari- 
haran; 10. R.C. Jain; 11. Miss R. Kastoori; 12. O. P. Kukreja; 13. Miss N. S. R. 
Nanjamma; 14. 5. Rajagopal; 15. S. P. Sangal; 16. H. C. Sharma. 

[All the above 16 students passed the course in June 1955] 
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(iii) Trainees admitted to the First Year Class in July 1955. - : 
1. Acharyya, S.C.; 2. R. K. Agarwal; 3. P. P. Arya; 4. L. L. Assudani; oS 
Balakrishna; 6. K. Bhanumurty; 7. Y. K. Bhat; 8. P. K. Bhattacharyya; 9. y . = 
Chaudhury; 10. K. M. Das; 11. D. Deverajan; 12. V. B. Dexit; | 13: J. ©. Er 
14. M. Dutta; 15. D. R. Handa; 16. Iyengar, N. S.; 17. P. K. Jain; 18. S. K = ; 
19. H. Krishnamurty; 20. D. M. Mahamunulu; 21. S. P. Malik; 22. V. Moralin an; 
23. J. L. Janda; 24. V. P. Narula; 25. P. Nath; 26. J. Prakash; 27. K. Raghavan; 
28. M. L. Raina; 29. M. Ramachandran; 30. S. Ramamorthy; 31. R. Ranga Rap; 
32. G. N. Rao; 33. M. L. N, Rao; 34. P.B. Rao; 35. M. G. Sardana; 36. S. N. Sawn; 
37. K. Singh; 38. A. Swarup; 39. Teekarao; 40. 5, Vasudevan; 41. M. Venkatachari; 
42. P. D. Verma; 43. Viswanath, R.; 44. L. A. Chandrasekharan; 45. D. K. Datta Majum- 
dar; 46. A. S. Pankajakshan; 47. V. V. Rao. 
{iv) Trainees promoted or directly admitted to the Second Year Class in July 1955. 


1. Rattan Chand Arora; 2, Satnam Das; 3. P. Gopalakrishnan; 4. Govind Ram 
Gupta; 5. Jai Prakash Gupta; 6. Satish Mohan Kansal; 7. Kausalendra Kumar; 
8. Amar Nath Nankana; 9. Vinod Prakash; 10. G. Divakara Rao; 11. V. Subramania- 
swamy; 12. “K. Sundararajan; 13. *Sayed Hamid Pasha; 14. *M. Ramakrishna; 15. *K. 
Gopalakrishnamurti; 16, *Saurindra Kumar Chakravorti; 17. *Amar Sundar Roy; 
18. *Ramaswami Subramanian Ganesan; 19. K. P. Geethakrishnan; 20. S. Somasundar. 


[*Directly admitted to the Second Year Class]. 


(b) Short-term Statistician’s Course 

(1) First Session: December 1955—March 1956: 
1. N.S. Raja Rao; 2. A. K. Rai Choudhury; 
Ranjan Chaudhury; 5. *Nirmal Kanti D 
lendu Bhowmik; 8. *Kalyan Kumar Dasgupta; 
Sengupta; 11. Brij Bhusan Pande; 12. Kamal Kum 


rjee; 23. *Santimoy Baner- 
jee; 24. Sisir Ranjan Sengupta; 25. Prabi ; 


: ; 33. *Manilal Ganguly; 34. Tilakraj 
Talwar; 35. Ajoy Kumar Gupta; 36. Mi 
Miss Attivilli Sita Devi; 39. Mi 
S. Katchapenswaran; 42, Dipak Sanyal; 
Sundar Bose; 46. Jiban Krish 
Chandra Sarkar; 50, Sukhend 
Chatterjee; 54. Debaprasad 


344. Mrs. Bina Roy; 45. Shyam 
n; 48. 1D. S. Murty; 49. Abinash 
- Kuldip Singh; 53. Miss Parbati 


(2) Second Session: March—September 1956: 


1. Pratul Kumar Bagchi; 2. Viswanath 


Nikore; 3, Ajit N: 
das Suraiya; 5. N. S. Raja Rao; 6. Nir 


anjan Sil; 7. Srish Ch 
* Certificates were awarded for successful completion, 
1 Auditors. 


arayan Bose; 4. Valjee Jivan- 
andra Roy; 8, Qimat Rai; 9. 


296 


ToO o CAS a sai Ja m EEE S LUSG Ta TE TG 
o> Gg Es Se NYEN a S ` 


TWENTYFOURYH ANNUAL REPORT : 1955-56 


Kamal Kumar Basu; 10. Santosh Kumar Seal; 11. Harihar Mittra; 12. Jyoti Prasanna Roy; 
13. T. G. Ramasubramanian; 14. G. P. Mukherjee; 15. Shankar Bhaduri; 16. Bhupendra 
Nath Bhatia; 17. Asoke Kumar Dasgupta; 18. E. K. Sukumaran Nair; 19. Miss Ela Romola 
Mukherjee; 20. Sanjoy Kumar Lahiri; 21. Ranajit Kanta Lahiri; 22. Prasaun Sengupta; 
23. Bharat Kumar Kar; 24. Sukhendu Nath De; 25. Kultar Singh Bedi; 26. Dharam Vir 
Gulati; 27. Santosh Kumar Dutta; 28. Gopal Chandra Biswas; 29. Sujit Kumar Sarkar; 
30. Sat Paul Bhatia; 31. Annabattula Jayaram; 32. Miss Shanti Dutta. 


(c) Computer’s Training Course 
(1) Session: July—December 1955: 


Junior (Morning): 1. Sanat Kumar Das; 2. Samarendra Barua; 3. Amiya Kumar 
Sinha; 4. Kamal Kumar Bose; 5. Parimal Mukherjee; 6. Bhim Chandra Mitra; 7. Brojagopal 
Banerjee; 8. Paramesh Kumar Das; 9. Manindra Narayan Choudhury; 10. Santipriya 
Bhowmick; 11. Mukendeswar Bhattacharjee. 


Junior (Evening): 1. Asoke Kumar Dasgupta; 2. Sanat Kumar Bose; 3. Ranjan Ku- 
mar Bhattacharyya; 4. Ajit Kumar Chatterjee; 5. Timir Prakash Deb; 6. Nirmal Krishna 
Choudhury; 7. Pronob Kumar Mitra; 8. Sunil Kumar Deb; 9. Sukha Ranjan Bhattacharjee; 
10. Guru Narayan Samanta; 11. Dhiraj Lal Roy Chowdhury; 12. P. Madusudan Babu; 
13. Nani Gopal Nag; 14. Golakendu Ghosh; 15. Santi Bhuson Roy; 16. Sanath Chatterjee; 
17. Ajit Kumar Roy Choudhury; 18. Bibash Chandra Banerjee; 19. Sarit Kumar Raha. 


Senior (Evening): 1. Subhas Chandra Roy Ghawihun; 2. Ram Chandra Mitra; 
3. Bhabatosh Sen; 4. Sanjit Banerjee; 5.Shankar Bhaduri; 6. Pranabananda Bhaduri; 
7. Asoke Kumar Das Gupta; 8. Rajani Kumar Bhattacharjee; 9. Paramesh Kumar Maat 
10. Dulal Chandra Dey; 11. Ramkrishna Chakravorti; 12. Nihar Ranjan Saha; 13. oo 
Gopal Banerjee; 14. Niranjan Dhar; 15. Subimal Deb; 16. Sunil Kumar Chatterjee; 17. 
Paritosh Mitra. 


(2) Session : January—June 1956: 


Junior (Morning): 1. Amarendra Nath Ghsoh; 2. Animesh Chakravorty; 3. Hirendra 
Lal Kar; 4. Dulal Kanti Choudhury; 5. Ananta Kumar Roy; 6. Ano Kan Sen; 
7. Chittaranjan Chatterjee; 8. Subhas Chandra Raichoudhuri; 9. Sunil Kumar Bhattacharjea; 
10. Ram Chandra Mitra; 11. Manindra Chandra Basu; 12. Tushar Kanti Banerjee; 
13. Shyamal Chandra Roy; 14. Amal Kanti Bhattacharyee; 15 Nirmal Chakravorti. 


Junior (E vening): 1. Baren Kumar Bose; 2. Tushar Kanti Banerjee; 3. Amrita Lal 
Halder; 4. Kamal Behari Paul Choudhuri; 5. Dhirendra Chandra Paul; 6. Samar Krishna 
Basu; 7. Jyotirmoy Basak; 8. Brijesh Mohan; 9. Amal Kumar Banerjee; 10. Sailendra 


Narayan Gupta; 11. Saumyendra Nath Roy; I2. Madhab Chandra Munshi; 13. Raj Kumar 
Nandi; 14. Sanat Kumar Banerjee; 15. K. Ramalingam. 


Senior (Evening): 1. Barun Kumar Bose; 2. Amiya Kumar Sinha; 3. Tushar Kanti 
Banerjee; 4. Sanat Kumar Das; 5. Samar Krishna Basu; 6. Dulal Kanti Choudhuri; 
7. Sanat Kumar Bose; 8. Brijish Mohan; 9. Sunil Kumar Deb; 10. Dhiraj Lal Raichoudhuri; 
11. Timir Prakash Deb; 12, Raj Kumar Nandi; 13. Nirmal Chakravorti; 14. Ajit Kumar 
Chatterjee; 15. Pranab Kumar Mitra; 16. Kamal Kumar Basu. 
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(d) International Statistical Education Centre (ISEC) 


Ninth term: August 1955—April 1956: 


India: 1. Dharnidhar Prasad; 2. Harbans Lal Chandok; 3. Md. Nooruddin; 4. Paul 
Jacob; 5. S. C. Jaitly; 


Pakistan: 6. S. M. Ayub Siddique; 7. Md. Nasuruddin; 8. Mumtaz Ahmed: 


Philippines: 9. Silverio L. Felarea; 10. Miss Rodolfo R, Madamba; 11. Francisco 
V. Nazarat. 


(e) Officer’s Training Course : September 1955—February 1956 
1. B. P. Bhargava, Madhya Pradesh, (9 months, National Income and Official Statis- 


tics); 2. U. C. Borah, Assam, (9 months, Socio-economic Surveys); 3. Abhoy Shankar Boral, 


Orissa (9 months, Machine tabulation); 4. L. N. Chaturvedi, U.P. (9 months, Meteorological 


Statistics); 5. S5. P. Singh Chauhan, Madhya Bharat, (6 months); 6. M. N. Kaul, Anthropo- 
logical Survey (6 months); 7. D. 5, Kulkarni, Madhya Pradesh, 
Surveys and Mechanical Tabulation); 8. M. K. Gopala-Krishnan Nair, 7.0. (6 months); 
9. Krishna Lal Narang, Ministry of Commerce, (9 months, Machine Tabulation); 10. S Nara- 
yanaswami, Mysore, (9 months, National Income and Regional Income Estimation); 11. 
D. P. Octania, U.P. (9 months, MT); 12. V. J. Puntambekar, Bombay, (9 months, Socio-eco- 
nomic Surveys and Mechanical Tabulation); 18. Y, Ayyappa Raju, Andhra, (6 months); 
14. R. L. Saluja, Delhi State, (3 months); 15. Jagir Singh Sandhu, Pepsu, (9 months, Socio- 
economic Surveys); 16. R. Shedhani, Madhya Bharat, (6 months); 17. U. D. Vora, Cutch, 


(6 months); 18. R. Rangarajan, New Delhi—Central, (9 months, Socio-economic Surveys 
and Large Scale Sample Surveys). 


(9 months, Socio-economic 


Appendix 11 : List of Research Scholars 


1. C. S. Ramakrishnan (Biometric Methods); 2. R. P. Pakshirajan (Advanced 
Probability); 3. (Mrs.) S. Nundy (Econometrics); 4. 5, D. Chatterjee (Stochastic Processes); 
5. B. Das Gupta (Psychometry); 6. Sushil Kumar (Psychometry); 7. T, K. Sen (Psycho- 
metry); 8. 8. P. Sangal (Psychometry); 9. G. Patil (Quality Control); 10. D. K. Roy- 


chowdhury (Sample Surveys); 11. B. Bhattacharyya (Multivariate Analysis); 12. T. Ss 
Varadrajan (Statistical Inference). 


Appendix 12: List of successful candidates in Professional examinations 


Statistician’s Diploma Examination : August, 1955 


A. General Papers 
Paper I (Theoretical) : Sasikant Da re (BI), Triloke Khosla (B9), 
Venkatesh Ranganath Kanade (B11), Dipak Chakravarti (C6), Ved Prakash Agarwal (D1), 
Niranjan Singh (D4), Atmaram K. Ahuja (D13), Madhusudan Shankaran Pandalai (D22), 
Pratap Singh Nagpaul (D25), Ramesh Shanker (L1), Jagdish Narayan Srivastava (L6), 
K. R. Rajagopalan (M9), D. 8. Ramaratnam (M10), Arwind Parasuram Joag (P1), Narayan 
Kalyan Ugar (P3), Vasant Trimbak Jumde (P14), Sarasgopal Moghe (P18), Anant Ragha- 
vendra Kulkarni (P19). 
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Paper II (Theoretical) : Gopaldas S. Monga (B4), K. Mukundan (B13), Brij Nandan 
Pandey (C1), Chandu Lal Gupta (D5), Avtar Singh Chawla (D17), Pratap Singh Nagpaul 
(D25), Ramesh Shanker (L1), Jagdish Narayan Srivastava (L6), Vasant Trimbak Jumde 
(P14). 

Paper III (Theoretical) : Vishnupad Srinivas Gururaj (B3), A. Gandeharian (C5), 
Sudhindra Nath Ganguli (D9), Narayan Kalyan Ugar (P3). 

Paper VI (Practical) : Vedprakash Agarwal (D1), N. P. Mahadevan (M6). 

Paper VII (Practical) : Gopaldas S. Monga (B4), Narayan Kondaji Sonavane 
(P2), Vasant Trimbak Jumde (P14), Anant Raghavendra Kulkarni (P19). 


B. Special Papers 
Papers IV & V (Theoretical) 


(1) Statistical Quality Control: Vasudeo Vyasacharya Galsasi (B10), Narayan 
Krishnaji Chandekar (C3), Dipak Chakravarti (C6), S. Rangachary (M5), Arwind Parasuram 
Joag (P1), Narayan Kalyan Ugar (P3), Narayan Narasinha Koti (P15), Sisirkumar Sridhar 
Jagdeo (P17). 

(2) Actuarial Statistics: S. Viswanath (B15). 

(3) Mathematical Theory of Sampling Distribution : A Gandeharian (C5), J. Shiva 
Rao (D11). 

(4) Economic Statistics : Narayan Krishnaji Chandekar (C3), Y. Shiva Rao (D11). 

(5) Sample Survey (Applied) : Kalyan Kumar Das Gupta (D7), Hiralal Jain (D23), 
Sadashiv Dattatray Diwanji (P11). 

(6) Design of Experiment (Applied): Chandu Lal Gupta (D5), Charan Singh 
Grewal (D6), Avtar Singh Chawla (D17), Jagadish Narayan Srivastava (L6). 

(7) Sample Survey (Theoretical): Sadeshiv Ramchandra Gokhale (P12). 
(8) Vital Statistics and Population Studies: Ananta Raghavendra Kulkarni (P19). 


Papers VIII and IX (Practical) 


(1) Design of Experiment (Construction of Design): Promod Kumar Gupta (B2). 
(2) Sample Survey (Applied): Triloke Khosla (B9), Shivendra Bahadur (L3). 
(3) Economic Statistics : Vasudeo Vyasacharya Ghalsasi (B10), Chandu Lal Gupta 
(D5). 
(4) Mathematical Theory of Sampling Distribution: A Ghandeharian (C5). 
(5) Design of Experiment (Applied): Chandu Lal Gupta (D5). 
(6) Probit Analysis: Rajagopala. Rangarajan (D20). 
(7) Statistical Quality Control: Ramesh Shanker (L1), Sadashiv Ramchandra 
Gokhale (P12), Narayan Narasinha Koti (P15). 
(8) Sample Survey (Theoretical): T. Chellaswamy (P6), Sadashiv Ramchandra 
Gokhale (P12). 
(9) Vital Statistics and Population Studies : 'T. Chellaswamy (P6), Anant Ragha- 
vendra Kulkarni (P19). à 
(10) Anthropometry : Shivendra Bahadur (L3). 
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Statistician’s Diploma Examination : March 1956 
A. General Papers 


Paper I (Theoretical): Tilak Raj Talwar (C20), R. L. Khanna (D19), Aman Chall 
Sharma (D26), Dhara Singh Sharma (D35), Shivendra Bahadur (L5), Narayan Kondaji Sona- 
vane (P2), Balachandra Mahadeo Sathye (B6). 


Part II (Theoretical): Dipak Chakravarty (C7), Nirmal Kanti Das Gupta (C9), 
Amalendu Sen Gupta (C15), Tilak Raj Talwar (C20), Y. Shiva Rao (D1), Kambhampaty 
Suryanarayana Sastry (D31), K. R. Rajagopalan (M11). . 

Paper III (Theoretical): Dipak Chakravarty (C7), Ved Prakash Aggarwal (D5), 
Pratap Singh Nagpal (D48), Shivendra Bahadur (L5), N. P. Mahadevan (M4) 
bak Jumde (P4). 

` Paper VI (Practical): Avatar Singh Chawla 
Jagdish Narain Shrivastava (L5), Narayan Kondaji 
(P4), Triloke Khosla (B8), T. Chellaswami (B11) 


Paper VII (Practical): Avtar Singh Chawla 
R. L. Khanna (D19), Niranjan Singh (D23), Ramesh 


, Vasant Trim- 


(D3), Rajeshar Dayal Saxena (D15), 
Sonavane (P2), Vasant Trimbak Jumde 


(D3), Charan Singh Grewal (D10), 
Shankar (L1). 


B. Special Papers 


Papers IV & V (Theoretical) 
(1) Economic Statistics : Dipak Chakravarti (C7), Balchandra Mahadeo Sathye (B6). 
(2) Sample Survey (Theor 


y) : Tarun Kumar Gupta (D2), Charan Singh Grewal (D10). 
(3) Design of Experiments (Applied): Tarun Kumar Gupta (D2), 
(4) Statistical Quality Control : 


Avtar Singh Chawla (D3), Ved Prakash Aggarwal 
(D5). 


(5) Sample Survey (Applied) : 
Goswami (D11), Tilakraj Mahaj 
(6) Actuarial Statistics : 
(7) Stochastic Process : 


Pandurang Duyaneshwar 
an (D43), Ramlal 
K. Mukundan (D36). 


Pratap Singh Nagpaul (D48). 


Arola (D6), Somnath 
Ahuja (D49). 


Papers VIII & IX (Practical) 

(1) Statistical Quality Control : 

dekar (C24), Avtar Singh Chawla (D3), Vedprakash Aggarwal (D5). 
(2) Economic Statistics : Dipak Chakravarti (C7). 

(3) Design of Experiments (Applied) : Ramesh Shanker (L1). 

(4) Sample Survey (Theory) : Triloke Khosla (B8) 


Dipak Chakravarti (C7), Narayan Krishnaji Chan- 


» K. Ramachandran (C26). 
Computer’s Certificate Examination : August 1955 


Part IA, Sec. I : Sudhir Ch. Bhowmik (Cl), Nirmal Kumar Chatterjee (C2), Amal 

Kumar Mukherjee (C4), Akhileshwar Banerjee (C6), Animesh Singhaw (07), Manaj Kanti 

Ghosh (C9), Rabindra Nath Pal (C11), Kamal Kumar Pradhan (C12), Madan Mohan Pain 
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(C14), Jamuna Behari Ghosh (C17), Santi Ranjan De (C19), Nikhil Ranjan Chakravarti 
(C20), Miss Attivilli Sita Devi (C21), Sushil Ranjan Das (C22), Shankar Bhaduri (C23), 
Gopeshwar Saha (025), Mrs. Jharna Bhattacharyya (C29), Probhat Kumar Mukhopadhaya 
(C30), Mahendra Nath Banerjee (C32), Prasanta Kumar Chatterjee (C36), Manoharan Dey 
(C39), Nityananda Chattopadhyay (C40), Sunil Kumar Chatterjee-1 (C41), Paritosh Kumar 
Mitra (C43), Sanjit Kumar Banerjee (C46), Swadesh Ranjan RaiChowdhury (C37), Tusar 
Kanti Chatterjee (C51), Manik Ratan Acharya (C57), Biswanath Chakravorti (C65), Deba- 
brata Panji (C66), Amalendu Bhusan Sengupta (C67), Pranabananda Bhaduri (C68), Manoj 
Kumar Guha Thakurtha (074), Asru Guha Thakurta (C76), Manoj Chatterjee (C78), Samir 
Kumar Mallick (C79), Srish Chandra Basu Rai (C80), Ranjit Kumar Naha (C82), Rabindra 
Nath Das (C84), Dibakar Ghosh (C86), Prasun Sen (C94), Nemai Chand Dhara (C96), Arun 
Prosad Singha (C98), Sunirmal Bose (C99), Bimalendu Mahalanobis (C100), Premtosh Dev 
(C101), Prasanta Kumar Sinha (C103), Bimal Chandra Sengupta (C107), Mrs. Arati Sarkar 
(C110), Bimal Jyoti Sanyal (C112), Hrishikesh Roy (C118), Subodh Kumar Paul (C123), 
Sreenath Paul (C125), Sourendra Nath Paul (C126), Lokenath Mukherjee (C129), Rabindra. 
Nath Mookherjee (C130), Pravash Mukherjee (C131), Badal Kumar BasuMallik (C133), Motilal 
Majumdar (C134), Amiya Bhusan Majumdar (C135), Prakash Chandra Kundu (C137), 
Samir Ranjan Guha Roy (C141), Tarak Das Ghole (C146), Biswapati Mookherjee (C132). 


Part IA, Sec. II : Nirmal Kumar Chatterjee (C2), Sankar Bhaduri (C23), Rabindra 
Nath Ghosh (C27), Mahendra Nath Banerjee (C32), Sunil Kumar Chatterjee-1 (C41), Sanjit 
Kumar Banerjee (C46), Manik Ratan Acharya (C57), Anu Ranjan Mukherjee (C63), Biswa- 
nath Chakravarti (C65), Debabrata Panji (C66), Sudhir Chandra Chakravorti (C69), Manoj 
Kumar Guha Thakurta (C74), Nishit Ranjan Chowdhury (C85), Kartick Chandra Das (C89), 
Rajendra Lal Bhuiya (C93), Bimalendu Mahalanobis (C100), Prasanta Kumar Sinha (C103), 
Bimal Jyoti Sanyal (C112), Kanakeshwar Roy (C116), Swaraj Kanta Paul (C122), Lokenath 
Mookherjee (C129), Rabindra Nath Mukherjee (C130), Pravash Mukherjee (C131), Biswa- 
pati Mukherjee (C132), Badal Kumar Basu Maullik (C133), Amiya Bhusan Majumdar 
(C135), Kalyan Kumar Gupta (C140), Binayendra Goswami (C143), Tarak Das Dhole 
(C146). i 
Part 1B, Sec. I: Nirmal Kanti Das Gupta (C8), Miss Attivilli Sita Devi (C21), 
Santosh Kumar Bhattachcarjee (C54), Amarendra Nath Dutta (056), Prafulla Kumar 
Basak (C60), Bishnu Pada Paul (C61), Anuranjan Mookerjee (C63), Bishwa Nath Ghosh 
(070), Subodh Kumar Mukherjee (C71), Nihar Ranjan Mukherjee (C83), Nisit Ranjan Chow- 
dhury (C85), Radha Shyam Nath (C97), Ajoy Kumar Sarkar (C111), Sudhir Kumar Samaddar 
(C113), Swaraj Kanta Paul (C122), Harekrishna Paul (C124), Rabindra Nath Mookerjee 


(C130), Arun Kumar Maitra (C136), Kalyan Kumar Gupta (C140), Arun Kanti Ghosal (C142), 
Binayendra Goswami (C143). 


Part 1B, Sec. II: Chitta Ranjan Banerjee (C10), Rabindra Narayan Paul (C11), 
Sankar Bhaduri (C23), Sunil Kumar Chatterjee-1 (C41), Amarendra Nath Dutt (056), Anu 
Ranjan Mookerjee (C63), Nishit Ranjan Chowdhury (C85), Sudhir Kumar Samaddar (0113). 


Part 1C, Sec. I: Kalayan Kumar Gupta (C140). 


Part 10, Sec. II: Nirmal Kumar Chatterjee (C2), Nirmal Kanti Das Gupta (C8), 
Chittaranjan Banerjee (C10), Prasanta Kumar Chatterjee (036), Sukhendu Moitra (C52), 
Miss Gita Shaha (C53), Amarendra Nath Dutt (C56), Bishnu Pada Paul (C62), Bishwanath 
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Ghosh (C70), Ranajit Kumar Naha (C82), Rabindra Nath Das (C84), Nishit Ranjan Chow- 
dhury (C85), Dhiraj Mohan Sen Gupta (C108),Subodh Kumar Paul (C123), Kalyan Kumar 
Gupta (C140). 


Computer’s Certificate Examination : February 1956 


Part 1A, Sec. I: Dhiraj Lal Rai Choudhury (C4). Ajit Kumar Chatterjee (C8); 
Pronab Kumar Mitra (C9), Asoke Kumar Das Gupta (C12), Mihir Kumar Rakshit (C19), Ajit 
Kumar Sen Gupta (C21), Panchanon Mascharak (C27), Shivendra Nath Sen Gupta (C48), 
Sanat Kumar Bhose (C50), Manindra Narayan Choudhury (C52), Rabindra Kumar Chakra- 
vorti (C57), Aparesh Chakravorty (C61), Amalendu Choudhury (C68), Keshab Chandra 
Banerjee (C74), Sanat Kumar Das (C88) Sibpada Chakravorty (C95), Lakshmi Narayan 
Das (C 96) Sadananda Banerjee (C99), Debabrata Chandra(C108) Ramchandra Neogi (C110), 
Samarendra Barua (C112), Manoranjan Das (C113), Samir Baran Das Gupta (C121), Guru 
Narayan Samanta (C129), Kamal Kumar Basu (C130), Rajendra Lal Bhuiya (C131), 
Kshirode Behari Ray (C133), Timir Prakash Deb (C142), Biswadan Chattopadhyay (C156), 
Dhruba Ranjan Chakravorti (C157), Manindra Nath Khaskel (C169), Parimal Kumar Roy 
(C180), Kalidas Neogy (C181), Sukha Sinchan Roy (C191), Sunil Narayan Bose (C196), 
Bhagat Singh (D1), Sakti Kumar Chowdhury (G17), Debabrata Bardhan (G23). 


Part 1A, Sec. IT: Dhiraj Lal Rai Choudhrui (C4), Ajit Kumar Chatterjee (C8), 
Pronab Kumar Mitra (C9), Asoke Kumar Das Gupta (C12), Santi Priya Bhowmik (C14); 
Tapan Das Gupta (C18), Mihir Kumar Rakshit (C19), Banaj Kanti Ghosh (C31), Ranjan Kumar 
Bhattacharyya (C35), Srish Chandra Basu Rai (C37), Sanat Kumar Bhose (C50), Nihar 
Ranjan Mukherjee (C51), Rabindra Kumar Chakravorti (C57), Suchendra Sekhar Das (C65); 
Ramendra Nath Roy (C66), Rabindra Nath Das (C72), Gopeswar Saha (C75), Subodh Kumar 
Mukherjee (C83), Tinkari Pal (C84), Ranajit Kumar Naha (C89), Sibapada Chakavarti 
(C95), Sambhunath Bhattacharjee (C97), Prasanta Kumar Chatterjee (C103), Debabrata 
Chandra (C108), Samir Ranjan Guha Roy (C115), Mati Lal Majumdar (C116), Samir Baran 
Das Gupta (C121), Guru Narayan Samanta (C129), Biswadan Chattopadhyay (C156), Dhruba 
Ranjan Chakrayorti (C157), Amiya Kishore Das Gupta (C166), Sukha Sinchan Roy (C191) 


Part 1B, Sec. I: Pabitra Kumar Das (C2), 
Mohan Sen Gupta (C20), Ajit Kumar Sen Gupta (021), 
Srish Chandra Basu Rai (C37), Sanat Kumar Bhose (C50), Rabindra Kumar Chakravorti 


(C57), Sanjit Kumar Banerjee (C58), Biswapati Mukherjec-(C86), Monoj Kumar Guha 


Thakurta (C132), Gour Chandra Mukherjee (C153), Bimal Jyoti Sanyal (C171), Bimalendu 
Mahalanobis (C194), Mohd. Yusuf Ansari (G30). ` 


Part 1B, Sec. II: Kalyan Kumar Gupta (C5), Dhi 
Ranjan Kumar Bhattacharyya (C35), Nirmal Kanti Das Gupta ( C42), Sanjit Kumar Banerjee 
(C58), Sudhendra Sekhar Das (C65) Santosh Kumar Bhattacharjee (C78), Sibpada Chakra- 


vorty (C95), Timir Prakash Deb (C142), Gour Chandra Mukherjee (C163) Dhruba Ranjan 
Chakravorti (C157). 


Mihir Kumar Rakshit (C19), Dhiraj 
Ranjan Kumar Bhattacharyya (C35), 


aj Mohan Sengupta (C20), 


Part 10, Sec. L: Sukumar Roy Choudhury (C3), Asoke 
ranjan Dey (C17), Dhiraj Mohan Sengupta (C20), Chittaran 
Dey (C25), Ranjan Kumar Bhattacharyya (C 
Saha (C43), Sabita Chakravorti (C49), Birendra 


Kumar Gupta (C11), Chitta- 
jan Banerjee (C22), Nirmal Chandra 
35), Nirmal Kanti Das Gupta (C42), Geeta 
Kumar Nandi (C67), Santosh Kumar Bhatta- 
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charyya (C78), Amarendra Nath Dutt (C80), Nishit Ranjan Choudhury (C82), Subodh Kumar 
Mukherjee (38C), Pabitra Kumar Dey Sarkar (C91), Profulla Kumar Basak (C109), Mukti 
Nath Mukherjee (C115), Radhashyam Nath (C160), Subimal Kanti Majumder (C190). 


Part 10, Sec. IZ: Santosh Kumar Rai Choudhuri (Cl), Pabitra Kumar Das (C2), 
Asoke Kumar Gupta (C11), Chittaranjan Dey (C17), Nirmal Chandra Dey (C25), Tarani 
Kanta Paul Roy (C29), Ranjan Kumar Bhattacharyya (C35), Kalipada Chakravorti (C36), 
Sankar Bhaduri (C41), Soobimal Chandra Ghosh (C45), Nihar Ranjan Mukherjee (C51), Anu- 
ranjan Mukherjee (C56), Arun Kumar Maitra (C59), Sudhendra Sekhar Das (C65), Birendra 
Kumar Nandi (C67), Harekrishna Paul (C377), Subodh Kumar Mukherjee (C83), Purnendu 
Bhusan Home Roy (C98), Profulla Kumar Basak (C109), Nirmalendu Basu Choudhury 
(C134), Bishnu Charan Poddar (C159), Radhashyam Nath (C16C), Bimal Jyoti Sanyal (C171), 
Nagendra’ Chandra Das (C172), Rabindra Nath Mukherjee (C177). 


Statistical Field Survey Certificate Examination—August 1955 


Part 1, Sec. A: Abhijit Rou Choudhury (C14), Lalit Mohan Chatterjee (C22), Kama- 
lendra Nath Dutta Roy (C31), Debesh Prasanna Sen (C43), Lekraj Munzil (D1), Ramesh 
Chandra (D3), Sadhulal Srivastava(D6), Surinder Kumar Gandhi (D19), Anil Chandra Bhatta- 
charyya (D21), Lakhan Lal Chaurishya (D35), Manohar Singh Babel (D36), Kailash Shankar 
Tandon (D40), Premnath Kapoor (G1), Debiprosad Sinha (G2), Jay Krishna Prosad (G5), 
Narayan Singh (G6), Tej Paul Sharma (N6), N. Wamanarao Despande (N7), M. R. Kulkarni 
(N8), P. N. Sahasrabudhe (N21), D. K. Ganibhir (N22), Gunendra Krishna Barori (P1), G. 
P. Sinha (P23), Balbir Singh Bakshi (P24). : 


Part 1, Sec. B: Anantalal Banerjee (C9), Lalit Mohan Chatterjee (C22), Kamalendra 
Nath Dutta Roy (C31), Lekraj Munzil (D1), Sadhulal Srivastava (D6), Sanden Kumar 
Gandhi (D19), Mukul Beharilal Gandhi (D25), Monohar Singh Babel (D36), Kailash Shankar 
Tandon (D40), Jay Krishna Prosad (G5), Narayan Singh (G6), Mermar Mangalamurti 
(N1), R. M. Bhumralkar (N14), H. Z. Fulzeli (N20), P. N. Sahasrabudhe (N21), M. S. Wate 
(N26), Gunendra Krishna Barori (P1), G. P. Sinha (P23). 


Part 1, Sec. O: Kamalendra Nath Dutta Roy (C31), Ramesh Chandra (D3), Sadhu- 
lal Srivastava (D6), Surinder Kumar Gandhi (D19), Mukul Beharilal Gandhi (D25) “Talhan 
Lal Chaurishya (D35), Manohar Singh Babel (D36), Kailash Shankar Tandon (D40) Gua 
Krishna Barori (P1), Balbir Singh Bakshi (P24). ; 


Part II, Sec. A: M.S. Rangaswamy (B8), S. V. Srinivasachar (B9), Francis Mathew 
Alloor (B18), 8. Oliver Francis (B19), P. D. George (B20), N. S. Murty (B24), Lekraj Munzil 
(D1), Haken Singh Panjete (D2), D. R. Chowla (D14), Surinder Kumar Gandhi (D19), Lakhan 
Lal Chaurishya (D35), Manohar Singh Babel (D36), Kailash Shankar Tandon (D40) J. S. 
Rakhi (D39), Paranjape Sadashiv Hanumanta Rao (N27), Narayan Yeshwentrao Gore (N28), 
Satish Chandra Ghosh (P23), Sadananda Jha (P13), Nalini ‘Ranjan Jha (P16), Mahesh 


Chandra Prosad Singh (P18), Ramnarayan Gupta (P21), Nagendra Prosad Singh (P22), 
Balbir Singh Bakshi (P24). 


Part II, Sec. B: Paranjape Sadashiv Hanumanta Rao (N27), Nalini Ranjan Jha 
(P16), Ramnarayan Gupta (P21). C. Prabhakar (B1), S. A. Rajendran (B3), 8. Ve 
Grinivasachar (B9), Francis Mathew Aller (B18), P. D. George (B20), N. S. Murty (B24), 
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Ramesh Chandra (D3), Banki Behari Mehra (D5), Bharat Bhusan Behl (D22), Manohar 
Singh Babel (D26), Paranjape Sadashiv Hanumanta Rao (N27), Nalini Ranjan Jha (P16), 
Ramnarayan Gupta (P21). 


Field Survey Certificate Examination—February 1956 


Part I, Sec. A: Adhir Chandra Adhikari (C9), Jagadindu Sarkar (C10), Nalini Mohan 
Chakravorti (C12), Santosh Kumar Chatterjee (C21), Ananta Lal Banerjee (C28), Moti Singh 
Rathore (D2), Shadi Lall (D5), C. A. K. Arthur (D22), T. R. Sharma (D23), Amarendra Nath 
Mandal (G1), Ranjit Kumar Mukherjee (G6), H. S. Sachdeva (L4), D. Œ. Chaturvedi (L5), 
“Kundan Lal (L8), Ram Adhar Singh (L10), Panna Lal Pal (L11), Œ. T. Samnani (L13), R. 
S. Dikshit (L18), Surendra Singh Chauhan (P3), Achintya Kumar Chatterjee (P6). 


Part I, Sec. B: J. S. Patnaik (B2), V. Srinivasa Rao (B3), Khagendra Mohan 
Ganguly (C2), Nalini Mohan Chakravorti (C12), Abhijit Roy Choudhuri (C19), Rampada 
Dutta (C30), Sharad Madhav Wathare (D1), Moti Singh Rathore (D2), Shadi Lall (D5), 
Lakhan Lal Chaurishya (D19), C. A. K. Arthur (D22), T. R. Sharma (D23), Ramesh Chandra 
(D24), Surinder Nath Kapur (D27), Amarendra Nath Mondal (G1), Premnath Kapoor (G2); 
Thakur Indradeo Sharma (G5), Ranjit Kumar Mukherjee (G6), H. S. Sachdeva (L4), D. ©. 
Chaturvedi (L5), Kundan Lall (L8), Panna Lal Pal (L11), G. T. Samnani (L13), R. S. Dikshit 
(L18), Premprakash Sharma (P2), Surendra Singh Chauhan (P3), Kameshwar N: ath Srivastava 
{P5), P. K. Kalkarni (PN4). 

_ Part I, Sec. O: V. Srinivasa Rao (B3), Khagendra Mohan Ga Santi 
Ranjan Nandi (C4), Sudhir Chandra Chakravorti (C6), Motilal e o a 
Madhav Wathare (D1), Moti Singh Rathore (D2), Lekhraj Munzil (D4), Shadi Lall (D5) C.A. 
K. Arthur (D22), T. R. Sharma (D23), Prem Nath Kapoor (G2), Jai Krishna Prasad (G3), 
Narayan Singh (G9), H. S. Sachdeva (L4), D. C. Chaturvedi (L5), Kundan Lal (L8), Ram 
Adhar Singh (L10), Panna Lal Pal (L11), G. T. Samnani (L13), R. S. Diskhit (L18 "Prem 
Prakash Sarma (P2), Surendra Singh Chauhan (P3), Rarechwie Nath abot 


Achintya Kumar Chatterjee (P6 P. ; 3 
(X23). Jee (P6), P. K. Kulkarni (PN4), Nilkanth Wamanrao Despande 


Part II, See. A: R. Seshadri (B1 1 
Peljendran (B10) P. Ramkrishna ie, z C. ae ah LAA a : * 
(D2), Shadi Lall (D5), Bharat Bhusan Behl (D7), Kailash Chandr: Che aleek i 
Paul Seth (D13), Bankey Behari Mehra (D17), Ram Lal dite (Dis), en ae ch 
Soni (D20), C. A. K. Arthur (D22), Ramesh Chandra, (D24), Aoa ae i aan ra 


(D25), Bhola Nath Roy (L1), S. N. Srivastava (L2), M ; 
‘ »M. a i ‘ 
S. S. Banga (L9), S. S. Yadava (L21) (L2), M. Ranjan Ali (L3), H. S, Sachdeva (L4), 


> Surendra Si 
Z. B. Kothari (PN21). Wendra Singh Chauhan (P3), Y, D. Shende (PN2), 


: 8. R. David (B7) 


Part II, Sec. B? R. Seshadri (B1), S. R. Davi 
| 3 na avid (B7), S. Oliver Francis (B8), P. 
Ramakrishna Menon (B11), Agni Kumar Das (C29), Joharlala Ghosh (C32) poet oe 


(D4), Shadi Lall (D5), Kailash Chandra Chopra (D12), Lakhan Lal Chaurishya (D19), Bhola 


Nath Roy Roy (L1), M. Ramzan Ali (L3), H. 5, Sachdeva (L4), S 
8.8. 
Prasad (P10), Z. B. Kothari (PN21). 8.8. Banga (L9), Godadhar 
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SOME OBSERVATIONS ON INPUT-OUTPUT ANALYSIS 


By OSKAR LANGE 
School of Planning and Statistics, Warsaw 


l. THE SCOPE OF INPUT-OUTPUT ANALYSIS 


The analysis of inter-industry relations, usually referred to as input-output 
analysis, serves the purpose of establishing the quantitative relations between vari- 
ous branches of production which must be maintained in order to assure a smooth 
flow of production in the national economy. It studies the conditions of mutual 
consistency of the outputs of the various branches of the national economy which 
result from the fact that the output of one branch is the source of input in other 
branches. : 
The idea that certain proportions must be maintained between the outputs 
of various branches of the national economy is at the basis of the equilibrium analysis 
of classical political economy and neo-classical economics. The proportions referred 
to are, however, conceived by classical and neo-classical economic theory basically 
in ‘horizontal’ terms, i.e., as proportions between final products designed to satisfy 
the wants of consumers. Under conditions of competitive capitalism, of free mobi- 
lity of capital, the tendency of the rate of profit towards a ‘normal’ level in each 
branch of the national economy leads towards an equilibrium of output of the 
various branches. In equilibrium. output is adjusted to the demand for the various 
products. In a planned economy, it is believed, proper planning should assure the 
establishment of equilibrium proportions. 

While this idea of ‘horizontal’ equilibrium proportions undoubtedly points 
to an important aspect of the relations between the output of the various branches 
of the national economy, it overlooks the need of maintaining another kind of propor- 
tions, determined not by conditions of consumers’ demand, but by conditions of tech- 

nological relations associated with the fact that the output of certain products serves 
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—entirely or in part—as input in the process of producing other products. We may 
call this the problem of ‘vertical’ proportions. l ; 
This problem of ‘vertical’ proportions is the subject makter of mandan 
analysis. The problem was first posed by Quesnay ini his Tamous -e ik 
mique’. Its insight was lost by classical and neo-classioal economic theory. é sys “a 
matic treatment as well as the fundamental solution of the problem was gyen 5 
Marx in his schemes of reproduction of capital contained in volume II of Das Kapita ; 
Outside of Marxist political economy the problem was scarcely seen. neo-lassical 
economics confining itself to the study of equilibrium conditions of the ‘horizontal 
type. i 
However, in business cycle theory of bourgecis economists the problem of 

‘vertical relations’ between investment goods and consume 
reappear, for it is this type of relation which is 
crises and depressions. Consequently, it 


The ‘vertical’ character of the relations involved causes that ‘disproportionalities’ 
in this field are not automatically solved by the process of competition through capi- 
tal moving from less profitable to more profitable branches of the economy. It also 
explains why smooth economic development is not automatically assured under 


conditions of capitalism, even independently of the handicaps resulting from the 
specific features of monopoly capitalism. 


rs’ goods was bound to 
at the bottom of the phenomenon of 
plays an important role in Keynesian theory. 


The importance of a study of the ‘vertical’ relations between various branches 
of the economy, i.e., of input-output analysis, is not limited to conditions of a capi- 
talist economy. As was already pointed out by Marx, since input-output relations 
are based on technological conditions of production, proper proportions in this field 
must be maintained in any economic system, A study of such relations is therefore 
necessary for purposes of socialist economic planning as well as for the understanding 
of the working-mechanism of capitalist economy. Under conditions of socialism 


input-output analysis is a necessary tool of ascertaining the intern 


al consistency of 
national economie plans. 


In the socialist countries input-output 
‘statistical balances’ which serve as tools of n 
balances are conceived as coneretisations of the 
duction schemes of Marx, In the USA Professo 


input-output analysis which, too, can be conce 
idea of input-output relations t 


analysis takes the form of varicus 
ational economie planning. These 
general idea underlying the repro- 
r Leontief has developed a type of 
ived as a concretisation of Marx’s 


aking place in the Process of reproduction of the 
national product. Professor Leontief’s analysis takes explicitly into account the 


technological relations between output and input. Though applied first to the 
economy of the USA, this analysis like all input-output analyses is also applicable 
to a socialist economy. Indeed. it seems to me, that this analysis achieves its full 
justification only if applied as a tool of economic planning. Tts technique, though 
first applied to a capitalist economy, points beyond the histori 


cal limitations of capi- 
talism and can come fully into its own only under conditions o: 


f planned economy. 
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2. THE MARXIAN SCHEMES 


Marx’s analysis of reproduction is based on two devices. First, the value of 
the total national product during a period of time (e.g. a year) is considered as being 
composed of three parts—the value of the means of production used-up during this 
period (to Le denoted by c—in Marx's terminology the constant capital used up). the 
value of the labour power directly engaged in production ( to be denoted by v—in 
Marx’s terminology the variable capital, i.e., the revolving wage fund). the surplus 
generated (to be denoted by s). Thus: 

Total national product = c+-v-+s. 
Here, cis the replacement of the means of production used-up, v-+s is the total value 
added (or national income). 


Secondly, the national economy is divided intc two departments: one produc- 
ing means of production, the other producing consumers’ goods. Using the subs- 
cripts 1 and 2 to indicate the two departments, respectively, we shall write: 

total output of means of production = c+% +s, 
total output of consumers’ goods = cy+27+85 
total national product =c+vts 


where C = tie, V= A+, S= 8458p. 


In a stationary economy (Marx’s simple reproduction) : 
total demand for means of production = Cy +e, 


= YT +8, +8. 

The total demand for means of production is equal to the joint replacement 
requirement of both departments, the total demand for consumers’ goods is equal 
to the joint wage fund and surplus of both departments. 


total demand for consumers’ goods 


Putting equal demand and output of means of production, we obtain 


Git = + +8, sah, ME 


which simplifies to Cy = Y+ s; (2.2) 
The same result is obtained from putting equa! total demand 


and output of consumers’ 
goods. 


That is Vit vots Sa = Cotto sa. ser WO 


This is so, because the total national product ¢-+-v-+-s is being given . 


Equation (2.3) 
can be deduced from equation (2.1). 


Equation (2.2) indicates an input-output relation between the two depart- 
ments of the national economy. Indeed. let us write, 


(2.4) 
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Department 1 produces means of production. Part of its output equal in value to c4 1s 
retained within the department for replacement of the means of production used up- 
The remainder (in the rectangle) equal in value to vs is transmitted to department 
2 in exchange for consumers’ goods. Department 2 produces consumers goods. 
Part of its output equal in value to % +42 is retained within the department for consump- 
tion. | The remainder in the rectangle equal in value to cs is transmitted to depart- 
ment | in exchange for the means of production needed for replacement of those which 
were used-up. In order that production goes on smoothly, the output of the two 
departments must be co-ordinated in such a way that a balanced exchange takes 
place between the two departments, i.e., Cg = Vs. The above table (2.4) thus 
indicates the input output relations between the two departments: equation (2.2) 
gives the condition of proper balance between the two departments. 


; In an expanding economy (Marx’s expanded reproduction) not all the surplus 
is consumed; part of it is accumulated to increase the amount of means of production 


and to employ more labour power. We shall express this by writing, 


8 = 5+8,+5, 
where is the part of the surplus consumed, s, the part of the surplus used to increase 


the amount of means of production, s, the part of the surplus used to employ more 
labour power. 


Dividing as before, the economy into two departments, we have, 
total output of means of production 


= Hitsi tS ut Siw 
total output of consumers’ goods = CotVo+So+So.4 Soy 
total national product = ¢+v+5+8,+8,. 
‘Furthermore; 
total demand for means of production = Ci H CaF Siet Sge 
total demand for consumers’ goods = VH Vat Siwt Sw t552 


The total demand for means of production is equal to the joint replacement and ex- 
pansion reguirement of both departments. The total demand of consumers’ goods 
is equal to the joint wage fund, the joint expansion of the wage fund and the joint 
surplus consumed in both departments. 


Equality of demand and output of means of production implies 


Cit Siet Cat S26 = %+%4+5,+8,,+8,, we (2.5) 


which leads to Cah = 1145F sy. (2.6) 


i The same result can be obtained from the condition of equality of demand 
and output of consumer’s goods. 
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Equation (2.6) indicates the input-output relation between the two depart- 
ments in an expanding economy. Tt can be presented by means of the following 
table : i f i 


Cy +Sy_ + vitsit Si 


Cot S2 |+ wadahe 


In department 1 part of the product equal in value to ¢,+-s, is retained within 
the department for replacement of the means of production used up and for expansion 
of the amount of means of production in the department. The remainder (contained 
in the rectangle) is transmitted to department 2 in exchange for consumers’ goods. In 
department 2 part of the product equal in value to 3+-8,- Se is retained for consump- 
tion, The remainder (contained in the rectangle) is transmitted to department 1 in 
exchange for means of production for replacement of the means of production used- 
up and for expansion of the amount of means of production in the department. The 
proper balance between the two departments is thus expressed by equation (2.6). 


` 3, INPUT-OUTPUT RELATIONS IN A MULTI—SECTOR MODEL 

Professor Leontief’s input-output tables are designed to study the relations 
between a larger number of sectors of the national economy. Let che economy be 
divided into n production sectors denoted by the indices 1, 2, ..., n. Denote by X; 
the total or gross output of the i-th sector by X, the quantity of the product of the 
j-th sector transmitted to the j-th sector where it is used as input. Further denote 
by a; the net output of the i-th sector, viz., that part of the gross output X; which 
is not allocated to another sectors to be used there as input. The net output a; can 
be consumed, exported, or accumulated for the purpose of investment. i 


We have thus, 


X= E Xt (=l, 2,... 0). sœ MBA 


It is convenient to represent the input-output relations between the sectors 
of the economy in the form of a table as follows: 


The items in the square matrix in the center of the table represent the input- 
-output relations, or the ‘interflows’ between the various branches of the national 
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economy (also called ‘intersector deliveries’.) The column on the right hand side 
represents the net outputs and the column on the left hand side the gross outputs 
of the various products. The rows are subject to the balance relation indicated by 
equation (3.1). 


Since the process of production requires not only the use of means of produc- 
tion but also the application of direct labour, Wwe may supplement the above input- 
output table by introducing the amounts of labour force employed in production. Let 
us denote the total labour force available in the national economy by X, the labour 
force employed in producing the output of the i-th sector of the economy by 
Xp; and, finally. by ay the labour force not employed productively. The latter may 
be either unemployed (labour reserve) or empioyed in non-productive occupations, 
i.e., in occupations which do not produce material 


goods (e.g., personal services). 
With regard to the allocation of the total labour force 


the following equation holds : 


n 
Xo => Xoti ws (3.3) 


Introducing the allocation of the lab 


our force into the input-output table, we 
obtain the following table 


(3.4) 


The items in the square matrix in 
‘inter-sector deliveries’, The upper row 
labour force to the various branches of th 
at the right represents the remainder of 
(x,), and the net outputs of the various 
the left hand side represents the total lab 
2,...,.) of the various branches, 


the center of the table are ‘interflows’ for 
in the center represents the allocation of the 


products lz; i= 1,, 


-- n). The column on 
our force X 


0 and the gross outputs X; (i = 1, 


The entries in table may be expressed e 
units. In the latter case, the table is sometimes 
than our input-output table. Whatever the units, 
be summed, for each row is expressed in the same u 
yards, pieces). Thus the equations (3.1) and (3.2) 
may call them the ‘allocation equations’. 


ither in Physical units or in value 
called a ‘transaction table’ rather 
the rows of the table can always 
nits (e.g., man-hours, tons, gallons, 
hold under all circumstances, We 
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The columns, however, can be summed only if the entries of the table are ex- 
pressed in value units (e.g., rupees) i.e.. if the table is a transaction table, otherwise 
the items of a column would be non-homogeneous. We shall write these sums in the 
following form. 


Y, = Xy+ = Xj (9 = h 2i es as AOD) 


Obviously, Y, is the cost of the output of the j-th branch, X being the cost of the 
labour force employed and = X;; the cost of the means of production used-up in 
producing the output. We may call the equations (3.5) the ‘cost equations’. The costs 
of producing the output of the various branches of the economy are indicated in the 
row at the bottom of table (3.4). 

The excess of.the value of the output of a branch of the national economy 
over the cost of producing the output is the surplus produced in this branch. Denot- 
ing the surplus produced in the j-th branch by S;, we have 


S; = X;—Y; wn (3:8) 
and in view of (3.5), X; = Xy+ £ Xy+ sS; E E (3.7) 
a ‘ s fia: y 


This is the relation which in a multi-sector model corresponds to the Marxian de- 
composition of the value of the output of a branch of the national economy into 
¢+2-+8; (i = 1, 2). Here > Xy stands for c and Xq; stands for v, in the Marxian 
notation. The value added in the sector is X,;+5;. 

Introducing the surplus produced in the various branches of the econoniy 
into the transaction table and taking account of the relation (3.7) we obtain the fol- 
lowing transaction table: 


From taple (3.8) it is apparent that the gross output of a branch, say X,, 
can be obtained either by summation of the entries of a row or by summation of the 
entries of a column. Consequently, we have 


j=l 


= Kijai = XatÈ Xats; ü= 1,..., 2). . (3.9) 
ja 4 
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This results directly from the equations (3.1) and (3.7). On both sides of equation 
(3.9) X,; is appearing under the summation sign : it is the part of the output retained 
z ii É 5 à g 
in the sector for replacement., Eliminating Xy from the equation, we obtain 
E Kyte = Kaka Xats (= l, n) ... (3.10) 
jæi jæi 
This equation states that (measured in value units) the outflow from the sector to 
other sectors—plus the net output is equal to the inflow from other sectors plus the 
value added in the sector. 

Equation (3.10) is the analogue, in a multisector model, of the Marxian equa- 
tions (3.2) and (3.6) of the previous section. which hold in a two-sector model. The 
mentioned Marxian equations are obtained—just like equation (3.10)—by putting 
equal the value of the output of the sector and the total allocation of the sector’s out- 
put and by eliminating on both sides the part of the output retained in the sector. 


In order to see the exact analogy of equation (3.10) and -the equations of the 
Marxian two-sector model, let us transform equation (3.10) in the following way- 
Suppose that the net output x; is partly reinvested in the sector and partly consumed 


a 
or allocated to other sectors; the corresponding parts will be indicated by x; and # 
respectively. Thus we have 


x; = vipa; =U, t a (811) 


Further, suppose that the surplus produced in the sector is used partly for 
consumption, partly for employment of additional labour force in the sector, and 


partly for addition to the means of production used in the sector. Denote these 
quantities by S: Si, and 2% respectively. Thus 


S; => 8+ Sig tt. a See (3.12) 
Substituting (3.11) and (3.12) into equation (3.10) and eliminating x; on both sides, 
the equation reduces to 
2 Tate = D XetKot Seth G=) n (819) 


In this form not only the quantities X; retained in the sector for replacement but 
also the quantity retained in the sector for expansion is eliminated, Equation (3.13) 
states that the net outflow to other sectors and to consumption is equal to the inflow 
from other sectors and to the part of the value added not retained in the sector. This 


is the exact counterpart—in a multisector model — to the Marxian equation (3.6) in 
the previous section. 


If the number of sectors is reduced to two, equation 


(3.13) becomes identical 
with equation (3.2) of the preceding section. In this case ( 


3.13) reduces to 
Kota = Xt Xt S445. .. (3.14) 
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The corresponding transaction table takes the form: 


Xol Xa Xoz | Bn F Ra F Be 
X, Xn Xe t+ vi 
—— - (3.15) 
X; Xa Xo t + Tz 
5% 5, 
Sip Soo 
| kai Tz 


Sector 1 produces means of production, sector 2 produces consumers’ goods. 
As consumer’s goods are not a means of production, X», = 0, and as means of produc- 
tion are not consumed, a] are the means of production allocated to sector 2 for expan- 
sion. Using the notation of the preceding section, we shall write: 
Xa =n; Xo = % 
E . — . = 
Xu = 43 Kya = Cy; Xo = 0 


7 . y = 
Ts = Soe; Sio = Sw 


Thus equation (3.15) takes the form 

Caos = VS 
which is identical with equation (2.6) of the preceding section. In a stationary eco- 
nomy, So, = Sip = 9, and the equation reduces to c, = vs, ie.. 
(2.2) of the preceding section. i 


to equation 


It should also be noticed that of the equations (3.10) or (3.13) (which are equi- 
valent to (3.10)), only n—1 are independent. From the transaction table (3.8) it is 
apparent that 
2 (3 Xpte) == (Xo +E Xit+S) 5E X; vs (8.16) 
i 


This implies directly that one of the equations (3.10) can be deduced from the remain- 
ing n—1. This corresponds to the property of the Marxian two sector model where 
only one relation like equation (2.6) or (2.2) of the preceding section holds between 
the two sectors. 


Eliminating the double sums on both sides of the identity (3.16), we obtain 
= x; =X Xut S; sa B 


which indicates that the net product of the national economy, or national income 
is equal to the total value added during the period under consideration. 


4. TECHNOLOGICAL RELATIONS AND VALUE RELATIONS 


In order to study the effect of the technological conditions of production upon 
input-output relations we have to distinguish sharply between input-output tables 
expressed in physical units and transaction tables which are expressed in value units. 
For this purpose we shall use a separate notation. 
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The physical output of the i-th sector will be denoted by Q;, the physical net 
output by q; and the physical interflow from the i-th to the j-th sector by qy (ù ee L, 
...n). The physical total labour force (measured, for instance, in properly weighted 
man-hours) will be denoted by Qo: the physical labour power employed in the oth 
sector by gg; and the remainder not employed productively by qo- The physical 
input-output table can thus be written in the form 


Jor doz + Ton | Io 
| 
Gu q2 eee Tin | Ta 
Gs “dae sai don | de a (4.1) 
|| 
| 
| | 
Qn | Im ln eee Inn | In 
| 


JA NE. 
The rows of the table are subject to the allocation balance 
QG=5 ata =, 1,2,...,2). w (4:2) 
j 


The technological conditions of production can be described by the technical 
coefficients, called also coefficients of production: 


aj = 4406; = 05 Liars MF = yan) we (43) 


The coefficient a, indicates the labour power employed in producing a unit of output 
of the j-th sector, the remaining coefficients a; indicate the amount of output of the 
i-th sector needed to produce a unit of output of the j-th sector. 

In the socialist countries the values of these coefficients are generally available 
in form of the ‘technical norms’ used in planning and administration of production. 


These norms indicate the amounts of labour power, raw materials etc., which are al- 


lowed to be used per unit of output. In the absence of such ‘technical norms’ in the 


industries the technical coefficients can be obtained approximately from statistical 


input-output tables, according to formula (4.3). This method was employed by 
Professor Leontief. 


Introducing the technical coefficients (4.3), the allocation equations (4.2) 
become 


Qa; = = a; Gd; (i =D, êh n). 


It is convenient to separate the first equation relating to labour power from the remain- 
ing ones. We have then 


Q = = ag; +9 saa (4.4) 
and the remaining eguation can be written in the form 


(1-45) Qi—E tj Q= % b; aa) ... (4.5) 
jai 
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Thus the equations (4.5) can be solved separately from equation (4.1). The matrix 
of the coefficients of these equations 


Ly, Say | eea treet eee — ain 


WA tee $ wa (4.6) 


— üp Sapp senasa sanane l—a 


is called the ‘technical matrix’. It describes the technological conditions of produc- 
tion l 

In the system (4.5) there are n equations and 2n variables, i.e., the gross out- 
puts Q,, ..., Q, and the net outputs, di. ---> 4n- Tf the technical matrix is non-signular 
as we shall assume to be the case, there are thus n degrees of freedom. We can fix 
Q, are then uniquely determined by the equations (4.5). Or, instead, we can fix in 
the plan the gross outputs and the net outputs available which will result uniquely 


in the national economic plan the net outputs dj, ...: dn and the gross outputs Q,, .. 


from the equations. Or, finally, we can fix in the plan a number of gross outputs 
and of net outputs, together n in number — and the remaining n gross and net out- 
puts are determined by the equations. 

If the technical matrix happens to be singular, the number of degrees of free- 
dom is increased according to the order of nullity of the matrix. Thus if the rank 
of the matrix is m (m <n), the order of nullity is n—m and the number of idegrees of 
freedom is n + n—m. Thus we must fix in the plan 2n—m variables, the remaining 
m variables being then obtained from the equations (4.5). 


Having the gross outputs Qi» ..., Qn either from the equations (4.5) or directly 
from the plan, we can substitute them into equation (4.4). This gives us the total 
labour force employed PADA and taking the total labour force Q, as a datum, 
we can calculate qo i.e., the labour force remaining outside productive employment. 

To show the relation between the transaction table and the physical input-out- 
put table (1), we must take explicitly account of prices. Denote by po the remunera- 


tion of a unit of labour force, and by pi, Po, ..., Pa the prices of the products of the 


various sectors. Further p, denotes the earning of the labour force not employed in 
production. We have then 


Xi = Qn % = pigi (47) 
To = Polo: 
X; = Pilij: 


1 Tt should be noticed that this technical matrix differs from the matrix usod by Professor Leontief 
in so far that in Professor Leontief’s matrix the coefficeints aj; in the diagonal are absent; his diagonal 
consists only of unities. This is due to the fact that he does not tako into account the fact that part of the 
output is retained in the sector as means of production, e.g., part of the output of agriculture is rotained 
as seed and as fodder for breeding of animals, part of the coal is retained in the coal mines on fuel ete, If 
tho number of sectors in the model is small, the sectors being accordingly large, this omission may be 
serious. 
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We shall also denote by II; the surplus per unit of gross physical output of the sector, 
i.e., 
S; = I; Q; G= ian a (4.8) 
Introducing ‘these relations into the transaction table (4.8) of the preceding 
section we obtain the following form of the transaction table: 
—— a Te 
ol ® 
Po~Ioj + Polo | Polor: Poloz eere > Polo Po Io 
POL | Pada Pilis eeen ’ Plan | Ph 
Pa | Paan Pados oree > Polen Podo 
careat tales gan (4.9) 
| 
Pra | Padma Panz eee > Palun | Prin 
(T Or sass TiQ] 
loi MOa rres PrQn | 


Summing the columns we obtain the equations 
Poli HE Pli tVQ; = VQ; 
a 


which are identical with equations (3.7) in the preceding section. Taking account 
of the technical coefficients (aj), these equations can be written. 


A: Pot+d a; pj +l; = p; 
3 
or, more conveniently, 


(1— aii) Pi—E i Pi—to:Po = Il; ... (4.10) 
lal 


The matrix of the coefficients is 


1—a,,, Oy warms Sisane — ün: ag 
(4.11) 
ün: m T nggi aanan 5 1—4@,,,, —Aon 
There are n equations and 2n+1 variables i.e., n prices Pi; ..., Pa, the wage 


rate pọ and n per-unit surpluses, Il, ..., Ip. If the matrix is of rank n. there are thus 
n-++1 degrees of freedom. We can fix, for instance, the wage rate po mä the per unit 
surpluses I}, ..., Ila, the n prices are then uniquely determined. Or, instead, We 
can fix the n prices mentioned and the wage rate, the per unit surpluses are then 
uniquely determined, or any other combination of n+1 variables can be fixed, the ” 
remaining ones resulting from the equations. 
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If the rank of the matrix is less than n, the number of degrees of freedom 
increases correspondingly. The important point to be noticed is that these relations 
between prices of products. wage rate and per unit surpluses are entirely determined 
by the technological conditions of production as represented by the technical matrix 
of the coefficients of equations (4.10). The nxn submatrix containing the first n 
columns is simply the transpose of the technical matrix (4.6). 


Now we can show the relation between the physical input-output relations 
and the input-output relations in value terms as expressed in a transaction table. 
The rows of the transaction table (4.9) are subject to the allocation balance 


PQ; = = Pd tT Pik 

or, introducing the technical coefficients according to (4.3) 
PQ; = = Pity, +P: 

This can also be written in the form 


PO, => ty PjQ,+ Pid saa (4.12) 
3 


where ay = (PilPj)Gij (i,j = l- n). sw (4.18) 
In view of (4.7), the equations (4.12) can be written in the form 


X; => ay Xj+2; 
# 


or (Lay) A+ BayXj = 2% (E= L, a): we (4.14) 
These equations establish the relations between the value of the net outputs 21. .... Cn: 


and the value of the gross outputs of the various sectors. 


The matrix of the coefficients of these equations is 


1—ay,; =, ingih 
11: 12> tee tae eee Ain 
(4.15) 
' , 
Any, Ung, ses ee nee 1—a,, 


i.e., analogous to the matrix (4.6), only that the coefficients a;j appear instead of the 
coefficients dij- 


The coefficients a; can be written in the form 
a; = XX; Gs = Iya eh con, (418) 


They indicate the value of the input of the product of the i-th sector (i= 1,.... n) 
oduce a unit of value of output of the j-th sector. We shall call these 


required to pr 
coefficients the ‘input coefficients’. 
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In addition, input coefficients of the type 
a; = X6;/X; se (4:77) 


0. 


can be introduced which indicate the value of direct labour power needed to produce 
a unit of value of product of the j-th sector. With the aid of these coefficients the 
value of the total labour force employed in production can be calculated, i.e., 


Xy—% = Lay, X; wan (4.18) 
J 
The input coefficients derive their significance from their simple behaviour 


with regard to aggregation of two or several sectors into one single sector. For ins- 


tance, let us aggregate the j-th sector and the k-th sector and denote the new sector 
thus obtained as the /-th sector. 


The value of the gross output of the new sector is then 
X, = X,+-%, ... (4.19) 


and the value of the part of the product of the i-th sector allocated as input to the new 
sector is 


Xa = Xyt+Xy ... (4.20) 
The new input coefficient is, consequently, 
fi XyjtXy 
ay = X,/X,= UTA . 
il alXy Ka, 
In view of the definition (4.16), this is equal to 


/ = WA Haig xX, 4.21) 
ay bm, : saw AA 


i.e., the new input coefficient is the weighted mean of 


the input coefficients before 
aggregation. 


The input coefficients can be 
the Marxian theory of value. 


+, an amount representing a unit of social 
labour.) This quantity is entirely determined by the technological conditions of 


production. The transaction table indicates the allocation of the social labour among 
the various sectors of the national economy and shows the interflow of social labour 
between the various sectors of the economy. Aggregation of sectors can be performed 


by mere summation and the input coefficients are transformed under aggregation by 


simple averaging. 
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The Marxian theory, however, points out that in a capitalist economy prices 
do not exactly reflect the amount of social labour necessary to produce a unit of 
output. Systematic deviations arise between the “prices of production’, i.e., equi- 
librium prices under competitive capitalism, and the values of products measured 
inlabour. These deviations are the result of the technologically determined differences 
in ratios of capital goods and direct labour employed on one hand, and the equalisa- 
tion of the rates of profit by competition on the other hand. Monopoly produces 
further systematic deviations. Consequently, transaction tables of a capitalist economy 
give only an approximate picture of allocation of social labour. In a socialist eco- 
nomy transaction tables give a picture of the allocation of social labour to the extent 
that prices express the amount of social labour required in production. Therefore. 
in a socialist economy, a proper system of prices reflecting the amounts of social labour 
required in production is a necessary instrument of effective accounting of the allo- 
cation of society’s labour force among the various branches of national economy. 


5. CONSUMPTION AND INVESTMENT 

The net output of any sector of the national economy may be consumed, 
exported or accumulated for future use. Accumulated output may be designed for 
future consumption or allocated to increase the quantity of means of production, 
i.e., invested in the process of production. In the first case we shall consider it as 
another form of consumption; the last mentioned use will be called productive invest- 
ment. The part of the net output exported can be considered as destined for consump- 
tion or productive investment in proportion as the goods imported in return consist 
of consumers’ goods or means of production. Thus the total net output of a sector 
may be divided up into a part consumed and a part utilized for productive investment. 

Consider the net physical output q; of the i-th sector and denote the part 
consumed by g and the part invested productively by g@. Then 


% = PHP. su (B45 
Further 
ki = PQ; a = PQ; m (6.2) 


Thus, k; is the proportion of the gross output Q; of the sector i consumed, and o; is the 
proportion of the gross output Q; used for productive investment. We shall call them 
the ‘rate of consumption’ and ‘rate of investment’, respectively. 


Obviously, 
qi = (kita) Q, st (6:8) 


The allocation equations (4.5) of the preceding section ean then be written 
as homogeneous equations of the form 


(l—ay—k,—0)Q,— DazyQ=0 (i= 1, a n). (6.4) 
jai 
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In order that these have a non-trivial solution it is necessary that 
1—@y;— hy, yg, awana wane =, 


(5.5) 


i.e., the rates of consumption and rates of investment of the various sectors cannot 
be fixed independently of each other. Their mutual relations depend on the rank 
of the matrix of (5.5). 


This may be conveniently illustrated by the example of a twe sector model. 
Taking the sectors 1 and 2, the determinantal equation (5.4) becomes 


(ayy hy —044)(1 ayo — kag) = Ce ie, P 66) 


Mi “mn < 


This means that the fractions of the gross output of each sector going to the other 
sector for current use in production, i.e., !—a,;,—k,—a, is proportional to the 
technical co-efficients relating the two sectors to each other. Tt is seen from (5.6) 
that if the rates of consumption are kept constant, the rate of investment of one 
sector can be increased only at the expense of reducing the rate of investment of 
the other sector, A similar relation holds for the rates of consumption of the two 
sectors, if the rates of investment are kept constant. 
Now suppose that sector 1 produces means of 


production and sector 2 pro- 
duces consumers’ goods. Mea 


ns of production are needed to produce consumers’ goods 


> Consequently, aj, = 0 and k, = 0. Consuers’ 
goods are only usable for consumption; they are neit 


her needed currently to produce 
means of production nor are they investable in pro 


duction, Consequently, as = 0 
and a; =0. Thus the equation (5.6) turns into 


(1 ay, —044)(1 —atg— ky) =0 
As consumers’ goods are not invested. th 
1—dy,—k, = 0. Consequently, l~a,, 
can be arbitrarily fixed. 


eir total net output is consumed, i.e., 
=% is arbitrary and the rate of investment dj; 


the input of labour and follows the principle, ‘to each a 


ccording to his need’. Under 
such circumstances, the rates of consump 


tion can be set by policy provided their 
mutual relations resulting from (5.5) are observed. These relations are entirely 


expressed in physical terms and no value relations are involved; they depend entirely 
on the technical coefficients, 
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In a socialist economy distribution of the national product is based on the 
remuneration for labour performed. Under capitalism it depends also on property 
in means of production which permits certain classes to appropriate the surplus gene- 
rated in production. Therefore, in a socialist economy the rates of consumption are 
related to the remuneration of the labour force both in productive and non-productive 


In a capitalist economy they depend also on the use property owners 


employment. 
& 


make of the surplus they appropriate. 


In order to determine the rates of consumption, it is best to start from a tran- 
We have seen in section 3, equation (3.17), that the net product of the 


saction table. 
al value added in production, i.e., 


national economy is equal to the tot 
z x= Xo +5 Si. 
t i 


g tbe rates of consumption and of investment, we can write this in the form 


DEX, =z Xo HESE aX; s.. (5.8) 


> Introducin 


of this equation represents the part of the total value of the net 


The left hand side 
(national income) devoted to consumption. 


product of the economy 
Let W; be the fraction of the part of the national income devoted to consump- 
for the product of the i-th sector (i = 1, ..., n). We consider these frac- 


tion spent 
ata’ and shall call them ‘consumption parameters’. Then 


tions to be ‘behavioural d 
ka, = Wi Sry th Seat (= bm EW,=1). = (6.9) 
i j 


n the summation signs on the right hand side are denoted by j in order 


(The subscripts i 
he subscript 7 on the left hand side). 


to avoid confusion with t 
Introducing input coefficients and writing 


8 =0;X; (j=l, n) .. (5.10) 


we can write 
k; X; =W; (2 a4; Xt I; X,—= @;X;) (hml an) „n (5.10) 
2 4 j r 


ding section 


Substituting this in the allocation equations (4.14) of the prece 
e, we obtain 


which indicate the allocation balances in the rows of the transaction tabl 


aig ~a Wilant NXA layt Wala rI —ay))Xj = 0 e (812) 


(= 1, a, 7): 
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In order that these equations have a non-trivial solution we must have the 
determinant 


1 —an— 4 — Wila, tI; Hy), cesses =A ,— Wila, m ay) 


(5.13) 


1 + 4 7 , 1 4 
=a — W „(ası +I — a); kadak 1 du — En W nton T I, an) 


= f; 


This condition establishes the relations whic 
the rates of investment o, 


h must be maintained between 


-++;%, When the rates of consumption are determined by 
the ‘demand equations’ (5.1). 


The expressions 


+, —a, (j= 1,...,.2) we (5.14) 


which occur in the determinant (5.5) indicate the part of the value added per unit 
of output value of the sector which is devoted to consumption. By multiplying 


these expressions by W, we get the fraction of it which goes into consumption of the 
product of the i-th sector. 


For illustration let us consider 


a two sector model. The determinantal equa- 
tion can then be written in the form 


Tayo, — Wila HI a) _ 


1 4 : api Waasi +I; —a) — (5.15) 
aiet Wila +I, — aa) 


l—aj—a— Walas II —ag) a 
This equation indicates that the fraction of the v 
remaining after deduction of the part ret tor for replacement (aji); 
and for consumption W (a): +1l;—a,) and of the part devoted to investment 
(ai) is proportional to the total demand (per unit of value of its output) of the 
other sector for the product of the first. The latter is equal to the sum of the 


input coefficient—a;, and the output of the other Sector required for consumption, 
e., Wila, +I; — g). 


alue of gross output of each sector 
ained in the sec 


Transforming the input co 


efficients into technical coefficients according to 
formula (4.13) of the preceding 


section and observing that 

è IR s 5 
Ja G= Ty vegi) ... (5.16) 
we can write the determinant 


al equation (5.13) in the abbreviated form 


(5.17 
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where ô = 1 fori = j and ò; = 0 for i Æ j. This equation contains the wage rate 
po. the product prices py. ..., Pa and the per-unit surpluses II... II. These quantities 
cannot be eliminated from the equation. 


Thus when the rates of consumption are determined hy ‘demand equations’ 
like (5.11) linking them to the national income. the relation between the rates of invest- 
ment in the various sectors of the national economy cannot be expressed in purely 
physical and technological terms. They have to be expressed in value terms and 
are found according to (5.13) to depend on the input coefficients. the rates of surplus 
TI}... Ij, and the consumption parameters W,.... W, of the various sectors. 

As in the light of the Marxian theory of value the input coefficients can be 
interpreted as indicating technological conditions of production. the relations between 
the rates of investment are found to depend, in addition to the technological condi- 
tions of production, on behaviourial parameters relating consumption of the various 
products to national income and on the per-unit surpluses in the various sectors, 
The latter can be considered as ‘sociological parameters’. In a capitalist economy 
they are equal to the proportion of the value of each sector’s output appropriated by 
the owners of means of production. In a socialist economy the surpluses are set 
by considerations of social policy, providing the resources for productive investment 
and for society’s collective consumption. 


6. INVESTMENT AND ECONOMIC GROWTH 


The part of the net outputs of the various sectors invested in production is 
added to the means of production available in the next period. This makes possible 
in the next period an increase in the output of the various sectors of the national eco- 
nomy. ‘The investment done in one period adds to the amount of means of produc- 
tion in operation in the next period: In consequence, a larger output is obtained in 
the next period. The outputs of successive period (years, for instance) are linked 
up in a chain through the investments undertaken in each period. Thus, productive 
investment generates a process of growth of output. 


Let Q,(t) be the gross physical output of the i-th sector of the economy during 
the time period indicated by £, e.g.. the year 1955, and let a, be the rate of investment 
of the i-th sector as defined by (5.2) in the preceding section. The quantity of the out- 
put of the sector invested is thus «;Q,(t). By this amount increases the stock of product 
of the i-th sector available in the economy as means of production. 

This increment is partly retained in the sector and partly allocated to other 
sectors. Denote the increment allocated to the j-th sector by Agy (t). (i j = 1...5 n.) 
The index ¢ indicates the period during which the allocation takes place. 


We have Q(t) = E A q(t). AGA 
3 


However, not all the increment allocated is used-up by the various sectors 
a single unit period of time. For instance, if it consists of machines or other 


during ; 5 
guipment it will last for several units of time (years) and only a fraction of 


durable e 
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it is used up during a unit period of time. Let the dumang of the part searah ie 
of the i-th sector allocated to the j-th sector as additional means of ae uc ae 
T units of time. T is taken as a parameter given by the — eg = 
of production and may be called the ‘turnover penod of thg panien A p ne 
ductive equipment. The reciprocal of the turnover periods ion LP A t a -n 
up per unit of time, it is also called ‘rate of replacement’ or ‘rate of amortisa : 


In order to produce a unit of physical output of the product ai the ndan 
during a unit period of time the quantity a; of inal pendant a the ph sec re 
be used up during that period of time; a,; is the technical gah rape to ir ote 
in the next period the output of the j-th sector by an addtional unit, on qu vate 
of output of the i-th sector a; © T; must be allocated to the qth sedhok. T gr a 
a; of output of the i-th sector will be used-up in the next unit period in the s 
and this will produce one unit of output. 


The quantities 
by = ayTy jj =1,...,0) ise (62) 


ao a 


ə 
; , w 3 Oni indicate 
may be called the ‘investment coefficients’. The investment coefficients gp ; 
; ; i aa peder 

the quantity of output of one sector which must be invested in the other sector in or 
to increase by one unit the other sector’s output in the next unit period. 


z 3 ical 
The investment coefficients as well as their reciprocals reflect baden 
conditions of production; given the technical coefficients, the investment coefficien 
« S . ion. 
are proportional to the turnover periods of the various types of means of productior 


Write Q,(t) for the physical gross output of the j-th sector in the unit period 
under consideration and Q,(t-+-1) for the physical gross output of this sector in the 


next unit period. An increment of output of the j-th sector equal to Q(t+1)—O) 
requires the investment in the sector of the followin: 


g quantity of the output of i-th 
sector. 


Agy = BQ C+D- Gj = 1... 0), sn (63) 


In view of (6.1), we have 


aQ; (t) = = b;[Q; (t+1)—Q, ()] G= 1, ...n). (6.4) 


These equations express the relations between the alloc 
product of each sector devoted to investment in the va: 
and the increments of output obtained in the various se 


ation of the part of the net 
rious sectors of the economy 
ctors in the next unit period. 
Jf the amounts of product of the various sectors invested during the unit 


period t, i.e., @,Q,(t) are given (i = 1, ..., n), the increments of output in the next unit 
period can be calculated from the equations (6.4). 


Du, bin 
bsi Don 

Denote by B= $ (6.5) 
Gs Deien a 


—— Eh 8 2 
— 
O Ng naa Na 

KENANG Nga Ng NG EN 
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the matrix of the investment coefficients. The increments of output in the various 
sectors are then 


i l > 
Q,(t+1)—Q(t) = IB] >; |B; | <Q;(t) .-- (6.6) 
where |B| is the determinant of the matrix B and | B,;|is the co-factor of the element. 


It is convenient to write 


Bil 
oe ee 3.7 
= (6.7) 
and express (6.6) in the form 

Q,(t+1)—O,(t) => Bi; a; Qi (4 (j=l],....1. a (6.8) 


The coefficients B; indicate the increment of output obtained in the j-th sector from 
an additional unit of the i-th sectors’ product invested in the j-th sector. They may 
be called ‘intersector output-investment ratios’. The matrix of the coefficients Bj, 
is the inverse of the matrix B. 

The increments of output in the various sectors depend on the investment 
coefficients and on the amounts of product of the various sectors invested. The 
investment coefficients, in turn, depend on the technical coefficients and turnover 
periods. By virtue of (6.2) the matrix of investment coefficients can he presented as 


follows: 
ay ly. AyTy9. aaa tandhan 


aaa ag ee K 2 <.. (6.9) 
An Tn , AneT no terere Gan! sn 


In this way the investments done in one unit period lead to an increase of 
output in the next period. If the rates of investment remain constant. the invest- 
ments in the successive unit periods are, 

a, Q(t+1), KOMA), eee f = lcst 
The investments of the first unit period ¢ are the initial ‘shock’ which sets in motion 
the process of economic growth. The investments in the successive unit periods carry 
the process forward from one stage to another. 

The course of the process of economic growth can be deduced from the equa- 
tion (6.4) or, for that matter, also from the equivalent equations (6.8). These are 
linear difference equations with constant coefficients. The characteristic equation 
of the system (6.4) is 

| oy +by,(1—A), DlA): sees bi,(1—A) 
j| 


se i É <. (6.10) 
ba(1— À): baa(1—AÀ), kaa Annt Onn —AÀ) ! 
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The solution of the difference equations indicating the gross output in the unit period 
i, can be written in the form 
j pel 
Gi) = E Ophy AE (j = Ll. .... 2) .. (6.11) 


where the A, are the roots of the characteristic equation. the C, are constants genes 
mined by the outputs Q,(f,) in the initial unit period ¢,. the hjz are constants determine 
by the matrix of the coefficients of equation (6.4). i.e.. by the matrix 


CHO: Üy asise b 
(6.12) 
bisa Dar aire : G&+0n, 


Thus the constants C, reflect the initial situation of the 
while the constants A; depend on the technologic 
pressed by the technical coefficients 
of investment,! 


national economy 
al structure of the economy as ex- 
and the turnover periods as well as on the rates 


This analysis can be generalized by considering the rates of investment as 


variable in time, i.e., considering functions œ (t) instead of constants Og = leasg ti); 
In a similar way, changes in technical coefficients and turnover periods can be investi- 
gated. Instead of the constant investment coe 
functions of time b(t); where i,j = 1 
then, 


ficients, we would have to consider 
: > 5 gs > 
>un. The difference equations (6.5) become 


M(t) Qt) => DAOG) Q] ss 08.13) 
J 
Since the coefficients in these equat: 


ions are not constant, the equations require more 
complicated methods of treatment. 


The increments in put; 


put from one unit period to the next one can, however. 
be easily computed. They 


are, in analogy with (6.8), 
UUD- => Ba 040). se (6.14) 
t 
the matrix of the coefficients B;; being now the inverse of the matrix 
bilt). b), 


Bit) = (6.15) 
Balt), Onal) aana ; Badi) 
The relations between investment and the 


Process of growth of output are here 
presented entirely in physical terms. They are fo 


und to depend solely on the techno- 


1 In the above, the roots \ are assumed 


to be all distinct, Ti ease of a multiple riot the corres- 
ponding hj on the right hand side of (6.11) is not a constant but a polynomial of degree one less than the 


multiplicity of the root. The coefficients of this polynomial are determined by the technological stru- 
cture of the economy expressed by the matrix and the rates of investment, The coefficients Cp remain 
determined by the initial situation. 
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logical structure of the economy and on the rates of investment chosen. The process 
of economic growth, however. can also be presented in value terms. 
In such a case, the technological investment coefficients b, are replaced by 


a set of coefficients. 


bj = mran (CA = Ni anas 3 4 maa (6:76) 
indicating the value of the output of the 7 -th sector which must be invested in the j-th 
sector in order to obtain in the latter a unit increment of output value. These coeffi- 
cients may be called ‘investment-outlay coefficients’ or simply. ‘outlay coefficients. `! 

In view of the relations (4.7) in section 4, the outlay coefficients are related 
to the investment coefficients as follows: 


Bees Pepe, w (6.17) 
Taking into account (6.2), they can also be written in the form: 
R= a Ty = 2 cag Ty. < (6.18) 
Pj 
Using the relations (4.7) of section 4 the difference equations (6.4) express- 


ing the relations between investments in the various sectors of the economy and the 
increments of output obtained can be written in the value form: 


a X(t) => byl X,(¢-+1)—X,(d)]. a (6.19) 
4 
and the solutions of these equations are obtained by means of their characteristic 
equation which is 


| a+b —À), ... z= bial —A) 
0=| ... (6.20) 


| P 
|| 
| ba[L—A)h tr seep Bib NA) | 


The process of growth of the value of the output of the various sectors of the 
economy is thus determined—given the values of the initial outputs X4(f). .... X(t) 
by the outlay coefficients bij and the rates of investment ije 


#Usually the term ‘capital-coefficients’ is used to denote the outlay coefficients. For reasons 
Marxian theory the term ‘capital’ is not appropriate in a socialist economy because it covers 
ntal difference between the role of capital as value of means of production used to appro- 
priate by their owners the surplus produced in the natpnal economy; and the role of means of production 
as an instrument in the physical process of production. We, therefore, prefer to use the term ‘outlay 
nts’, meaning by ‘outlay’ the money value of the physical investments. 


exposed by the 
up the fundame 


coefficie! á 
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The outlay coefficients behave under aggregation of two or several s 
into one sector in a similar way like the input coefficients. The outlay ranggan ‘ 
of the new sector resulting from aggregation are the weighted means of the outlay 
coefficients of the sectors aggregated. 


Indeed, denote by the subscript | the sector resulting from aggregation of the 
j-th sector and the k-th sector. The outlay coefficients of the new sector are then 


— Aa 
t X(t+1)—X((). 
Since AX, = AX, + AX;, 


Xt) = X(t) + X,(t) 
“KI = KE) + KUN) saa (6.21) 
we obtain, taking into account the definition (6.16), 


Bec bij [X(t-+ 1) —X(t)] +54, [Xi(t+-1)—X,(t)] 


[Xt-+1)—X; OH+] 


(6.22) 


The merit of presentation of the process of growth of output resulting from 
investment in value terms consists in the possibility it give 
But it must be pointed out that the outlay coefficients do not 
logical structure of the economy. As seen from (6.17), they depend also on the 
relative prices of the products. The result of their averaging under aggregation also 
depends on the relative prices of the products of the s 


However, on the basis of the M 


s to aggregate sectors. 
reflect only the techno- 


ectors aggregated. 
arxian theory of value, the outlay coefficients 


s, be interpreted as indicating the quantity of 
social labour employed in the sector of the economy which must be ‘stored up’ in order 


to increase the output of another by an amount representing one unit of social labour. 
Under such interpretation, which requires that prices reflect the 
labour necessary to produce a physical unit of product, the outl 
represent the technological structure of the economy, 


amounts of social 
ay coefficients too 


The way in which the growth of out 
entirely on the technological structure of t 
fact that the investment coefficients 


put set in motion by investment depends 
he economy is further elucidated by the 
according to (6.2), products of the technical 
hat the outlay coefficients, according to (6.8) 
nts and the turnover periods.1 Thus the 
growth of output resulting from investment 


are, 
coefficients and the turnover periods, or t 


are the products of the input-coefficie 
technological conditions determining the 


*The fact that the investment coefficient are not independent of the technical coofficients but 


nover periods seems to have been pointed out first bY 
David Hawkins, “Some conditions of macroeconomic stability,” Econometrica 1948, p. 313. Usually they 


like for instance by Professor Leontief in, Studies in the Structure 
of the American Economy, Oxford University Press, New York 1953, p. 56. 


are wrongly taken as independent data, 
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consist entirely of two factors. One are the technical coefficients indicating current 
input-output relations during a unit period. The other are the turnover periods which 
simply indicate the durability of the various means of production and, consequently 
the rate of use-up of the means of production in a single unit period of time. 


This disposes definitely of any mystical notions about the ‘productivity’ of 
a mythical entity ‘capital’ conceived as a separate factor of production distinguished 
from the physical means of production. Such metaphysical entity is proved to be non- 
existent. l 


In a capitalist economy ‘capital’ consits of private property rights to means 
of production which permit’ the owners of the means of production to appropriate 
the surplus produced in the national economy. ‘Capital’ is the power to appropriate 
surplus. This power, under capitalism, is measured by the money value of the means 
of production and hired labour power a person (or corporation) can command. In a 
socialist economy such property rights are absent. There exist simply physical means 
of production and certain technological conditions expressed by the technical coe- 
fficients and turnover periods. From these technological conditions there result 
certain consequences concerning the quantity of social labour which must be ‘stored 
up’ in order to achieve a planned increase in output. Thus there is no need in a socia- 
list economy for any concept of ‘capital’. Such concept would only obscure the techno- 
logical character of the conditions of the process of economic growth. 


7. EFFECTS OF INVESTMENT ON NATIONAL INCOME AND EMPLOYMENT 


The equations (6.19) of the preceding section can be transformed in a shape 
analogous to equation (6.5), i.e., in a shape which presents the increment of the v 


alue 
of output of a sector of the national economy as a linear combin 


ation of the invest- 
ments undertaken in the various sectors. For greater generality it is convenient to 


consider the rates of investment, &;, as variable in time, i.e., a; (t). We obtain then, 


X; (6+1) —X(Q = ie a; (t) X(t) = 1, was): wew KA) 


The coefficients B;; are the elements of a matrix (B)! which is the inverse 
of the matrix of the outlay coefficients 


Bigg Cis we sa Os 
a= (7.2)* 
Bias Die, SER kalak A Di 
This means that, 
t a [Bells KA 
j= [BA] ; (i,j = 1, ..., ,) sse (728) 


where |B’| is the determinant of B and |B; | is the co-factor of the element b. 
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The coefficients B;; may be called ‘intersector output-outlay ratios’. They 
1. 8 ; 
indicate the increment of the output (measured in value) of the j-th sector resulting 
from a unit increase of investment outlay in the i-th sector. 


Summing the equation (7.1) over all sectors of the national economy, we 
obtain 


2X 4-4, 0] = BE Bi o (0) X; (0) 


or, writing A => By G=1,...,0), ni RA 


= (X; (t+ )—X; (0) => fa; (NK). s (0) 
3 i 


The left hand side of equation (7.5) is the increment, from one unit period to 


the next, of gross national product. The coefficients #, on the right hand side indi- 
cate the effect of a unit increase in i 
economy on national gross product. 
of the various sectors. 


nvestment outlay in the various sectors of the 
They can be called simply ‘output-outlay ratios 


A further simplification of e 


quation (7.5) can be achieved by expressing the 
investment outlays in the various se 


ctors as a fraction of the total investment outlay 
in the national economy. Denote by q(t) the overall rate of investment in the national 
economy during the unit period ¢t.. The total investment outlay during the unit period 
is 


a(t) = KA). 


Denoting further b 


y Hi (t) the proportion of the total investment outlay which 
is undertaken in the i-th S 


ector of the economy, we have 


ai (t) X; (t) = 4; (t) a(t) > AKA) ; 


(7.6) 
È mu () = 1). 
Substituting the relation (7.6) into equation (7.5) and observing that 
2X0 = X X; (t), 
i 3 
we arrive at > (A; (t+1)—X; (t)) = a(t) EX HE B; t (t), 
i j 
which also can be written as 
z (X;(t+1)—X; (t)) 
E TOE Am, ahi; 
3 


The left hand side of (7.7) 


; is the rate of increase of gross national product 
and will be denoted by r(t). Tn ord 


er to simplify the tight hand side we shall put 
At) = = Bim (t) sas (7.8) 


330 


SOME OBSERVATIONS ON INPUT-OUTPUT ANALYSIS 
Since 5 y; (t) = 1, 8 can be interpreted as the average output-outlay ratio of the na- 


tional economy. Equation (7.7) can thus be expressed in the simple form 


r (t) = a (t) 2 (2). (7.9) 
Thus the rate of increase of gross national product is the product of the overall 

Tate of investment and of the average output-outlay ratio. 
Now we can calculate the effect of a given investment programme upon gross 
national income after a number of unit periods of time. Let & X,(¢)) be the gross 


national product in the initial unit period tọ, and let the investment programme be 
given by the overall rates of investment a(f)). .... a(t,) and the fractions ju;(f9), ...4;(t,) 
of the total investment outlay allocated to the various sectors of the economy, 
(¢=1,...,n). We obtain, then, the average output-outlay ratios, A(t). ... A(t,). 
The gross national product in unit period ¢,(f, > tọ) is, 


ts 
= X,(4) = [| DAHANA Xto. ve (7.10) 


t=to 
If the overall rate of investment g(t) and the allocation fractions Mil) are the 


same during each unit period, say æ and yi, this reduces to 


Bt) = (1a py". EEN). l w (7.11) 


j 


National income is the value of the total net output of the national economy. 
The value of the net output of the i-th sector in unit period, ¢ is according to the al- 
location equation (4.12) or (4.14) 


u(t) = X()— E aj;X,(t), we (7.12) 
2 
where the ay are input coefficients. National income in unit period ¢ thus is 
E lt) = D X()— X Xt) Z ah. 
ki s j i 
Remembering that D X(t) = = X(t) 
. Ed 


Ext) = Ea) 


we obtain z y(i) = (1— = aj) = X,(0). ae (719) 


Thus the national income in any unit period differs from the gross national 
product of that period by a constant factor, (1— =); The double sum in this factor 


6 fraction of national product which is allocated for replacement of the 


expresses th 2 R $ 5 : 
d up in the process of production during the unit period (i.e. for replace- 


products use 
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ment). The factor itself indicates the fraction of gross national products which consti- 
tutes net product, i.e., national income. 


Since national income differs from gross national product by a constant multi- 
plier, the rate of increase of national income is necessarily equal to the rate öf a 
of gross national product. Consequently, the relation (7.9) holds for national in- 
come as well as gross national product. 


Furthermore, we find that national income in unit period 7, is related to 
national income in the initial unit period fy (t, > t,) by formulae analogous to (7.10) 
and (7.11), namely, 


ts 


= Fal) = | [B 2] E a), asa (7.14) 
i t=% á 

and, in the case when a(t) = const and B(t) = const 
E glt) = (app (ty). va (7.15) 
j i 


The total employment generated by the gross national product is calculated as 
follows. Denote, as in section 4 by a’ 


oj the input coefficient indicating the value of 
direct labour force needed to produce a unit of value of product in the j-th sector. 
We shall call them for convenience ‘employment coefficients’. The total employment 


(in value units) corresponding to gross national product in unit period ¢ is, according 
to the balance equation (4.1 Bes 


= ao X, (t). 
a 


Consequently, the increment -of total 


employment from one unit period to 
the next is 5 aj [X (t+1)—X (0)]. 
i j j 


Taking into account equation (7.1), we find 
2 ay [X (t+1)—X 
Gere Ff i 


0l = dai, > By x(t) X(t), 
i 4 i £ 
or, in view (7.6), 


D ao; [X(t+1)—X(0)] => ay z Bi ul) a (D ZX). (7-16) 
This expression can be simplified as follows. Write 
% = E a,By G@=1,..:,n), we (7.17) 
yris the additional amount of employment ( 
economy by a unit increase in investment o 


We may call it the ‘employment outlay ratio’ 
= a [X,(t+1)—X,(1)] 
Pay = al) Ey; mt), 


in value units) created in the national 
utlay in the i-th sector of the economy. 
of the i-th sector. Then we obtain 
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or, by introducing the average employment-ontlay ratio of the national economy 
WO) => Viri (4), vee IS) 


Z ag [X(t+-1) — X(t) 
EX) 
J 


= a (t) y (¢). z AI) 


The left hand side of (7.19) indicates the increment of total employment from 
one unit period to the next in relation to the value of the gross national product in 
the initial unit period. Let us write, 

£ ag X; (6) 


aj(t) = FI ; saa (7.20) 
4 


i.e., the average employment coefficient of the national economy. Substituting this 
into (7.19) we obtain the rate of increase of total employment from one unit period 
to the next; 

Z doy X; +D=X0) _ alt) 70) 


= aoj X; (t) ao(t) 
a 


2 


or, denoting the left hand side by p(t), 
a (t) y (t) 
adi) 
Thus we find that the rate of increase of total employment is the product 
of the rate of investment and the average employment-outlay ratio divided by the 
average employment coefficient of the national economy. A 


The total employment in unit period 4 is related to the total employment 
in the initial unit period to(ts > tọ) by the formula 


plt) = (7.21) 


ts 
stat KN) = x (t) y(t) i 
X a; X; (4) d [2 + aae] B aso). = (UBB) 


Comparing (7.21) with (7.9), we can establish a relation between the rate of 
increase of employment and the rate of increase of national income (or, which is the 
same, of gross national product.) Denote by v(¢) the ratio of these two rates, i.e., 


v(t) = PË . 
(0) KON a (4:28) 


—_1 , rf). 
we have v(t) Pun Be: wae (7.24) 


i.e., this ratio is proportional to the ratio of the average employment-outlay ratio and 
the average output-outlay ratio. 
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Total employment grows faster, equal or slower than national income accord- 
ing as to whether 


70 
agi) 


A(t). < (7.25) 


Al V 


However, y(t) and f(t) are averages depending on the allocation of the total 
investment outlay among the various sectors of the national economy. Remember- 
ing (7.8) and (7.18) we have 


1 2% lt) 


= HE Raw 


(2.26) 


Since the coefficients y; and b; are determined b 


y technological conditions and ag(t) 
is determined by the employment coefficients acj and by the way the national product 
is composed of outputs of the v 


arious sectors, y(t) can be influenced only by a 
proper choice of the allocation of investment fractions Hilt). 


In order to obtain the greatest rate of increase of national income (or of gee 
national output) the allocation fractions j,(t) have to be chosen so as to maximize 
the average overall output-outlay ratio £(t). In order to achieve this, investment out- 
lays must be allocated to the sectors with the highest overall out-lay ratios, J; 

In order to obtain the greatest possible rate of incr 
the allocation fraction {t) have to be chosen so 


ment outlay ratio y(t). This requires that th 
the sectors with the hig 


ease of total employment 
as to maximize the average employ- 
e investment outlays be allocated to 
hest overall employment outlay ratio y;. 

These considerations refer to 
employment in a given unit period ¢. 
est possible increase of total employm 
factor has to be brought into consider 


unit period. The rate of investment, however, may depend on the national income, 
because an incre: e in national income makes 


it possible to have a greater rate of 


in total employment 


mployment but in a way which 
The slower rate of increase 


ee ee RE 


Fr 
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where I(t) = X x(t) is the national income in unit period ¢ and c is a factor of, 
proportionality (0 < ¢ < 1). Then, 


TUO ea 
ari) ... (7.28) 


p(t) = 


Taking into account relation (7.14), we find that in any given unit period 
t; (t; < to) the rate of increase of total employment is 


tk 
pt) = ¢ U tan |] a+r, z (7.29) 


aote) = 


where Z(t) is the national income in the initial unit period, fy. 


Thus the rate of increase of total employment in any given unit period is 
proportional to the increase of national income which took place between the initial 
unit period and the unit period under consideration. 


In expression (7.29) y (t) depends on the values of the investment allocation 
fractions /1,(t,) (i = 1, ..., n) in unit period ¢ whereas r(t) depends on the values of the 
allocation of investment fractions 4;(t) in all the unit periods from f, to t} This 
can be seen immediately from the formulae (7.8), (7.9), and (7.18). A change of the 
values of the allocation (of investment) fractions in each period from to to f} thus pro- 
duces a change in the rate of increase of total employment in unit period ¢, equal to 


dpd oa 5 Te) | [i asamar anana ff asa ih we (7.86) 


t=to 


The change is positive zero or negative according to the sign of the expression 
in braces on the right hand side, i.e., according as to whether 


am +70) > ka 


dy (ty 
ti = H 2. (7.31) 
pi (tro) < . 
The left hand side of (7.31) can be written in the form 
dlog || A) = ah) 
I x 1+r(2) 
Hence, the expression (7.31) becomes 
tk 
> 
PAF et = ve (7.82) 


ag THOS O ¢ 
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Let us start with values of the allocation of investment fractions which in each 
unit period from 4, tot, maximize the average employment-outlay ratio y(t). Then 
change these fractions so as to maximize r(t). In each unit period dr(t) > 0 and dy(t,) 
< 0 (except in the trivial case when y(t) = A(t) in each unit period, in which case 
dr(t) = 0 = dy(t)). Thus the left hand side of (7.32) increases monotonously with the 
value of t. By choosing t, large enough it is possible to make the left hand side in 


(7.32) greater than the right hand side, i.e., to achieve a greater rate of increase of: 


total employment than would be the case if the investment allocation fractions were 
chosen so as to maximize in each unit period the immediate effect on total employ- 
ment. 


Total employment in the unit period ¢,(t, > t, > tọ) is according to (7.22) 


ts 
E yilt) = I [1+plt,)] Baja). a (7.33) 
2 j 


oj 
tt=to 


Taking logarithms, we find 


ts 


, dplt,) 
d log È a); X(t; => Pl stant. a. (7.34) 
g$ a,;X;(t,) TF pli) + constant. ( 


tk=to 


As we have seen, a change of the allocation of investment fractions designed to 
maximize r(t) in each unit period leads to dp(t,)>0 from a certain unit period on wards. 
Beginning with that unit period the right hand side of (7.34) increases monotonously, 
with the value of t. By choosing t, large enough it is possible to make (7.34) positive, 
i.e., to make total employment larger than would be the case if the rate of increase 
of national income were not maximised in each unit period. 


Denote by t, the critical value of #, at which the expression starts becoming 
positive. Over planning periods which are shorter than t,—¢ 
total employment is obtained by allocating investment anfase 
sectors of the national economy so as to maximise in each unit period y(t) by directing 
them always to the sectors with greatest, employment-outlay ratios. Over planning 
periods exceeding t,—t, the greatest possible total employment is obtained by maxi- 


mising in each unit period r(t), os by allocating investment outlays always to the 
sectors with the greatest output-outlay ratios. 


the greatest possible 
among the various 


More complicated conditions for allocation 
the various sectors of the n 
of the policy i.e., greatest po 


: of investment outlays among 
ational economy are obtained when the principal goal 


i : ssible increase of national income or of total employment 
during a period of time, is subject to additional conditions imposed like, for instance, 
a certain predetermined rate of growth of consum : 


on the basis of the relations established in this 
of linear programming. 


ption. Such problems can be solved 
chapter by means of the techniques 


Paper received ; March 1956. 
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THE USE OF A SHORT-TERM ECONOMETRIC MODEL 
FOR INDIAN ECONOMIC POLICY 


By J. TINBERGEN 
Planning Bureau of the Netherlands, The Hague 


1. THE SECOND FIVE-YEAR PLAN AND SHORT-TERM ADAPTATIONS 


Most of the figures and recommendations on the Second Five Year Plan 
so far published refer to its targets. In the Draft Outline, figures can be found about 
the increase in national income and employment it is proposed to strive for, the 
investments that will have to be made in order to create the necessary productive 
and the financing of that investment, particularly in the public sector. 


capacity 
are made with respect to a number of qualitative subjects such 


Recommendations 
as education, training, social services and so on. Not all of the figures and recom- 
mendations refer to targets; but many of them do. Much less is to be found on the 


instruments to be used. To be sure, public investments may be called instruments 


in this respect. Their 
it is well-known that the 


the true instruments here 
ave not been specified yet. Private investments, to quote another 


realization will depend on the financial means available and 
ir enumeration in the Draft Outline is not yet complete; also 
are the tax rates rather than the total tax receipts! and 


these rates h 
example, cannot be called instruments either; they are themselves the consequences 
of a number of circumstances, among which the instruments of economic policy. Very 
probably many non-specified instruments in the field of restrictions and alloca- 
tions are also going to play a role in the execution of this Five Year Plan and these 


instruments have not yet been specified. 


They could hardly be specified in much detail, since their function is essential- 
ly to bring about the short-term adaptations needed in every economy, whether in 
development or not. Every economy is subject to a number of almost unforeseeable 
short-term disturbances : changes in crops, in foreign commercial policy, in con- 
sumer and investor attitudes, etc. It may happen, in a certain year, that consump- 
tion of the population exceeds the level desired by the Five Year Plan leaving too 
little for investment. In order to warrant the Plan’s execution the Si renani will 
have to make short-term adaptations in its taxation and spending programme. It 
may happen that certain expenditures have been underestimated and that additional 
finance is needed. The same problem then arises. It may be that the balance of 
payments shows an undesirable development: imports may have to be restricted 


or exports to be stimulated. For these short-term adaptations to be performed 


palak maa 
1 Sce B. Hansen, Finanspolitikens ekonomiska teori, Stockholm 1955. p. 49 ff. 
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in an orderly way and on time, a systematic preparation may be useful. It is the 
objective of this paper to give a brief survey of the methods used in this field in the 
Netherlands and to give a discussion of the question whether these methods may 
also be adopted by a country so different as India. 


2. SHORT-TERM MODELS USED IN POLICY DESIGN 


In the Netherlands, where the Second World War had caused considerable 
damage, and where several structural changes had to be brought about, economic 
policy since 1945 has been prepared in a more systematic way than before. As in 
most West European countries, annual calculations of national income, and its origin 
and target, have been made together with social accounts. 


Some further steps have, 
however, been made also. 


Along with statistical estimates for the immediate past, 
estimates for future years or budgets have also been made for the nation as a whole. 
In addition, estimates have been made for such future years of the consequences of 
certain measures of economic policy. These latter calculations incidentally also 


were made in other countries; in Holland they were, however, based on econometric 
models.” 


To be sure these models are still very rough presentations of the most impor- 
tant relations only between the most important variables of the economy. Their 
use has been questioned by several critics and it should be stated that they are meant 


to help in political decisions, and are not be used as a substitute for common sense. 
It seems to the author that their advantages lie in their 


most other instruments of analysis, and that they 


tructed, the execution of a large number of alternative calculations. Such alter- 
natives are useful in a double way. They enable the policy-maker to study the 


consequences of variations in the policy programme and, at the same time, they are 
illustrative of the consequences of error 


i 4 s of estimation, that is, of the range of UN” 
certainty in the results. 


being more explicit than 
permit, once they have been cons- 


l Models are more explicit in that they force their authors to state the problem 
of policy they are going to discuss among other things by an enumngeailon of all the 
variables considered and of the relations assumed to exist bada 
problems they also force their authors to state th 
ments of the policies considered. 
in economic policy 


een them.2 In policy 
explicitly the targets and the instru- 
In view of the multitude of conceivable problems 


and of the confusion caused by an incomplete setting of the 
problems considered, such explicit state : 


eee ments are not only very useful but almost 
indispensable. i ’ 


1 See Central Planning Bureau, Central Economic Plan 1955, The Hague, 1955 

=e e, 1955. 
2 For examples sce L. R. Klein and A. S. Goldberger, An a AE AA sia ENET 
Amsterdam, 1955. 
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3. THE CONSTRUCTION OF SHORT-TERM ECONOMETRIC MODELS 


It cannot be the purpose of a brief article to give a detailed account of the 
construction of the models just mentioned. These details may be found in the 
existing literature. A summary with a few practical hints only may be given here. 
The construction essentially consists of a theoretical and a statistical part, which are 
intimately interwoven: in this section the theoretical part will be described, but it 
should not be overlooked that each theoretical contribution has to be tested statisti- 
cally and if rejected by the test, to be amended, until a model is found which satisfies 
the standards set both from the theoretical and from the statistical point of view. 

The first instalment is a choice of the variables which are considered important 
for the purpose of the model construction. This choice has to depend on the type 
of policy to be considered and anyhow the target and instrument variables have to 
enter into the list of variables. To the variables we are interested in, have to be 
added the variables which are assumed to be relevant for the explanation of the 
fluctuations of the target variables. These may be variables we are not interested 
in a priori. Suppose national income is one of our target variables. National 
income will depend on the volume of investment (in the Keynesian way). and 
we are interested in investment since we consider it as one of the instruments; 
so we will have that in our list. But apart from investment, national income may 
also depend on exports which for their own sake we are not interested in so much, 
They have to be added to the list, since they are relevant to income. Again we 
may have consumption in our list since consumption is one of the ultimate ends of 
our policy; consumption will, however, depend on the price level, and so the price 
level has to be taken in into consideration also. Which variables should finally be 
included in the list, partly depends on our statistical testing of the relations we assume. 
Variables, which a priori may seem to be important, may turn out to be otherwise 
(e.g., the interest rate); on the other hand, variables which we may not consider 
important, may, on closer examination, turn out to be quite relevant. 


4. STATISTICAL ESTIMATION OF CONSTANTS 


Tt is the essence of statistical estimation that the fluctuations in some of the 
variables are explained with the aid of certain constants and by the fluctuations 
in other variables. Such constants may either take the form of initial values of 
some variables, e.g., the initial value of national income and national capital and 
of the price level etc., or the form of so-called coefficients, e.g., the propensity to 
consume, the import quota of certain industries ete. These constants, which often 
are only approximately constant, or dependent on other, more hidden, constants with 
variable “weights”, represent the structure of the economy under investigation. 
Their statistical estimation is one of the most important steps in the whole procedure, 


1 See Klein and Goldberger, loc. citu; or J. Tinbergen, Business Cycles in the United Kingdom, 
5 


1870-1910, Amsterdam 1951. 
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There are several methods of estimation ranging from simple ones to very complicated 
ones. It is one of the objectives of the work under review to decide which method 
to use. It would be a mistake to believe’ that only time series analysis and in pase 
cular the most modern methods are used. Certainly, time series analysis is an 
important method. In addition, however “structural analysis”? may bs helpful 
ie., statistical analysis of the composition of certain totals or the differences in 
a of groups existing at the same time. So, the now famous capital coefficient 


(or l )may be estimated with the aid of very simple methods. Or the propensity to 


consume may be derived from family budget statistics. Or, to quote a rather 
important source of knowledge, international comparison may be used.! 

In certain cases a still more direct estimation of coefficients is possible. C.S: 
for tax rates. The average marginal rate of direct taxation, to quote an example; 
may be derived from the tax regulations themselves. 


A Se z EN ai scal 
In the absence of any solid statistical basis, one possibility to obtain numerica 
estimates of certain coefficients may be to ask a number of experts in the matter 


for a personal guess. This illustrates that in practical work, inventiveness and 
imagination will have to play their part. 


5. FLEXIBILITY oF THE METHOD : APPLICATION TO INDIA 


It is often believed that models built for one type of country cannot be of 
much use for countries of a very different type. Such a statement may cause 00N- 
fusion. It is true of course if one would think of applying the equations of exactly’ 
the same numerical form found for one country to another country; that is of no 
use. The statement need not be true in another version, namely if only the mathe- 
matical shape of the equations is maintained, but other numerical values of the €o- 
efficients are applied. Already in this way important differences in structure can 


be properly taken account of. Some of the most important structural constants 
used in the Netherlands model are the following, 


(i) The marginal import content of national product ji : 
(ii) The portion A of national income accruing to employees: 
(iii) Government expenditure @° in the initial period (may be expressed 
as a percentage of national product at market prices): 
(iv) The marginal rate of spending 1—c. 


By a variation in these constants we may obtain formulae for a country 
showing a completely different import content, a completely different distribution 


of national income between employees and independents, a completely different 


size of the government sector in comparison to the private sector and a completely 


1 Colin Clark was one of the first to apply this method on a large scale (see his Economics of 1960, 
London 1942). A recent example is L. Jureen: “Long-Term Trends in Food Consumption: A Multi- 
Country Study”, Econometrica 24, (1956) p.1. 
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different rate of spending. All of these are already important characteristics of an 
economy, may be even the most important ones. In fact. if one were to enumerate 
fferences between the Netherlands and India one would probably 
eristics to be of importance. But the fact of their being widely 


he method of econometric models 


the systematic di 
find these charact 
different for the two countries does not mean that t 
cannot be applied to India. In this respect the method possesses every flexibility 
that could be desired. Several other examples could be added, such as the different 


composition of imports and to some extent of exports. They will not cause any 


difficulty in the application of the Dutch model to India. 


There are, of course. other difficulties of a more fundamental character. 


These we will now discuss. 
whether or not India. being such a large 


a) First of all, one may wonder 
is would not frustrate the method to 


country, is far less homogencous and whether th 
is clear that no general pronouncement 


some extent. Upon some further reflexion it 
can be made. 


Tt is certainly probable that the price level or the wi 
mall country like the Netherlands. This may imply 


and hence statistical relations are less clear. But 
fact of the size may permit the 


age level will be much 


less uniform in India than in a sr 
that averages are less meaningful 
it need not imply this consequence, since the very 
“application of the law of large numbers” in India rather than in Netherlands. In 
fact it appears that the fluctuations in wages and those in prices show a very satis- 


factory correlation (cf. section 6). Trying it out seems to be the conclusion and this 


is the very essence of the econometric method. 


In other respects one may even doubt whether there is at all more hetero- 
han in the Netherlands. The number of industries, e.g., May 


geneity in India th 
e latter country than in the former, where 70% of the population 


well be higher in th 
is working in agriculture. 

b) The preponderant influence of agricultural production may entail certain 
difficulties. One example is the fluctuations in quality of the crops, a phenomenon 
less pronounced in other industries. It may well be that the fluctuations in prices 
may to some extent be ascribed to these fluctuations, and since hardly any data on 
qualities seem to exist, this may endanger the application of our methods. But 
then one should not forget that so far the best results of econometric research have 
been obtained in the agricultural sector and mainly for another reason; in this sector 
random fluctuations are much larger than elsewhere and this reduces intercorrelations 
The separation of supply and demand factors, e.g., 


between explanatory variables. 
of the price of a good like cotton has been very successful for this very reason. 


c) na general way it may be assumed that the behaviour of the Indian 


on in economic matters is less rational than that of an industrialized popula- 
quence, is the econometric method less reliable ? 
extent that, for this reasen, random deviations 


populati 
tion like the Dutch. As a conse 


Jt again seems to depend. To the 
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in demand pattern would be larger, it may indeed be so. But there are two counter- 
acting factors. To the extent that instead of rationality there is traditional behaviour, 
this may even mean more constancy in behaviour, i.e., low el 
For another reason also, there may be less divergency 


even regions, namely, greater poverty. 


asticity of demand. 
between various families or 


It is well-known that poorer people have less 
possibilities to choose their digt since the bare necessities h 


The conclusion, therefore, cannot be but : 
in the eating. 


ave to be satisfied first. 
the proof of the (econometric) pudding is 


d) The existence of a barter sector much larger th 
seems to be a further point to consider. 
between the economic variables, since in 


an in many other economies 
This seems to reduce the interdependency 


a way it is equivalent to the existence of a 
larger number of unconnected (or hardly connected) 


one way of putting it. In a barter economy, more th 
of credit facilities and, therefore, perh 
expenditure. As far as this relation i 
feared. 


units. This is, however, only 
an elsewhere, there is the absence 
aps a more stringent tie between income and 
S concerned, therefore, nothing much is to be 


e) A real difficulty seems to be th 
trading in bulk commodities, 
country that a larger part of er 


e more pronounced influence of speculative 
It is one of the characteristics of an underdeveloped 


nterpreneurs are hunting for short-term profits instead 
of steady, moderate profits after a longer gestation period. Tt is also well-known that 


In certain circumstances speculation has been a factor of considerable influence in 


price formation. And it should be recognised that so far econometric analysis of 
speculative buying has had very moderate success onlyi, 
The conclusion might be that more intensive research into 


needed—or that the interests of econometrists and of the country at large to eliminate 
speculation are parallel | 


This then is a weak spot. 
this phenomenon is 


____ £) A final objection to applying econometric methods to a country like India 
might seem to be the quality of statistical data. Here again careful distinction is 


necessary. Certain basic data may be better in India than elsewhere. The well- 
known example is crop statistics, Still there are other data which ver : 
are of poorer quality in India than say in Europe, e.g. 
industries, trade and agriculture. India is facing t 
quality will gradually improve. What are the consec 
the amplitude of certain types of errors will be ] 
It cannot be denied that this is a disady. 
same as with (a), (b) and (e): try it out. 
should be mentioned. 


y probably 
; accounting data for small-scale 
his problem and no doubt the 
quences of bad data ? Evidently 
arger, leading to less reliable estimates. 
antage; the general conclusion should be the 


A wrong idea rather frequent with laymen 
A larger amplitude of the error component in a correlation 
does not imply that there is a systematic bias in the Consistent estimate of a co- 


efficient. It depends on other circumstances whether such a bias will occur. Under 


1ef. H. Rijken van Olst, dissertation Rotterdam 
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certain conditions the policy conclusion will not be influenced by the presence of 
stochastic deviations.* 


Our general conclusion from the brief analysis of the differences between 
India and the Netherlands (or other similar countries) seems to be that no systematic 
bias, which may be of disadvantage to the application of econometric methods to 
India, seems to exist. There are certain disadvantages to be expected, but there 
are also counteracting factors and it seems difficult to forecast the final result. The 
method has to be tried out. 


6. SOME EXAMPLES OF RELATIONS 


The construction of a complete system of econometric relations describing 
at least with some accuracy the dynamics of short-term economic fluctuations is 
not a one-man job: it can only be done by teamwork and hence by an institute. 
The Indian Statistical Institute would seem to be the most appropriate place for 
such an enterprise, with the co-operation of the Reserve Bank of India, where interest- 
ing work has already been done,? and the co-operation of agencies with specialized 
knowledge of certain sectors of the economy. Still it seems that pioneering attempts 
may well be made by individuals — the works just quoted being examples. I am 
happy to report that some pioneering work has been done by Mr. Narasimham in 
his thesis.2 It is with his permission that I reproduce some of his results in order 
to illustrate the type of analysis discussed. The first relation is the one already 
mentioned in section 5 (a), a relation meant to “explain” the short-term fuctus- 
tions in the wage level. It has been assumed, from the experience gained in other 
countries, that the most important explanatory variables are cost of living and 
employment, whereas the slowly changing factors are represented by a trend com- 
ponent. Upon this assumption a fairly good explanation of wage fluctuations can 
be found and the correlation is highest if we take the reaction coefficient of prices 
to be 0.28, i.e., & 1% increase in prices leads to a 0.23% increase in wage rates. The 
influence of employment fluctuations on the wage rate is expressed by a flexibility 
coefficient of 0.84, if our theory is correct and there is a downward trend. 


This trend implies that real wages have fallen on the average over the 
period 1923-1950, a phenomenon not found in Western countries and probably related 
to the population pressure in India. 

As a second example, let me quote one of the technical equations in Mr. 


Narasimham’s book namely, the relation assumed between the volume of employment 
a, and the volumes of production of consumer goods (uj) and investment goods 


1 G. H. Theil: “Heonometric Medels and Welfare Maximization”, Welw Archiv, 72 (1954) p.60. 


2 Especially by Messrs. Sastry and Murti. 
3 N.V. A. Narasimham, A Short Term Planning Model for India. North Holland Publishing 


Company Amsterdam 1956. 
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). All the three variables are expressed in crores of constant rupees (of 1938) 
(vf). A ; a 
and the relation reads : 


a, = 0.026u; 4-0. 2077 _,+0.025 


The meaning of this formula is that variations in the production of kan a 

ls cause parallel variations in employment of about 2.6%, only, whereas viaton 
nthe ; Satoa of equipment goods cause variation in employment of about 20% 
i lag of half year. The figures 2.6% and 20% may be considered the mar- 
ginal labour content of consumer and investment goods, respectively. The fig 
investment goods seems to be of normal order of magnitude; the ver 
figure for consumer goods is probably a reflection of the | 
working without hired labour in a country like India. 
investment goods industries is rather low 
but may be explained by 


ure for 
y low level of the 
arge numher of enterprises 
Even the figure of 20% for 
in comparison to developed countries 
a relatively high import content 


in this industry and 
perhaps to some extent also by the existence of 


a large number of small enterprises. 

In certain equations the variable: 
those used in the Netherlands system. 
in the equation “explaining” price levels of home products or 
where crop production is so preponderant, this is self-evident. 
crops only, but the crops of competing county 
account of. Cotton prices, for example, may 
and Egyptian crops and probably 


s to be introduced may be different from 
One example is the occurrence of crop yields 
exports. For a country 

It may not be Indian 
‘ies as well that have to be taken 
be influenced by American, Brazilian 
to a different degree. 


Other variables may 


also occur because of the use of 
the instr 


uments of economic policy in India th 
more pressing the problems of a country 
why periods of war are characterized by 
the ty 


a greater number of 
an in the Netherlands. As a rule, the 
the more instruments will be used. This is 
the use of more instruments, especially of 
other periods, Even if certain instruments 


ery chance that such instrument will have to be 
introduced at least tentatively into the Planning work in order to study the probable 


effects. Thus one might imagine the Introduction of further import restrictions as 
means of policy, leading to an “import equation” expressing nothing but the “rations” 
g £ 


imposed on the various sector Such rations will, however, have their 


e sectors in the home market, and the 
expressed in some of the other 


It is no use working this out in any det 
instruments to be in 4 


pe of quantitative restrictions, than 
cannot be used in India, there is ey. 


S of the economy. 
repercussions on the expenditures made by thes 


effects of these repercussions will have to be 
representing these expenditures, 


equations 
a choice has been made as to the 


ail before 
troduced into the system. 
Paper received: August, 1956. 
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APPROXIMATE DISTRIBUTION OF CERTAIN LINEAR FUNCTION OF 
ORDER STATISTICS! 


By K. C. SEAL 
University of North Carolina, Chapel Hill 
l. InrRoDUCTION 


Suppose Yu) < ---, < Yim are n order statistics from a standard normal population 


N(0,1) and that Y, is an independent random variable obeying N(0, 1). Corresponding 
to each n suppose there is given a set of n constants (Cins Cons «++» Cnn) Such that cj, > 0 and 


5 Cin = 1. The purpose of this paper is to show that 
im 
n = n 
Š nYo Yo E ( J ema ) 


has an asymptotic normal distribution and from some further results derived below, it appears 


that this distribution is approximately normal for all n. 
2. ASYMPTOTIC NORMALITY 
We show at first that the limiting distribution of 


n n 
E dink w+ Y.-H ( = ainYw ) A 
tol i=l 


where $ lain] < M, an arbitrary constant, is N(0, 1). 
i=1 - 


We easily get 
Var (È ain Yo) see (2.1) 
i=1 


n n n i 
= X ab, Var (Yq)+ È D linajn cov (Yan Yo). 
tol t=1 j=1 
(% a É 


d in part by the United States Air Force through the Office of Scientific 


1 This research was supporte 


Research of the Air Research and Development Command. 
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From Cramér (1946) pp. 374-377, it can be readily veri ed that for n sufficien ly large 
1 fi f ff t 


Var (Ym) > Var (Fan); i=1,2 se, N—1. 


Hence by (2.1) it follows that 


n ENE M? 
Var ( È amYa)< (2 laial) Var (Yun) < bloga’ 
ii =1 g 


n : 
im Var in Yar | =0 and so by Cramér (1946), 
where k is some constant. Henco lim Var (È llin Ya) =U and so by Cramér ( 


H n os 
gadah Poe ae 5 n f ; All be 
pp. 253-55, it follows that the limiting distribution fX ain Yo Yo—E ( È an Yi ) swt e 
the same as that of Y,, thus being N(0, 1). 


From this result it immediately follows that the limiting distribution of 


n 


h 
= Cy Yao—Y,—E ( =z Cin ¥ (iy Jo 
t=] t=1 


n 
where Sn > 0; = T, ...,m and 2 Cin = 1, is NGO, 1). 
i=] 


3. 
We shall now show that 
very nearly normal for all n. 
of Yin) and Yin Y, 
be written as Bin 


APpPROxMATE DISTRIBUTION. 


the distribution of Yiny—Y.—E(Y m) can be taken to be 
Let us denote by Hrn and Kryan the r-th corrected moment 
respectively. Also A, and 2, coefficients of Yun) and Y m— Y, 


and Bin, i= 1, 2, “respectively, Clearly the expected values of. Fas 
and Fim— Y, are identical, It can be easily verified that 
Ham = LM: 
Main) = Hayns (3.1) 
Hatin) = Mant Bain +3. ' 
Let Yum = VB, Yun = Mbun ; 
anid Yam = Bony—3, Yem = Paos. 
By (3.1) we obtain after a little simplification 
Yun) = Yin- ( qo Ji g 
an > ~ (3.2) 


se Be a kaa NA 
Yarn = -( ale ) . 
n) 2ln TE ploy 
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LINEAR FUNCTION OF ORDER STATISTICS” 


Tippett (1925) has given values of ijn and Jorn for n ranging between 2 and 1000. Hence 
by (3.2) the following table can be constructed. 


TABLE 3.1 VALUES OF fim AND gan) 


n Bim Baim 
2 0.00127 3.010 
5 0.00272 3.019 
10 0.00282 3.022 
20 0.00253 3.022 
60 0.00189 3.020 
100 0.00162 3.019 
200 0.00131 3.017 
500 0.00100 3.015 
1000 0.00082 3.013 


The above values of fym and Aam in Table 3.1 suggests that the distribution of 
Yin- Yo for 2 <n < 1000 is approximately normal. We have seen in Section 2 that the 
the distribution of Yny} — Yo—El(Y n) is asymptotically normal; also it is clear that for 
n= l the distribution is exactly normal. From Table 3.1 it may be noticed that the 
greatest departure from normality occurs between n = 5 and n = 20. Thus, although the 
distribution of Y,,, departs more and more from normality with increasing n, the distri- 
bution of Fin)— Yo comes closer to normality beyond n = 20. 

From the results of Gumbel (1936) it is seen that for N(0, 1) the skewness and kurtosis 
of order statistics increase, at least for vary large samples, as we move further away from 
the median. It is presumed that this result is true for any sample size but this could not be 
demonstrated by any simple method. Further it appears that. for every n, the greatest depar- 


n 
ture from normality among all linear functions 2 Sin Yi, where cy > 0, i=l; ..., n 
y 2 


and 3 c, = 1, will happen for Yun: Assuming this conjecture to be true it will then follow 
im 


from the above results that any linear function 


n m n 
E cin Yo Yo E ( = Cin Ya): 
tel tel 
with abutar restrictions on Cim S, Will have approximately a normal distribution — the order 
wit stric i t < 
1 to normality will not be cruder than that of Yoy—Yo—HZ(Yin).° To 

vify this result experimentally, the following model sampling experiment was performed. 
ver s result ex A : 

l A thousand random samples of size 4 were drawn from N(0, 1) with the help of tables 

s. Bose, Ray and Banerji (1934). Corresponding to each sample 
rawn observation of Yg was also taken. Four observations were 


p = iat) Pi A 4 oy si c 
ler of magnitude and frequency distribution of the following six 


of approximatior 


provided by Mahalanobi 
another independently d 
ranked in an increasing orc 
statistics were evaluated: 


(a) 025] Yu Yot Yat Yal— Ye] 


(D) 0.257 y+ 0-25 ¥ 04050 a Fo 


(e) 0.25¥ qt 0.75¥ wy Yo 
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(d) Ya— Yo, 

(e) 0.50 ¥(g)+0.50 Fw — Yo, 

(€) 0.50¥a;+0.50F a) — Yo. 


The £, and £, coefficients for the above six distributions are given in Table 3.2. 
e fı 2 


TABLE 3.2. g, AND po OF sIx CHOSEN STATISTICS 


i saa samana maa seganu eaaa 


Bı By x? df 
(a) 0.25[%ay+¥ i) + Yi t+ ¥iay]—Y¥o 0.011 3.067 25.73 25 
(b) 0.25¥ ca) +0.25¥ 13) +0.50¥,4) — Yo 0.00005 3.116 28.03 26 
(ce) 0.25¥(3)+0.75¥ 4) — Yo 0.00202 3.101 23.89 26 


(a) Yio —¥e 0.0318 
(e) 0.50¥ (3) -+0.50¥ aj — Fo e 
(f) 0.50¥ aj +0.50F u) — F, 


3.285 24.78 27 
~———-=- 0.00612 — ~--3.465 25.58 25 
0.0200 3.114 30.49 25 


The exact values off, and Bz for the frequency 
that of (d),Table 3.1 suggests that By 
3.010 and 3.019. Hence comparin: 


function of (a) 


are 0 and 3 respectively and for 
lies between 0.00127 and 


0.00272 and that’, lies between 


an appropriate normal distribution to 
six statistics and test the goodness of 
ion of none of these statis- 
applied on the assumption 
implies that the null hypo- 
pective degrees of freedom 
n that the probability levels 
n (£) where it is nearly 20. 
ur conjecture about approxi- 


, the above 2 test may be 
alues for testing goodness of fit only 
values along with their res 
and 5 of Table 3.2. It is see 
epting that of the last linear functio 


Thus each. of these x? is insignificant, It therefore appears that o 


mate normality of 


may be correct for n = 4, Detailed study about this 


approximate normality ha: 
by the author (Seal (1954)) and thi 
sion problem, 


I wish to thank Professor R, 


C. Bose for his kind help 
my investigation, 


and advice in the course of 
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“ON THE UNBOUNDEDNESS OF INFINITELY DIVISIBLE LAWS 


By S. D. CHATTERJEE AND R. P. PAKSHIRAJAN 


Indian Statistical Institute 


1. The object of this note is to prove that a bounded proper distribution can not 
be infinitely divisible (I.D.). 

2. The following result of Polya (1949), will be used: A necessary and sufficient 
condition that a probability distribution should be bounded is that the definition of the 
characteristic function f(t) can be extended to complex values of the variable and this exten- 
sion shows that f(t) is an entire function of exponential type. Moreover, if the distribution 
function is denoted by F(x) then the right and left extremities are given respectively by 


lim r log] f(-ir)| and —lim r log] flir) 
TI+0 r+ 


Theorem : A proper bounded distribution can not be I.D. 


Proof: If possible, let F(x) be a proper distribution bounded and I.D. In view of 
the fact that a random variable (r.v.) X is I.D. if and only if X—a is I.D., where ‘a’ is any 
real number, we may take the bounds as 0 and A(k > 0) To show that such a hens 
bution is not possible we will prove that A is necessarily infinite. As it is I.D., its character- 
istic function (c.f.) f(t) is represented by Gnedenko, B. and Kolmogorov, A. N. (1954). 


etu__] itu 
u? 


log f) = iyt+ | dK(u) 


where y is a constant and K(u)[K(—oo) = 0] is a non decreasing function of bounded varia- 


tion. 

Further K(u) = Ae. K,, (u) for each u 
u 

where K,(u) =n | 2dF,(z) 


bution function (d.f.) corresponding to the c.f. [f(é)]}}/". That this is a 


F,(z) being the distri 
i sI.D. By Polya’s Theorem F,(x) isa bounded d.f. with 


c.f. follows from the fact that F(x) i 


lower bound zero. 
<. Kau) = 0 ifu<ı0 


u 
=n f zdF,„(z) if u > 0 


0 


Ku) =0 foru <0 


e 
etu__] —itu 
a f(t) = i eee UE 
Here log ft) = ytt | u? (u) 
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The same representation goes over for t = ir, r “real” 


| Parr 4 
as can be easily proved by 
means of the proof in Gnedenko, B. and Kolmogorov, A. 
properties of entire functions, 


N. (1954), and using simple 
Hence by Polya’s Theorem 


~ 


h= lim + log] f(—ir)] 
m+o r 


e 
4 1 si, JA 
ran | Y+ fe 
i as 
Now, 


> Mr 
Therefore, h — 


© unless K(u) is constant over (0, oo 
We are thankful to Dr 


) in which case the law is improper. 
r. G. Kallianpur for Suggestions and criticisms. 
REFERENCES 
Porya, GŒ. (1949): Remarks on characteristic functions, First Berkeley Symposium, 
GNEDENKO, B. AND Kormocoroy, A. N. (1954) : 
variables (Trang, by K. L. Chung). 


115.123. 
Limit distributions of sums of independent random 
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A NOTE ON THE CONSTRUCTION OF ORTHOGONAL LATIN SQUARES 


By NIKHILESH BHATTACHARYA 


Indian Statistical Institute, Calcutta 


Mann (1949) has giyen a method of constructing a set of min (pf'—1) mutually 
i $ 


. . . k i 
orthogonal s-sided latin squares when s is of the form s = IT př, the pis being different 
fei 


primes. Mann's method utilises properties of Galois fields. The following illustrates an 
alternative method of construction which is quite general. 


2. Consider two latin squares. one 3-sided and the other 4-sided. Let the three- 
sided square be, say, 3 


2 
2 3 
s d 


Associated with this are the following three latin squares La, L} and L,, obtained: 
by adding 3, 6, and 9 respectively to each element of L,: 


4 5 6 7 8 9 10 11 12 
ins 5 6 4; L; = 8 Band L= ll 12 10 
G & 5 o 7 8 . 12 10 11 
: i 
Let the 4-sided latin square be, say, 
1 2 3 4 
Y Roe 1 lain oe 
3 4 1 2 
4 eq 2 3 


3. If now we arrange the four 3-sided squares L,, Ly, La and L, in the way in which 
the numbers 1, 2,3, and 4 respectively are occurring in the 4-sided square we arrive at 


the following 12-sided latin square : 


1 2 3 4 5 6 7 8 6 10 11 12 
6 8 1 5 6 4 SiS 97 11 12 10 
gL 6 4 5 9 7 8 EAT 
4 g 6 7 8 9 10 11 12 1. eS 
5 6 4 8 9 7 11 12 10 a eet) i 
6 4 5 9 7 8 2 io 11 gri 3 
7 8 9 10 11 12 1 2 3 ies 
6 9 7 11 12 10 pg i 5 6 4 
p a 8 12 10 11 sig E Bh 
10 11 12 lL 2 3 4 5 6 T RD 
11 12 10 2 3 1 5 6 4 s 9 7 
12 10 H yig 6 4 5 7 7 8 
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4. If we start from another pair of latin squares, one (Li) 3-sided and the other 
4-sided, which are orthogonal to those used in above, we shall get a 12-sided latin square 
orthogonal to that obtained above. For when the two latin squa 
of numbers say 4 in the first Square and 8 in the second will coincide only w 
L, (containing 4) of the first latin square falls upon 
second, whichthey do only once, in virtue of theorthogona 
used. Also when L, and [Lg are superimposed, 4 in L, and 8 


res are superposed, any pair 


re cell (in virtue again of orthogonality) where 1(=4—3) 
in L and 2(= 8—2 x3) in L; coincide when L, and Li are superposed. ii 
5. Ifs = pip, weget by the methods of Bose and Stevens outlined by Mann (1949), 


a set of (p%—1) orthogonal squares of side pi and another set of (p? —1) orthogonal squares 


of side p3? We can go on taking from these two Sets one square of side pit and another 

of side p$? and “combining” them in the manner indicated to get min (pi, ps')—1 orthogonal 

s-sided latin squares. This can be easily extended to the case s= p 
=1 


fi 
Fig 


REFERENCE 
Mann, H. B. (1949) : Analysis a; 


1 nd Design of Experiments : Analysis of variance and Analysis of variance 
designs. Dover Publications, Now York. h 
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A NEW DISCRETE DISTRIBUTION 


By AYODHYA PRASAD 


-lgricultural Research Institute, Sabour, India 


The following is < i ting di e distri who: spectru 
g is an interesi mg discrete distribution wh m 
Se i f 
; Es l pi consists 0 


6 = la D awa 


ANA 2A(A+1) 

“e= pE A E “> 
= fe = A(A+1 poms ee — MATI) _ 
< : 2 ATEDA HAH AA) = 


é: is the probability that the random variable ¢ assumes integral values in the region (1 
and A is a parameter. Se tee 


The first moment about the origin which is also the population mean m, is 
3 


jm = 1+A, 


The second moment about the mean is infinite and the determination of the standa: d devi 
: > 5 DN evla- 
tion is out of question. However, the mean deviation of the variable can be shown to be 


given by either 


y — AAH) 
m a En h 


rA = f 


where n is an integer or by 


MALYM+H) Adanta 


Ôn = 
m pn FINA FF?) 


where n is an integer or zero and 0 < 6< 1. 


For smaller values of A, there is a rapid or steep fall in the values of é; with higher 
values of £ and for larger values of A, there is a gradual or slow fall in values of with 
values of é It is worthwhile contrasting these probabilities with those of a 
bution in which there is only a fall in values of the probability with higher values 
ameter is smaller but there is rise and fall both in them for 


higher 
Poisson distri 
of the variable when the par 
larger values of the parameter. 
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Tf I, the length of the needle and d, the distance between two consecutive lines in 
the Buffon’s Needle Problem (Uspensky, 1937) be made functions of A and £ as shown below 


= AG) 


nd = (A+E—1J(A+E\(A+E+1), 


then ¢; under suitable condition gives the probability of the needle intersecting one of the 
lines when thrown at random on the board. 


Since J < din the said problem, it can be easily shown that the suitable condition is 
satisfied if A > 2. Then if the Buffon’s Needle Problem is so designed that l and d cease to 


É 5 ; 2 2l 5 i 
vary independently, obviously then ¢¢ (= = Al which is nothing but the probability of the 


needle intersecting one of the lines, gives a probability distribution with respect to é when 
land d are replaced by A and é as above. 


REFERENCE 
UGÊRE; J. V. (1937) : Introduction to Mathematical Probability, McGraw Hill and Sons, New York. 
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AN EXPERIMENTAL METHOD FOR OBTAINING RANDOM 
DIGITS AND PERMUTATIONS 


By JOHN E. WALSH 
Lockheed Aircraft Corporation, California, U.S.A. 


This paper presents an easily applied method for obtaining small numbers of ran- 
dom binary digits and random permutations. The procedure consists in flipping ordinary 
minted coins and combining the results of the flips in an appropriate manner. Digits and 
permutations obtained according to the method of this paper can be considered sufficiently 
random for any practical application. Tt appears likely that these digits and permutations 
are much more nearly random than most of those now available in printed tables. More- 
over, any possibility of bias from misuse of tables is avoided. The method presented is 
particularly suitable for use with respect to experimental designs. Only a few random 
permutations are ordinarily required for a given experimental design. 


INTRODUCTION AND DISCUSSION 


The outputs of probability processes which produce random digits and random 
permutations have many uses. Two fields of application are in the design of experiments 
and the theory of games. For many cases, the number of digits or permutations needed 
for an application is small, Thus easily applied experimental procedures for producing 
small numbers of digits and permutations which are sufficiently random for any practical 
application may be of interest. This paper presents such a procedure. The present sec- 
tion is devoted to a discussion of the basic concepts involved and to consideration of the 
advantages and disadvantages of the method advocated. An explicit specification of the 
procedure is presented in the next section. 

First let us consider what is meant by the statement that a set of digits is random. 
This statement implies that the values of the digits are observations produced by a process 
which satisfies certain probability conditions. Once the values of the digits are recorded, 
they are merely a set of numbers. The probability properties of the process which produced 
these numbers are the items of interest. One of these probability properties is that the 
observations produced by the process are statistically independent. The other property 
is that the probability of an observation having any specified value equals the reciprocal 
of the number base for the type of digits being considered. As an example, if decimal digits 
are used (base 10), the probability that the value of an observation canai SAN specified one 
of the digits 0, 1, -> 9 has the value 1/10. As another example, consider binary digits (base 


2); then the probability that an observation has any specified one of the values 0, 1 equals 


2. 
" Next consider what is meant by a random permutation. In this paper the quanti- 
ed are the numbers 1, 2,...,7. The problem is to select a permutation of these 
numbers in such a manner that a certain probability condition is satisfied. This probability 
condition requires that the selection be made so that all possible permutations have the 
game probability of being chosen. For example, let r = 3. Then the six possible permuta- 


32, 213, 231, 312, 321 and each has the probability 1/6 of being selected. 
gits for 


ties permut 


tions are 123, 1 = à Wan R T 
The usual method of obtaining random permutations consists in usmg random 


the selection of permutations. 
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Let us assume that processes for producing truly random digits and permutations 
are available. One way to make use of these processes is only to produce digits and per: 
mutations when they are needed. A more convenient way, however, is to produce large 
numbers of digits and permutations at one time, record the results, and then use these 
results as they are needed. If the second way is used, two requirements should be satis- 
fied. First, the order in which the recorded digits and permutations are used should be 
specified without any knowledge of the recorded values. It would seem preferable to use 
them in the order in which they were produced by the processes. Second, the recorded 
digits and permutations should only be used once. Tf these two rules are not followed, 


the digits and permutations are not necessarily the outputs of truly random processes. 


At present, the random digits ordinarily available are in the form of printed tables. 
That is, they are considered to represent the recorded results of truly random processes. 
Use of these tables for obtaining small numbers of random digits is open to several sources 
of error. First, one or both of the two rules stated in the preceding paragraph are often 
violated by the method used in selecting the digits from the table. 
used to produce the digits may not have been sufficiently random. Fin 
table by two or more persons may destroy the independence of their r 


Second, the process 
ally, use of the same 


esults. 
The safe way to use a random digit table is to specify the order in which the digits 
will be utilized before any knowledge of the actual values is a 


vailable and discard the table 
when all the digits have been used, Other procedures may lead to noticeable bias. Tn parti- 
cular, the set of digits used should ni 


ot represent a personal choice of the experimenter, 
Otherwise the experiment is open to criticism. 


4 Namely, the results depend on the parti- 
cular set of digits selected and there may be no good reason for choosing this set rather 
than some other set which would have yielded entirely different results. 

The two principal methods w 


hich have been used to obtain random digits are expan- 


The motivation 
method is based on technical con: inati 

examination has shown that 
Ergodic theorem may not be even i ‘al 


The procedure presented in this ‘ 
paper starts with t] 3 . 
This process consists in flippin. . ith the outputs of a physical process. 
to yield a set of digits. 


tions are 


(i) For each flip of a coin, the 


probabilit: ne ce ma 
between 1/4 and 3/4, NY of obtaining a head” lies somewhere 


(ii) The flips of the coins are Statistically independent 
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If any reasonable amount of care is exercised in choosing the coins to be flipped and in flip- 
ping them, assumptions (i) and (ii) should be acceptable with virtual certainty. 

The random digits produced by the procedure of the paper are binary rather than 
decimal. That is, each digit has one of the values 0 or 1. A set of random binary digits 
can be considered to represent the recorded results of the independent flips of an “ideal” 
coin which has one side denoted by 1 and the other side by 0. An “ideal” coin has the pro- 
perty that the probability of obtaining a specified side equals 1/2. With this interpretation, 
there should be little difficulty in understanding the use of random binary digits. 


For some situations, random permutations are much more useful than random digits 
This is the case, for instance, if the problem is to randomly assign a set of objects to a set 
of positions. This type of problem arises frequently in the design of experiments. Per- 
mutations of 16 numbers (r = 16) have been found to be useful for performing the ran- 
domizations employed in experimental designs (Cochran and Cox 1950). Random 
binary digits are easily used to obtain random permutations of 16 numbers. The next sec- 
tion contains explicit instructions for obtaining random permutations of the numbers 1, 2: 
..., 16 from the binary digits produced by the method of the paper. For obtaining random 
permutations of 16 numbers, random binary digits are much more suitable than random 


decimal digits. 

In deriving the method stated in this paper, the theoretical results presented in 
(Walsh, 1949) were used. The stated procedure yields a set containing at most 64 
binary digits at each application. Let assumptions (i) and (ii) be satisfied and consider the 
accuracy of the method advocated. Use of the theory shows that the probability of any 
relation based on a set of 64 or less binary digits obtained by the procedure of the paper 
never differs from the hypothetical value by more than 0.8% of that value. Moreover, 
this deviation from the corresponding probability value for a truly random set of binary 
digits is as large as 0.8% only in the most extreme cases., Thus random binary digits 
obtained by the method of this paper should be suitable for any practical application. 

The principal disadvantage of the method presented would appear to be the amount 
of work required in obtaining the binary digits. To obtain 64 digits, 650 coin flips are needed. 
More than this number of flips are ordinarily required to produce a permutation of 16 num- 
are available, a suggested procedure would be to flip these ten coins, record 
the result (see the next section for a statement of the method), flip the ten coins again, 
record the result, ete. Under favourable conditions, production of 64 digits should not 
take more than half an hour. Moreover, the procedure of recording digits for future use 
allows spare time and slack periods to be utilized in producing random binary digits. 


bers. If ten coins 


properties of the method of the paper have already been mentioned. 
f the principal advantages: 

utations produced are proved to be sufficiently random 
lication if two intuitively acceptable assumptions hold. 
dom digit and/or random permutation 


Some valuable 
Let us consider a summary 0 
1. The digits and perm 
for any practical app 
ə, Eliminates the necessity of having ran 
tables. 
The procedure used to obtai 
i ntages: 
eee om misuse of tables. 


3 Avoids biases which can arise fr ‘tat 
4, Avoids criticisms which can be applied to subjective use of tables, 
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n the digits and permutations automatically yields the addi- 
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ta ce) i OS al 1 
Random digits and permut: tions pr duced are independent of those obtained 
ə. an 

by anyone else. 


g g Ta T ni n ti arti- 
Whether these advantages outweigh the disadvantage of extra work depends on the P 

4 = p 

cular situation being considered. 


STATEMENT OF METHOD 


The method is based on flips of ordinary minted coins. Ti is not NOOR z si 
the same coin for each flip nor is it necessary to use a different egin for each flip. 7 nie 
the selection of coins for the flips is arbitrary except iat no coi should be 60 ‘ne ai 
that there is any doubt about the validity of assumption (i). -Th flipping the geo ee “a 
should be flipped separately. The coin should be tossed high an the airy pre: Srey y ; 

ing, and should land on a hard surface. If these rules for selection of coins and flipping 
-o p assumptions (i) and (ii) should be acceptable beyond any doubt. 

The method is designed to produce at most 64 binary digits at a time. Let n re- 
present the actual number of digits to be produced (n < 64). 
taining n+1 sets of ten flips. 
the second set, etc. 


The procedure consists in ob- 
The first ten flips represent the first set, the second ten flips 


For the first set of ten flips, consider whether the number of “heads” 
obtained was even or odd. Next consider the remainin: 


g n sets of ten flips. If the number 
of “heads” obtained for the first set was even, for éach of the remaining sets an even number 
of “heads will be denoted by 0 and an odd number of “heads” by 1. If the number of 
“heads” for the first set was odd, in each of the other sets an even number of “heads” will 
denote 1 and an odd number 0. For the second, third, +++; (n+1)st sets, record either a 
0 or 1 according to this rule; the order for the recordings is the same as for the sets, The 
resulting 0's and 1’s represent the desired set of n binary digits arranged in the order in which 
they are to be used. If more than 64 digits are required, the procedure stated in this para- 
graph is repeated. 

Example of Application. 


As a numerical illustration of the me 
the preceding paragraph, let n = 


thod presented in 
5 and suppose that the six sets of ten flips (arranged in 
order) yielded the following results: 


set 1 2 


no. of “heads” 4 6 
Sme the number of “heads” in the first set is even, for all the other sets an even number 
of “heads” furnishes a 0 and an odd number a 1. Thus the resulting five binary digits (ar- 
ranged in order) are j 


0, 1,  & i, 


Now, let us discuss the 
binary digits. 


positions. This is to be done S 
being assigned to the position, 
numbers have the 


+ 16 to an ordered set of sixteen 
have the same probability of 
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A METHOD FOR OBTAINING RANDOM DIGITS AND PERMUT ATIONS 


Arr si ns y u 
: angement of the sixteen numbers according to the order of the positions th P 
u rë i 
rnishes a random permutation. For example, the permutation obtained mi om ai 
> i 1g e 


5, 9, 8, 16, 2, 4, 10, E 3, 6, 15, Tie Fe 13, 12, 14. 


Bandani binary digits are used to assign the numbers to the positions in such 
each eligible number has the same probability of being assigned to a ies pie on 
Consider ; of re inary digi i a 
used. aie paragane ron ar tag se order in which they are to be 
the following corres 1 5 = a Values of Saet four digits. Let 
T oe spondence exist between these sixteen combinations and the 

"Dona, tt numbers 


i, eae: 0000, 9 <> 1000, 
2 <> 0001, 10 «— 1001, 
3 <> 0010, 11 «<— 1010, 
4 <> 0011, 12 > 1011, 
5 «<> 0100, 13 — 1100, 
6 <> 0101, 14 «> 1101, 
7 «> 0110, 15 > 1110, 
8 <> 0111, 16 «> lill. 


Then the first set of four binary digits furnishes the number to be placed in the 8 ae 
of the permutation. Next consider the second set of four binary sirih j or poutoa 
another number. Tf this number is different from that in the first ngain: of This yields 
second position. If the number is the same as for the first position os cn used for the 
in this permutation. However, this number is not discarded; it is et to a ~ a 

rS 


position of a second permutation. 
ider the third set of four digits. If the number corres onding to thi 
d in the first permutation, use this number to fill the fin mie - ‘a a 
first Lie positions are occupied, it would be placed in the third ea a 
if only the first position 1 filled this number would be placed in the second im position; 
the number has already appeared in the first permutation, it is considered for sie When 
permutation. If no numbers have been used in the second permutation, it a pene 
the first position. When the first position has been filled, it will be used ih the e a 
tion if different from the number in the first position. When this number is the one 
that in the first position of the second permutation, it is used to all eh Sexe me ni 
In general, the number corresponding to the set of foot Baal 


of a third permutation. 
first considered for use in the first permutation. If it is different from 


digits being used is 
the numbers which have already appeared, it is placed in the first vacant position. If this 


number is duplicate 
tion. This procedure is 
of some permutation. 


Now cons 


has not yet appeare 
For instance, if the 


d in the first permutation, it is considered for use in the second permuta- 
continued until the number can be used in the first vacant position 
This might be the first position of a new permutation. 


Use of the method just outlined guarantees that every number yielded by a set of 
four binary digits will ome permutation. Thus, in the long run, nothing is 
As additional digits are utilized, the positions in the permutations are filled up. 
of its positions are filled, a permutation is recorded for future application 


h the permutations are used is the order in which they are recorded. 


appear in s 


wasted. 
When all sixteen. 


The order in whic! 
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It be verified that each permutation obtained according to the above FGN 

e ti However, the permutations are not independent. This is the 
= -s a pe which utilizes all the numbers furnished by the random 
ae aes eae 4 kes cases this lack of independence causes little difficulty. These 
ie a Ka a a few random permutations are required (e.g. in experimental 
ae is 4 E constructions of random permutations are employed. 
A 9 wa each permutation used is taken from a different construction. The 
in applied are then both random and independent. 


Numerical Example. Let us consider an explicit illustration o 
obtaining random permutations of 16 numbers by 
that the first 64 binary digits (in order) are 


f the procedure for 
use of random binary digits. Suppose 


1001 O111 0011 0100 0010 1100 1110 1011 


0010 1101 0010 1111 0100 1010 0101 1100 


where the first digit of the second row follows the last 


digit of the first row in the ordering. 
On the basis of these 64 digits, the positions of the per: 


mutations are occupied as follows: 


lst Permutation: - 10, 8, 4, 5, 3, 13, 15, 12, 14, 16, ll, 6 


2nd Permutation: 3, 5, 18 
3rd Permutation: 3. 


ted in this paper. The principal result 
Namely, the probability of any relation b 
procedure of the paper never differs fro: Y more than 0.8%. It 
is to be observed that a random permutati i d on exactly 64 random 
binary digits. The derivations are very strai ; a mathematical statistician should 
have little difficulty in verifying the pr 


incipal result if he applies 
1949) and assumptions (i) and (ii) to the 


Although the procedure for expe 
to the flipping of coins, the same type of 
physical processes. Suitable selection 
nization of the digit manipulation proc 
digits which is both rapid and easily 


rimentally producing binary di 
digit manipulations can be ap 
of the physical 


gits has been limited 
plied to various other 
process com 
edur 


bined with a mecha- 
e could yield a method for producing random 
applied. 
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ON ESTIMATING PARAMETRIC FUNCTIONS IN STRATIFIED 
SAMPLING DESIGNS 


By DES RAJ 


Indian Siatistical Institute, Calcutta 


1. THE PROBLEM CONSIDERED 


In the usual theory of stratified sampling designs, we are generally interested in esti- 
mating the mean value or aggregate of a character for a finite population. We may, 
however, come across situations in which the object is to estimate certain linear func- 
tions of the stratum means. As a case in point, we may require to estimate the area under 


food crops not only for a province as a whole but also for a particular group of strata within 
the province where for instance famine might have occurred or it is feared that much area 
is being diverted to crops of one type at the expense of crops of a more beneficial type. As 
another example, we may wish to estimate not only the average consumption of rice by 
all the inhabitants in a city but also the average consumptions by the primarily rice-eating 
classes and primarily wheat-eating classes so that Government may be in a position to find 
out how much rice should be procured for the city and in what manner it should 
be rationed to the different classes. 


2. ESTIMATION OF PARAMETRIC FUNCTIONS 
In general, if the population consists of k strata of sizes MG = 1, 2, ses) 


and mean values 


FG =D an); . (2.1) 
we are interested in estimating * < k linear functions 
L; => Y; C= gp. sF) (2.2) 


of the stratum means, the matrix of co-efficients (l) being known. 


For & particular distribution nj (j = 1l, 2, ..., k) of the total sample of size n, obviously: 
the best unbiassed estimate of L; is 


A k 
L=} 1yG; (6 = 1,2, ...,7) ws (28) 
j=l 
here 7 is the sample mean based on nj observations in the j-th stratum, 
where ¥; aa 5 j 
asu, 1952) in the sense that for any convex (downwards) 


These estimates are best (B : ! 
no other estimators having a uniformly smaller risk 


loss function they are admissible i.e., 


function exist. Also we have 
7 18 o2 ts || 
r= 2% A (5° N, 
Nj F) 
D (Ya —Y; 
o? ated a Oe 
where j NGA 
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j st (i ated above) unbiassed 

is the variance of the j-th siratan: Further the best (in the sense stated above) 

quadratic estimates of V(L;) are given by 


AA 1 1 
VL) => 18 85 G x) 


nj 

= (Wa— di) : 
La ails waa NGA) 
where = ml 


3. OPTIMUM ALLOCATION OF SAMPLING UNITS 

An important question emerges : 
among the different strata ? Obviously, 
question. In fact, the answer will 


How should the total sample be distributed 
there would not be a single answer to this 


depend on what the sample is desired to 


achieve. 
In what follows we shall consider some approaches to the problem. 


3.1. Minimisation of cost plus loss: If the results obtained from the sample 
are going to form the basis of some practical action, we may be able to calculate 
in monetary terms the‘loss’ that will be incurred in a decision through an error of 
amount d in the estimate. For example, if this loss be Lid? (cf. Yates, p. 292) and 
the estimate be unbiassed, the average loss in a series of s 


amples of the same type 
and size will be HV (Ly). The 


purpose in taking the sample may be to diminish the 
sum of the total expected loss 


r A 
L= = H V(L;) 


(3.1.1) 
and the total cost (cf. Kitagawa, P- 338) 
O = cnt (g > 0). (3.1.2) 
Or, for a fixed cost given by (3.1.2), the object may be to diminish the expected loss 
given by (3.1.1). The cost function used here is more general th; 
function | 


an the usual cost 
C = Loy. 


In the former case, the function to be minimised is 


G=> tng + Lqso7 (pt 
2 nj y) v (8.1.3) 
where G= un. j 
i wee (ELA 
The stationary value of @ ig given by 
ngi = gjo? ; 
I; (3.1.5) 
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It is easy to verify that the stationary value is an actual minimum of the function. 
In the latter case, the solution is given by 


1 
ees i 
n; (Be we (3.1.6) 
ous 
ee ee AE 
TA 


3.2. Minimisation of cost: As an alternative approach to the problem, we 
may consider the survey to be useful if the parametric functions L; (i = 1, 2, ..., 7) 
are estimated with some desired variances a; (i = 1, 2, ..., 7). Generally approximate 
value of L;s are known on the basis of some previous survey and as are determined 
by the requirement that the standard errors of the estimates are some specified per- 
centages of the mean values known approximately. In sucha case, we have to allo- 
cate the total sample to the different strata in such a way that the cost of the survey is 
made smallest. We have then to minimise 


where t= 


(3.1.7) 


Flis nor e, Ng) = Dent 


A 
subject to the conditions 4; = V(L;) = a(t = 1, asas 7). 
The stationary values are given by the equations 
A  G=L2 ga 2A) 


= Limo? = ae WON; (t= 1, 2,..., r) wos (8:22) 
4 


where A's are Lagrange’s undetermined multipliers and m, is the reciprocal of Nj. 


These equations are not algebraic in the variables involved. It is, therefore, 
not possible to provide any explicit mathematical solutions for the general case, 
One has to solve these equations by iterative processes. For example, if r= 2, an 
approximate solution can easily be obtained by Newton-Raphson method. In this 
method, we choose A, so that the difference between the values of A, calculated from 
the two equations obtained from (3.2.2) by substituting for m; from (3.2.1) is small 
and positive. We find another value of A, for which this difference is small and 
negative. By simple interpolation values of A, and A, are obtained which lead to 
to the optimum allocation. 

One may like to verify that the stationary point obtained is an actual minimum of 
Putting PHA Apah... +H ArGe = F and denoting by AY the second partial 


derivative of h w.r.t. ni and nj, the condition is that the restricted Hessian (Chaundy, 1935) 


pu pe... Pie Pt PL - OF 


3.2.3 
HEak er =” 
g Gi =» BH Olt 
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d its principal minors should have the sign (—1)’. It may also be noted 
and its 


that the 
solution so obtained is formally equivalent to the following : 


Af (nj, n: mi) is a minimum of f subject to the 7 conditions 
D N2; ++; Ny, 


Ly} . 
ġi = V(L;) = a i= Lid, aay) 
it is also a minimum or maximum of 9; Subject to the r conditions 
Í = f(n ng, ..., ny), 
=a E= B s—l, s+1, ...,7) 
according as À, defined by the k equations 


of , th Ob, A, Be 4 & a, 2 _ 9 1,3) aay 
ie,” a N Ong F “on, “tat ‘On, (p ) 


is positive or negative. Moreover, the minimum or maximum y 
means that for a certain cost 


we are minimising the variance o 


alue of ¢, is a, This 
and some specified variances of 


f the r-th estimate, 
3.3. Minimisation of variances : 
relative precisions of the different estim 
cular case, it may be desired that the co 
be all equal, the common value of the 
on the cost of the Survey. In such 
will be minimised for fixed cost and 
As an example of such a situation 


agencies (like State Governm 
its. variance, 


any r—1 estimates, 


Another type of requirement may be that 


ates be in. some assigned ratios. As a parti- 
efficients of variation of the diffe 
coefficie: 
a situ 


rent estimates 
nts of variation ne 
ation the variance of one of the variates 
for stipulated relations between 
these estimates may 
ents), and 
we may distribute the tot 
of the different estimates are all equal, 


cessarily depending 


the variances. 
be required by different 
if the precision of an estimate is judged by 
al sample size so that the relative precisions 


If the relative precisions of the estimates are governed by 


A A A 
V(L,) = va V (Ly) Sa = v,V(L,) we Be 
and the cost is given by 
Loni = E (3.3.2) 
the optimum allocation is the solution of the equations 
2 ji r r 
ft — 94 jg = 12, jiza j å 
ka ml Ew Za], G=1,2,h Ay =1) (3.3.3) 


along with (3.3.2) and the r—l equations given by (3.3.1), 


Like the equations considered in the prey. 
explicit mathematical solutions of these 


equations, 
methods. In particular, if » — 2, an 


using Newton-Raphson method on the li 


ious section, 


A They have approximate 
approximate Solutio 


Dai n can be easily obtained 
nes indicated before, 
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4. STRATIFICATION AFTER SELECTION 


Sometimes it happens that the frame for the entire population is available 
but frames for individual strata are not known. In such a situation, since we cannot 
sample from individual strata, a simple random sample of size n is taken from the 
entire population. When the sample data have been collected the units are assigned 
to the strata by means of the information obtained about them. The best unbiased - 
estimates are given by (2.3) as before and the expected variances are 


2 


A k 2 k = 
MEN = 3 i 3 i, 8 
BLV(L,)) a li; ny = Gi; NG; i vee A 


Using Stephan’s (1945) result 


1 
n(2 j= l loge we (4.2) 
nN; n Wj NW; n “WF 


approximately where w; is the relative size of the j-th stratum, we have 


mn = Bio? H e S pa a vee (43) 


NW; NW; 


5. AN EXAMPLE 
give an example to illustrate the various methods stated above. 
estimate the average area under wheat per village and the difference 
of the two strata, comprising villages with agricultural area below 


We now 
The object is to 


in the averages 
and above 1500 bighas respectively, for Ghaziabad tahsil in Uttar Pradesh (India). 


Data obtained from a previous census (Sukhatme. 1954) are given below in Table 1. 
We will assume that the stratum sizes N; are exact as obtained from the previous 
census. The rest of the material will be used as supplementary information for 


improving the design of the current survey. 


TABLE 1. RESULTS OF A PRELIMINARY CENSUS 
—_— 


. rate agr, area no. of average standard 
in bighas villages area deviation 
Ni under of area 
wheat, under 
wheat 
(1) (2) (3) (4) (5) 
DI nmm 
1 0- 500 63 112 56 
2 501-1500 199 277 116 
3 1501-2500 58 558 186 
4 2501 and above 25 960 361 


|| th cost function be simply the number of villages and the expecte loss he the 
e ne t ý Be d 

Vi 5 nee O the estimate. T he linear functions to be estimated are 

ariane 4 
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(a) For a fixed cost of 34 villages, the optimum allocation minimising the total loss 
a, = 
is given in column (2) of Table 2, 


TABLE 2. OPTIMUM ALLOCATIONS IN DIFFERENT SITUATIONS 


strata case (a) Neyman’s case (b) case (c) 
allocation 


(4) (5) 
2 > > a 


1 3 2 
2 7 17 19 10 
3 8 J 20 11 
4 


17 7 18 11 


The total loss in this case is 3903. The coefficients of variation of the estimates 
A 


L, and L, are 8.27 percent and 12.46 percent respectively, 
allocation based on the estimation of the mean only, 
individual coefficients of variation would be 


If we had used Neyman’s 
the total loss would be 4292 and the 
6.29 percent and 13.77 percent respectively. 

(b) If it be desired that the c.v. for 


A A 
L, be 5 percent and that for L, be 7.5 percent, 
we have to minimise the cost subject to th 


e conditions 
Vid) = 289.77, 

A 
V(L4) = 1136.60, 


column (4) of Table 2. 
(c) In case it is desired that the 


The optimum allocation is given in 


A A 
c.v. of L be approximately 2/3 e.v, (Lo) and that 
the cost of the survey be 34 villages we minimise V| (É, 


) subject to the conditions 
En; = 34, 


A A 
VL) = 25V(L,). 


The allocation is given in column (5) of Table 2. It is found that 


A 
ev, (L) =7.11 percent, 


A 
cv. (L) = 10.77 percent, 
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A NOTE ON ESTIMATION OF VARIANCE COMPONENTS IN MULTISTAGE 
SAMPLING WITH VARYING PROBABILITIES 


By J. ROY 
Indian Statistical Institute, Calcutta 


l. [INTRODUCTION AND SuMMARY 

In large scale surveys multistage sampling procedure using different probabilities 
of selection for different units at any particular stage have been used very often. In the 
Indian National Sample Survey (NSS), for instance, such a scheme is used for selection ofunits 
within a stratum. If in the first stage more than one unit is chosen with replacement, the 
standard error (of the estimate of the mean or of the total) ean be easily computed from the 
variation between the different estimates that can be computed, one based on each of the 
chosen first stage unit. However, in order to be able to develop a suitable sampling scheme, 
we require not merely an estimate of the overall sampling error, but also a knowledge of how 
the error depends on the adjustable parameters at the disposal of the sampler. Cochran 
(1939) has shown how in the case of multistage simple sampling this leads to a problem of 
analysis of the total variation into different stage coponents. The corresponding problem 
scien units are chosen with different probabilities (but with replacement) at each stage is 
dealt with in this paper. The total variation is split up into different meaningful compo- 
nents depending on the type of sampling used, and unbiassed estimators for these components 


are derived. 
2. THE SAMPLING SCHEMES 


Here we shall consider a three-stage sampling scheme, but the method used is quite 
general and can be directly extended for any number of stages. We shall further assume 
that in every stage sampling is with replacement and that in the third stage units are chosen 
with equal probabilities. This scheme of sampling (with slight modifications) was used for 
selection of the ultimate unit (household) within a stratum in the first few rounds of the 
Indian National Sample Survey where wahan a stratum a tehsil served as a first-stage unit, 
villages within the tehsil as second stage wnits and households within a villaga as the ulti- 
mate third stage unit. Tehsils and villages were chosen with different probabilities, generally 

‘oportional to population or area and households within a village were selected with equal 
DRA However, sampling was not in general with replacement except in the case 
ro . ? 
re the first stage units. ; i 
The simplified sampling scheme that we shall consider is as follows : 


er of units in p f 
mih selection of sample is with replacement and 


ce population sample probabilities 
, N n P; for the i-th first stage unit 
we N, nj P; for the j-th second stage unit in the 7-th 
i t 
pues y first stage unit. 
third Ny hij equal 
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Since the use of separate symbols for the variate value in the sample and in the 
population unnecessarily complicates the notation, we shall use the same symbol X;jj4 to 
denote the variate value for the k-th third stage unit in the j-th second stage unit in the i-th 
first stage unit’ The range of i, j, k will show whether we are referring to the sample or 
to the population. Furthermore, the dropping of a subscript will indicate a summation over 
the units in that stage, for instance, X;; will stand for the total of the variate values for all 


i g . 5 i 4 Ny 
third stage units in the j-th second stage unit of the i-th first stage unit, thus È Xig= Ka 
key 
Ni 
Similarly | 2X =x; and x X,=X 
j=1 i=l 


We shall consider the problem of estimating the grand-total X. 
From considerations of symmetry the following is taken as the estimate of X 
f X 


Le I Ny ™ 
t=- X ENE © 
nia Pmja Ping 2 x 


re of SOMISEs Xij is the variate value for the k-th third stage unit in the j-th second- 
stage unit in the i-th first-stage unit in the selected sample. Obviously ¢ is unik inane 


Mi) = X 


and a little computation shows that its variance is 


sh Nü 
ere of = {> xe, X% 
Ni £ ijk N 
=l ij 
Ni 
0? = N og 
ge. ü N; 
Ni 
jai i 
= X 
o= = A? 
pos: E —X2 
iei P; 


From the practical point of view, howey, 
defined separately for each of the first and ag 
i Secor 


and n, ar 
, Á ad sta iy are not generally 
A up the values ay ; ges. There ar X 
of fixing up alues of the n;’s and m;’s. One we may call “ here are three different ways 
where the same number m of second st equal sam y 


pling” at both stages 
MS mesia ed from each first stage 

cted from within each selected 
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second stage unit. The other method may be called “proportionate sampling” at both 
stages where a fixed proportion of second stage units are selected within each first stage 
unit and a different fixed proportion of third stage units within each selected second stage 
unit are sampled. Variants of these two methods, with equal sampling at one stage and pro- 
portionate sampling at another stage are also used. A third method is to determine the 
values of n; and m; in such a way that the estimate ¢ comes out as proportional to the total 
of all variate values in the sample : this is known as “self.weighted” sampling. 

Here we shall discuss two of these special types of sampling. The first is equal sampl- 
sampling at the second stage and proportionate sampling at the third. The other is self- 
weighted sampling with equal sampling at the second stage. 


For equal sampling at the second stage and proportionate sampling at the third we 


have 
ne =M 
ng = ING 
say. In this case, 
1 1 m 1 nij 
sa Ek E EN ia 
Imn 4 P; = Pä =, 


and the variance reduces to 
va = 414 Big On 


n mn lmn 


where A,, B,, C4 are independent of l, m, n and given by 


A, =o? 
ae} 
Bi = gs. 
3 2L” 5 
i=4 
Ni 
1 N, o 
0 = aN BK 
£ P, >, 
tel j=l y 


We shall refer to this as the scheme I of sampling. 


In the second scheme of sampling (Scheme II), we have 


ni =m 
LN, 
"i= P Py 


so that the estimate comes out as 


with variance given by 


By , Cy 
= imn 


vej = a4 


where A», Bo, Ca are constants independent of l, m, n given by 
2 Das Ua 
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A, =o? 
N o? : 
B= > 5 
2 = P; 
i=l 
N Ni 
> > 2 
0, = Ny o% 
i=l j=l 


so that A, = A», B, = B, but 0,40, We shall write A for A, or A, and B for B, or Bs. 


3. THE STAGE COMPONENTS OF VARIANCE AND THEIR ESTIMATES 

We thus see that in either of the two 
variance of the estimate depends on only thre 
justable constants l,m,n. The cost of the s 
m, n. Therefore if estimat 
may be of use in planning 


schemes of sampling under consideration the 
e parameters A, B, 0; independent of the ad- 
urvey naturally depends on the values of l, 
es of the parameters A, B, and C; are available, the information 
an optimum survey at a fixed level of cost. 

Let us now examine the nature of the three parameters. If it were possible to deter- 
mine without further sampling the value X; for a first stage unit selected with probabi- 
lities P; 


5> A would provide an unbiassed estimate of X. The parameter A simply measures 
i 
the variance of such an estimate, 


that is A is the variance of the (hypothetical) 
X from complete enumeration of 


a single first stage unit chosen with the pr 
We may thus look upon A as the “between first stage” variance, Similarly oł} gives the vari- 
ance of the (hypothetical) estimate of X; obtained by completely enumerating a second 
stage unit drawn with probabilities P;, Thus oj}. measures variation between second stage 
units within the i-th first stage unit. Therefore, if the N fir: 

strata and if from the i-th stratum vP; second sta, 
ij and each completely enumerated, 


The parameter C; may be similarly 

We now take up the proble 
simply obtain unbiagsed quadratic 
properties of these estimators may b 
we shall not enter here into a discus 
consider unrestricted values of nis 


estimate of 
Obabilities P.. 


uv 


m of estimating the parameters A, B; 0, We shall 
estimators for these parameters, 
e demonstrated from considerations 


sion of that type. For Problems of eg 
and ny’s, 


Certain optimum 
of symmetry but 
timation we shall 


Let us write 


=1 9 


1 ( ` 2 
, 2 ti 
e ae X-i ) where g. = 
Y ongl a ) p Xin 
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Then for fixed first and second stage units 


E $= 
. H s ki F 2 
Hence, if we write 5 1 al ` = ig SH 
1 n Pin; P} 
n ni 
e=). 5 ee 
n a Pimb Pa 


then c, and ca provide unbiassed estimators for C, and C, respectively. 


Now construct 


1 Ny 
Ya = = Bs 
2 Pj nä sf 
Let i i 
i ni z Ni 
ap = — ( ` ya Yi) where yj => Yj 
i jer i a 


For fixed first stags units F(s) = V (Ya). 


Tf first and second stage units are fixed 
1 N2 
P m 


d stage units are allowed to vary, that is when only first stage 


i 
E Jij = T Fiya) = 


and therefore when secon 
units are fixed 


voa = Y (Ze) +8 (gp Mh od) 


Therefore if we write 


for fixed first state unit E w? =o? and consequently 


provides an unbiassed estimate for B. 


Finally to estimate A construct 


1 # 
a => —— p 
Ži Pin; Yi 
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: 1 R 
E e) = Ved = pra Vin) 


and therefore for fixed first stage unit 


#( pe) = Ve) 


Consequently for unrestricted variations 


Ve) = | pe ) + Bere} 


= BY). 
Therefore, if we write 


jen 2 sh 
mE ##— =) where z= Èz 
n— n 


i=l 
we have 


We may note in this connection, the well known result that since 


an unbiassed estimate of its variance 


we are 
separate components of the variance, we have to 
vantage of the estimates 


a, b, c; i 


interested jn the 


a, b, 6 Separately, One disad- 
turn out to be negative, 


Cocuran, W, G, (1939) ; The use of the analysis of variance in enumeration b 
Ass,, 84, 492.510, 
LAHIRI, D. B. (1954) : 


Government of India, 


Paper received : April, 1956. 
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A NOTE ON TWO STAGE SAMPLING 


By R. RANGARAJAN 


Gentral Water and Power-Commission, New Delhi 


1. INTRODUCTION 


In a two stage sampling design, selection of the second stage units from primary 
units can be made in one of two ways. In the first place, the number of subunits to be selected 
from the primary ones may be fixed in advance so that whenever any primary unit is included 
in the sample, its subsampling size is known. The sample number hence will vary from 
sample to sample but a restriction on the variation may be placed by the condition that the 
expected value of sample number is a constant given in advance. Alternatively, the sample 
number may be fixed in advance and allocated among the primary units selected in a suit- 
able manner, Godambe (1951) has examined the two situations for the case of the simple 
sampling scheme where the units in both stages were selected at random without replace- 
ments and has shown the gains in the efficiency of the estimate obtained in the former over 
that of the latter under optimum conditions. This note is intended to point out that this 
will be the case even in the most general type of sampling schemes with or without replace- 
ment in as much as the former lays a less stringent condition on the distribution of second 
stage sampling than the latter. The final results obtained in the two cases appear quite 


interesting. 
2, SAMPLING WITHOUT REPLACEMENT 


Let there be N primary units of sizes M,, Mo, ..., My from which a sample of n is 
chosen without replacement according to varying probabilities. Let p; and p; be the pro- 
babilities respectively of the i-th p.s.u. and the i-th and the j-th p.s.u.’s to be included in the 


sample. 
Also m, (i= 1 to n) denote the sizes of secondary units chosen from the sample 


s of primary units (n) with equal probability and without replacement. 


Further, Xj; = the value of characteristic under study in the j-th subunit of i-th p.s.u. 


X; = total over the subunits in the i-th p.s.u. 


X = total over all p.u.’s. 


If the corresponding small letters represent sample values, the unbiased estimate of the 


in the population and its variance can be given as 


total 
n Msi 
M; tiz ‘ 
T = 4 woes a a5 
x. ao) XX 
uf (L—Pi TAH (pp, 
V (as) 2 4 P: ae aa (Pa— Pi Pr) + 
jel im 
| 
M M;—m ‘| 
R pa è to. 2.2 
and aes Nd, py Mami a) 
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M; 
D auz 


where = a , p(s/R) = probability of getting this par- 
= 


ticular set s of primary units selected and = denotes summation over all possible sets, (R). 
s 


2.1. Now if m’s are fixed in advance, the optimum distribution of mis is obtained 
by minimising the variance under condition 


N 
E(X m,;) =a pim,=m, (given in advance). Thus optimum 


Mo (728) 
n= y—— ——" Jo. 
È Mi) ' Pi 
i1 


A 2 
The minimum variance V,(x,) = I, + >: Mio? (2 ae iy x) 
Pi \m Mio; M, 


tt A (Sate -5 Met s (L) 


where J, is the first two terms in (2. 2). 


iel 


22. If the m;’s are chosen according to the sample selected ( 


T ; (the second case), we 
E m = My. 
8s 
(=) 
Minimising condition gives, m, LONT 
( me) 
Pi 


Minimum variance V plt) = n: pm” Mi ma 


` i=l Pi ST 1l 
i=l ™ (Ee) M; 


P ; op, 
=I—=N Hot l Mo 
2 Pi “4 0 3 hi 
e1 
1 
A mg ( Mo; ) (Mara 
inher Pi Dp, | Pik son (22.1) 


taken a) (25) oun | 


1 
Hi m ( Mer) 
° far Ps 


(2.2.2) 


A NOTE ON TWO STAGE SAMPLING 
Thus the estimate in the first subsampling scheme is more efficient than that of the 


second one. 


If the p;’s are all equal, we immediately get the result derived by Godambe (1951) 


3. SAMPLING WITH REPLACEMENT 


In the case where the primary units are selected with replacement, using similar 
a 
notations as above, the unbiased estimate of the total and its variance are given by 


1 n Mā: 
z = = BU 


where #, is the sample average of the i-th p.s.u. selected. 


N 5 
1 ‘ol MEK: =$ y DA fi 
Vite) = 5 È HA (P MXi ] + 


isı 


where gẹ, DISIR); z are as defined earlier. 


3.1. By the first mode of subsampling, we have 


n N 
Es (2 mei = ie i PM; = Mo, 
= =: 


Mo Has). 


optimum m; = -X 
4 E Or E 
i=l 


N N 
J ay L M.o? a 
Minimum variance Vg (2) = dar a (> Mici ) = ae P kn we (8-1.1) 
3.2, According to the second method, 
n 
mM; = Ng; 
iel 
; : Nga (2822) /S Mis: 
which gives optimum Mi = Mo - leg 2 a 
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5 Mo; = 1 
‘Naiman variance Vp (x,) = 1,+=p(s/R) 2, TR M, 


n 


=+ J LE (Y Mei )*_ sapada), S Me? 


5 
mn? 2 i 
a BAN ia A 


f mn < a w es De 

; pi T B21) 

1 M?0?, 

Vp—V_ = L [| E Mo 
k isi Pi 3 

n 

= — var / l we ) (3.2.2) 
0 u = Pi 


if; ) from a single stage sampling with the corresponding varying 
ut replacements respectively. Further the second mode of 
adopted in practice is always less efficient than the first. 


subsampling which is usually 


I am thankful to Dr, Des Raj for suggesting the problem, 
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METHOD OF MATCHING USED FOR THE ESTIMATION 
OF TEST RELIABILITY * 


By P. K. BOSE and S. B. CHAUDHURI 
University of Calcutta 


1. INTRODUCTION 

Reliability of a test has been defined as the correlation between two parallel “tests 
. a H . a 
i.e., tests with equal means, equal variances and equal intercorrelations which, however, was 
found to be the same as the ratio of true variance to the observed variance of the scores in 
test under the additive set up ie. observed score is the sum of true score and an error 
component. 

Different methods have been developed to estimate the reliability of a test 


Three important methods for estimating test reliability are 
(1) method of parallel forms, 
(2) test-retest method, 
(3) split-half method, 


Leaving aside the detailed discussion of these methods it may only be 
pointed out that the first two methods do not very often find their application 
As to the first one the difficulty lies with obtaining parallel forms of a test and also with 
applying the different forms on the same group at different occasions. Similarly regarding 
e it becomes difficult to retest the same group of individuals and even if the 
the question of time interval between the two tests comes in. Long 
h give rise to serious bias in the estimation. 


the second on 
group be available, 
gap and short gap both 
Because of these difficulties we are to consider the possibility of obtaining an 
estimate of the reliability from only one form of a test and from only one application 
of it over a group of individuals. This can be done by the third method referred 
to above, i.e., the split-half method according to which the test is to be subdivided into 
two equal subgroups each containing an equal number of items of the original test. 
The correlation coefficient between the two subtests gives an estimate of the reliability of 
each half. Then Spearman-Brown’s formula may be applied to obtain the reliability’ 


of the whole test. 
Various methods of splitting the test have been suggested, namely, first versus 


second halves, odd versus even items, ete, But these methods of splitting do not appear to 
be appropriate because according to the very definition of reliability the two subtests should 
b vail which is also necessary for the application of Spearman-Brown’s formula. But 
$ kan to the above methods of splitting this criterion is seldom satisfied. On the other 
ace a 
n NÈ ac, 7 f dividing a test of n items into two halves leadin; 
hand there are n!/2 (z!) different ways 0 g 6 
to n!/2 [5 ! y different estimates of reliability. All these ways of splitting are not equally 
1/2 |=! 


* Read at the Statistics Section of the Indian Science Congress, 1956, at Agra. 
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defendable and the different estimates largely fluctuate from one another. ee epee 
been referred to by Kuder and Richardson (1952). In bi, paper we shall ge be ekee 
of splitting a test by matching the test items on mie basis of item analya, This will satisfy 
the criterion referred to above and will give a unique value to the estimate. 


2. METHOD 


Let us define the difficulty value of an item as the proportion of individuals who are 
unsuccessful in answering that item, non-attempt being considered equivalent to failure. 
Let us consider a sub-test of k items the score for the i-th item being a; (¢ = 1, 2, 5 k) 
which takes the value 1 for pass and 0 for failure. Also let the difficulty value of the j rh 
item be q; (t= 1l, 2, ..., k). Then we have 


mean of ti = l—qi = pj, 


variance of 


% = qi(l—qi) = Pigi 
@=1,9, k 
Then the mean and variance of the sub-test will be obtained as follows. 


k 
Mean of the sub-test score = mean (È x) 
tel 


k 
=> mean (2;) 
tel 


È © e KÊN) 


k 
Variance of the sub-test score — variance (Ù a) 
tel 


k s 
=È Piti te Tij VPM - Di (2.2) 
igj 


where Tij is the correlation between the i-th and the j-th items in 


the subtest, 
We define the two subtests t 


inthe pair do not change, 
only. This isa mild restricti 
the different items in the tw: th all cases, 

: e two subtests beco 
which the whole test is subdivided int E Split-mmultiple a 
number of items. Let us first obtain 
subtests. Let éach of them contain 


Thus if we match 
me parallel, 


< 


zA 
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respectively (i = l, 2, ..., k) and difficulty values being q; and g; respectively. Then we` 
have covariance between these two subtest scores 


= X cov (ai, aj) 
i j=1 
k a m_e 
= 2 n y Pale -B = (BS 


> . 


where 7; is the correlation between the i-th item of one and j-th item of the other subtest. 

Then if we form the different subtests such that the difficulty values of the items 
of one are equal to the difficulty values of the items of any one else the subtests. will be 
parallel in the sense that they have equal means, equal variances and equal inter-correlations 
by relations (2.1), (2.2) and (2.3) under the mild restriction stated above in connection with 
split-half technique. The advantage of split-multiple technique (with at least 3 parts) 
over the split-half is that in the former it is possible to make a more complete check by 
Wilks’ (1946) Lmve test and it is possible to be sure that the forms are parallel, not only’ 
with respect to means and variances but also with respect to correlations. 

It may be pointed out that when in the population the split-multiple test scores have 
equal means, equal variances and equal inter-correlations, sample observations may not 
exhibit similar values although the values may not be significantly different. In the case 
of non-significance only reliability may be estimated. In the case of split-half one gets unique 
value of correlation between the two halves; but that is not so, for split-multiple case — there 
will be a number of inter-correlations between two parallel subtests. This can be made 
unique by utilising the pooled estimate—this can be taken as a satisfactory estimate of the 
population value. 

Thus far we have described the method of splitting a test on the basis of difficulty 
values of the items. But when this type of splitting is not possible in view of the fact that 
we do not get m sets of items (m > 2) the difficulty values of one being equal to those of 
other we split up the test on the basis of mean difficulty values — i.e. subtests are so formed, 
that the mean difficulty value for each remains the same so that the subtests are parallel 
at least with respect to means. 

Another point that must be noted is that the difficulty values are generally cal-. 
culated on the basis of sample observations. Thus in the case of small differences in diffi- 
culty values of several items we are to test whether the difference is real or may be accounted 
for by sampling fluctuations. As some amount of correlation is always present between any 
two test items the proper test for matching in this case will be Cochran’s Q test (1950), a 
short description of which is given below. 

Cochran has extended the familiar y?-test for comparing the percentages of successes, 
in a number of independent samples to the situation in which each member of any sample. 
is matched in some way with a member of every other sample so that some correlation is in- 
troduced between the results in different samples. In the present case the same individual is 
selected as a sample member in connection with all the test items; thus it is a case of strictly 
matched sample. For the case of 2 samples an appropriate test was easily constructed by 
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McNemar. But Cochran’s test is more general and can be used for 2 or more samples. 
c $ ; os 
According to this test procedure the data are arranged in a two-w ay 


table with + rows and c 
columns in which each column represents a sample and each row a 


matched group. 
The test criterion is 


e(e—1)2(7;—T)2 
= I 


Wes Wk —(Z us) 
v t 


-~ 
to 
ka 

= 


where T; = total number of Successes in the j-th s 


ample (column) 
ui = total number of successes in the i-th r 


‘ow. 
If the true probability of success be the same in 
large this Q in the limiting case follows x?-distr: 
only 2 samples this Q follows strictly th 


all samples and if th 
ibution with (c—1) 
e y°-distribution 


e number of rows be 
d.f. In case there are 


with 1 d.f. In this case the 

expression for Q may be simplified to 
_ 0-0)? m 
ri (b+c) soy NAD) 


where the corresponding 2-way table will be as shown below: 


TABLE 1. THE TWO WAY TABLE 


3 sample 
II success failure 
sample I e 


Success 


failure c a 


Actually McNemar (1949) got his result in this form, 


such subtests. The 


normal population Specified by three parameters o, = oy 


2 XY Erm 


=X245y2_ esr 


This should be the app 


ropriate formula, wh; 
reliability of the subtest, 


ich should be used fi 
- We can then appl 


or the estimation of test 
ly Spearman-Brown's fi 


to get the reliability for the whole test ormula for multiple length 
Ry, = kR,, 
OTE (2.7) 


380 


METHOD OF MATCHING FOR ESTIMATION OF TEST RELIABILITY 


where R,, = reliability of a test of unit length, 
and Rj, = reliability of a test of length k units. 

When the whole test cannot be divided into a number of subtests of equal length in 
view of the fact that n (the number of items in the whole test) is not an exact multiple 
of 2, 3, 4,5 ete., we can form some subtests of equal length and only one of lesser length. 
Let us call the subtests of equal length as full and that of lesser length as fractional. We 
may calculate the reliability of one full subtest and may then apply Spearman-Brown’s 
formula for multiple length. This multiple is, however, not integral. 


3. COMPARISON WITH KUDER AND RICHARDSON’S FORMULA 


In Kuder and Richardson’s well-known formula for reliability coefficient 


n 
se = OMY 


w= => Ka 

where n stands for the number of items in the test and o? stands for the variance of the test, 
two assumptions were made, namely, (i) the items have equal standard deviations and 
(ii) the inter-item correlations are equal. In the method which has been discussed no such 
assumptions are necessary. The only assumption that has been made is that intercorrela- 
tions of pairs of test items having the same pair of difficulty values are the same. For the 
purpose of splitting we should only guarantee that the items are properly matched with 
respect to their difficulty values. So far as the time and difficulty of computations are con- 
cerned the split multiple method as described above and the Kuder-Richardson’s method 
stand on the same level. 


4, AN ILLUSTRATION: RELIABILITY COEFFICIENT ESTIMATED 


(i) Method of matched items. 


Scores of a random sample of 500 candidates have been obtained from the records 
of a scholastic test. Each candidate has got six scores, i.e., scores in six different items of 
the test, namely question nos. 1, 2,3,4,5 and 6. The object of the investigation is to find 
out the reliability of the whole test after splitting it up into two halves. 

The original scores are translated to a new system namely for each individual and 
for each item a score of one is given in the case of pass and zero in the case of failure. 

From the total number of passes in the different test items, difficulty values were 
calculated. These were found to be as follows: 

TABLE 2. DIFFICULTY VALUES OF TEST ITEMS 


difficulty value 


test item see _1 — total no. of pass 
ae k P total no. of candidates 

I 427 0.146 

I 448 p 0.104 

IMI 420 0.160 

IV 426 0.148 

y 442 0.116 

VI 435 0.130 
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Then Q test was applied to find out the test items which may be considered as a 
; y j ri 7 ic: e 
lent in the sense that the corresponding population difficulty values are identical. 
valent ; : 
try to form pairs containing two equivalent tests, 


The two-way table and the Q-values 


[ Parr 4 


are given below. 


TABLE 3. THE TWO WAY TABLE (Q= 


-333) TABLE 4. THE TWO WAY TABLE (Q=.561) 
i test item 
tem 
o IV > VI To 
: success failure f | test Success failure 
test , t 
item IIT item 5 WI 4 S 
success 369 51 p success 384 53 
failure 57 23 failure 61 12 
P . 7 
TABLE 5, THE TWọỌ WAY TABLE (Q=.400) 
test item | 
tost tt success failure 
item V. 
success 400 42 
failure 48 10 


All these Q ( 
5% value being 3.841 


X?) values are non-si 


gnificant at 5% level of significance, the 
» We may now 8roup the items as follows: 
test items 
subtest A LI, ana IV. 
subtest B ` III, V, and VI, 


We then get the following results 
mean (A) = 2.602, a. (A) = 443596, 
WEB) nga ay (B) = 493164, cov (4) B) — 158412 
Then by using the formula (2.6), 


By Spearman- 
2x 338167 


14.3838167 = 505418, 
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Next we try to form three subtests each containing two test items. For this purpose 
we are to find out two sets of 3 equivalent tests items by the application of Q test. The 
three subtests may be taken as 

test items 


subtest A: IL and I 
subtest B : IV and V 
subtest C : l and VI 


We then get following results: 


mean (A) = 1.736 var (A) = 0.274304 cov (A, B) = 0.062304 
mean (B) = 1.736 var (B) = 0.270304 cov (A, C) = 0.079136 
mean (C) = 1.724 var (C) = 0.247824 * cov (B, C) = 0.077136 


‘cor (A, B) = 0.228803 
cor (A, C) = 0.302949 
cor (B, C) = 0.297569. 


Thus the reliability of each subtest may be taken as the pooled correlation coeffi- 
cient i.e. 0.276440. 


By Spearman-Brown’s formula the reliability of the whole test will become 


3x0.276440 7 
276440 L 534053. 
[2x 276449 — 34058 


i (ii) Kuder and Richardson’s method. 


TABLE 6. pi AND gi VALUES 


test item number 


number of passes Ti Pi 
1 427 146 854. 
II 448 104 896 
II 420 160 840 
Iv 426 _ 148 s52 
vV 442 .116 884 
VI 435 130 870 


The above table gives p; and q; values for the different test items. The variance of the total 
test has been found out to be 1.253584. Then by using the formula 


253584—.694008 
reliability =~ = DS = 535657 
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CONCLUSION 


A method of matching has been proposed for the estimation of test reliability. The 
two methods (namely the method of matching and Kuder-Richardson’s, method) 


give quite 
close estimates for the reliability coefficient. 
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RECOMMENDATIONS FOR PERSONNEL SELECTION IN INDIA BASED 
ON THE BRITISH SELECTION METHODS IN THE CIVIL 
SERVICE AND INDUSTRY! 


By RHEA S. DAS 
Indian Statistical Institute, Calcutta 


SUMMARY 
Selection procedures of the Civil Service and industry in Britain are reviewed. Two 
main types of procedure, paper and pencil tests and selection boards, are described in some 
detail, and validity data are presented where available. Critical observations on these pro- 
cedures, their use and implications, are also detailed. The possible application, and sug- 
gested areas of modification, of these procedures for use in India follows the British survey. 
Some current work utilizing these procedures is briefly indicated. 


PERSONNEL SELECTION METHODS 

This report is based on interviews with leading British psychologists and on a survey 
of the research literature published from 1950 to 1956. 

In Great Britain, as elsewhere, the primary objective of personnel selection is to 
predict from a field of applicants for a position, those ‚applicants who will be most 
successful in the position. The task of prediction is qualified by considerations of 
economy, both of time and money. It is necessary, therefore, to devise methods for 
obtaining an optimum amount of information with minimum time and cost. 


There are two types of personnel-selection methods currently 


in use in Britain, both 
in the Civil Service and in industry : 


1) paper and pencil tests of abilities, 
2) selection boards. 


In comprehensive selection programmes, as for the Administrative Class of the 
Civil Service, both of these types are utilized. Depending on the nature of the job, 
however, usually one or the other type will be chosen. 


Considerations relevant to the 
-choice of- type will be presented later in this report: 


Paper and Pencil tests: Paper and pencil tests of ability have found wide use in the 
Civil Service and have also been used extensively in industrial selection by the National 
Institute of Industrial. Psychology (NIIP). The design and content of several batteries of 
such tests will illustrate their general make-up. The basic test battery of the Civil Service 
for. the Administrative Class selection consists of the followi ing tests : NIIP test 70/1 for 
non-verbal intelligence; a verbal facility test; Babington Smith’s advanced verbal intelligence 
test; and various- versions of a test of general information, dealing chiefly with current affairs 
(Vernon, 1950). At other levels of the Civil Service, non-administrative in nature; paper 
„and pencil tests are also used. The general pattern of these tests only can be given for security 
reasons. A specific test battery, consisting of a variety of tests, has been developed for each 
of the different grades of the Civil Service. While some tests are similar for all grades, others 
are specific to a particular grade. Those tests w hich are similar in all grades include ‘verbal 
and non-verbal intelligence and arithmetic, and differ only in level of complexity with respect 


4 This report is "based ‘ona surve ey ja i in ‘Great Britain by the author asa Research Fellow 


of the Indian Statistical Institute. 
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intelli s include verbal analogies, grammar and verbal 
pie “ines son on ie aera include pictorial or diagrammatic materials 
BE ae ah ties the arithmetic tests are of the customary type. 
et oc a astioilaz grade include the clerical tests for the clerica 
Ee aaa for => Office Counter Clerks. Further tests used 
have = developed by psychologists at Birkbeck College in Lon oe 
tests cannot be published for security reasons, however the tests have been mode ai 
the Admiralty Tests, described by Vernon and Parry (1949). The Admiralty A i 
consisted of the Shipley abstractions (Shipley and Burlingame, 1941), the Bennett l i p 

ical Comprehension Test (Bennett, 1948), Raven’s Progressive Matrices (Raven, 1938), 

ae Squares Test, a simple arithmetic test, a test of mathematical knowledge, and a test 


f mechanical and electrical knowledge. The last three tests were devised by the Admi- 
0: 
ralty psychologists. 


Examples of 
l grades and geo- 
in the Ministry of Labour 
don. The content of these 


i e following 
tests: an English achievement test; an arithmeti i 
abstraction type; 


» “Accuracy in checking names and 


; GT 33, 36, and 90A, verbal intel- 


» non-verbal intelligence tests; GT 
» Space perception tests; and the Vincent Models Tests, a 
mechanical aptitude test, 


, and the significance of 


restriction of range are summarized in Table 1, 


TABLE 1. 


VALIDITY OF SELECTION TESTS 
test name N r P ri nature of criterion mature of sample reference 
Neer a oap gg ian maturo of samplo T 
NIIP GT 70/1 202 —.069 — —.042 supervisor’s ratings 


administrative 
two years after 


Vernon 
E class, civil service (1950) 
selection 
verbal facility 149 172 +05 -223 supervisor's ratings administrative Vernon 
two years after class, civil service (1950) 
selection 
P Smin 159 ROSS: ES -240 supervisor's ratings administrativo Vernon 
advanced two years after class, civil servico (1950) 
verbal selection 
intelligence, 
NIIP GT 44 59 -01 manager’s ratin; fact i Jastle and 
33 & 70/23 two es after jian a eka 
selection (1951) 
NIIP GT 44 61 -O1 = composite criteri 2 $ ide 
33 & 70/23 our years after e iiy a ae a 
selection Duncan 
RA (1954) 
eneral 202 -030 — —.149 su ervisor’s rati 
ETEA pi or 8 ratings 


adain 5 
WO years aftes dministrative 


str Vernon 
selection class, civil service (1950) 
1 Corrected for restriction of range by Vernon (1950). p 


2 Composite criterion based on manager’s assessments and incidence of Promotion, 
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The reported correlations for the Civil Service Administrative Class sample are 
consistently low. These values may be attributed to two factors : first, the highly homo- 
geneous nature of the sample with respect to intellectual performance; and second, the 
collection of validation data on the successful candidates solely. The effect of these two 
factors would be to restrict variability, and hence to reduce the correlation coefficient. The 
higher correlations for the industrial samples reported in Table 1 may be due to the greater 
heterogeneity of the test sample with respect to the tested characteristics. Readers interested 
in the corrections for restricted variability, or restriction of range, are referred to Gulliksen 
(1950). 


On a theoretical level, the tests described above adhere to Spearman’s concept of 
“g” or general intelligence, which means that intelligence is treated as a unitary phenomenon 
rather than consisting of multiple abilities Anastasi, 1954). In particular this is true of the 
Civil Service intelligence tests and the NIIP intelligence tests used in industrial selection. 
At the operational level, the addition of other tests to the selection batteries, such as mecha- 
nical comprehension and clerical aptitude. indicates acceptance of intelligence as consisting 
of multiple abilities. This contradiction that exists between the theoretical and operational 
levels should be resolved by empirical research on tests in relation to job performance. The 
resulting information would possibly enhance the predictive value of the selection tests in 
the Civil Service and in industry. 


Another general characteristic of the test batteries described above is that they 
show little departure from the common pattern, i.e., verbal and nonverbal tests of intelligence, 
arithmetic tests, and several specific ability tests. In the field of selection, it may also be 
noted that there have been relatively few published reports of the validity of the various 
tests. Finally, it should be observed that the majority of the selection material used in 
Britain comes from three sources : the British forces (Vernon and Parry, 1949); the Civil 
Service (Wilson, 1948; Vernon, 1950); and NIIP (Castle and Garforth, 1951). 


Selection Boards: The second major type of selection procedure, selection boards, 
was pioneered in Britain by the military forces’ War Office Selection Boards (Vernon and 
Parry, 1949). Selection boards were later adopted by the Civil Service and NIIP. This 
method is generally known as a “‘new-type selection board” or Civil Service Selection Board 
(CISSB). The selection board can be most completely illustrated by reference to the CISSB 
procedure (Civil Service Commissioners, 1951; Vernon, 1950; Wilson, 1948). 


“CISSB” is actually the second stage in Method II of the Normal Open Competitions 
for the Administrative Class and Foreign Service of the British Civil Service (Civil Service 
Commissioners, 1951), and consists of a series of tests and interviews requiring two to three 
days. The tests are divided into two classes, “psychological tests” and ‘“‘analogous tests”. 
The “psychological tests” include tests of ability and personality, with the ability tests stre- 
ssing verbal and reasoning facility, and the personality tests stressing motivation, interests 
and personal history. “Analogous tests” are designed to be comparable to situations which 
successful candidates will have to face in the Civil Service. Two of these tests ane based 
upon a lengthy dossier describing an imaginary problem, e.g., geting up an atomic reactor 
station in a hypothetical town, or government sponsored emigration ikom some area in 
England to Australia. In the first analogous test candidates are required to write on a 

stion of policy or principle after careful study of the dossier. In the second analogous 
a every candidate is allotted a special policy problem related to the dossier, which he as 
¥ ? 
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6 z Z io 
i must present to the committee (the other candidates) and lead the “ie 
rman 5 j . ik » 
pa i of the problem. Oral-and written exercises on general problems relev at s 
et a t complete the analogous tests. Three interviews in addition to the written an 
ivil Servant St g 


l tests complete the schedule of the CISSB board. The first interview is a viva or oral 
Oral tests 5 


: the 
ination of intellectual performance, conducted by one of the staff members; th 
inat : A Ks 
coaxed interview is a personality oriented interview. conducted by the psychologist ; 
secon 


the third interview is-a general interview in the traditional manner by a third member 
e thir 


a S; zi irecting Staff, assess each 
of-the-staff. These - three staff members, making up tke Dies ing Staff, a 
candidate in the written and oral analogous exercises and in interview. 


Industrial use of CISSB type selection boards is reported by NIIP investigators 
(Fraser, 1950; Castle and Garforth, 1951) and the industrial firm “R 


towntrees” (Higham, 
1952). In these reports, the selection boards are referred to as “new-type” selection boards. 
Betan 1945 and 1950, about fifty of these selection boards had been carried out for indus- 
trial appointments by NIIP (Fraser, 1950). 


The majority of these selection boards were 
concerned with managerial positions or management trainees, but some were also concerned 
with sales, supervisory, and professional appointments, 


The NIIP procedure includes tests, 
interviews, and analogous exercises (Castle and Garforth, 1951; Fraser, 1950; Handyside 
and Duncan, 1954). Choice of paper and pencil tests was usually made from the NIIP 
collection, previously listed. Two interviews were included in the board procedure, one by 
the psychologist, and one by the entire board staff, Analogous exercises utilized concrete 
industrial problems which were similar to those successful candidates would face in the 


job. NIIP considers the psychologist’s interview to be the focal point of the selection 
board : it outlines the main behaviour patterns 


> while the analogous tests confirm these 
patterns, and the paper and pencil tests indicate the limits to which a candidate m 
expected to develop (Fraser, 1950) 


and 


ay be 

Industrial application of selection boards is 
Works (Higham, 1952). Tests, interviews 
board schedule, which is generally used in s 
depot managers, trainee overlookers, and 
2 group situation, provide information on 
effectiveness as group members, 


also illustrated by Rowntrees Cocoa 
» and analogous probelms again make up the 


election of salesmen, although it is also used for 
other posts. Analogous problems, performed in 
the ability of candidates to handle ideas, their 
and their reactions to stress. These analogous problems 
are designed to be complex in nature and to admit of various Solutions, and are discussed 
in a general group discussion as well as committee type situation with each candidate acting 
as chairman in turn, 


above reports: 
© or more interviews; and exercises 
] y performed in a group situation, Validi- 
» interview, ë 


test population are also summarized in 


Table 2, 
Review of Table 2 


s “a Pooling of more than one test in 
; easing reliability which in turn increa: idit 
; < : ses the validit 
coefficient. All the coefficients reported in Table 2 differed signifie A 
,01 point of confidence. 


antly from zero at the 
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TABLE 2. VALIDITY OF SELECTION BOARDS 
proceduro N Tr P nature of criterion nature of sample reference 
tests 202 -315 .01 supervisor's ratings administrative Vernon 
two years after class, civil service (1950) 
selection 

44 .59 WI manager's ratings factory supervisors Castle and 
two years after Garforth 
selection (1951) 

44 -51 .01 composite criterion? factory supervisors Handyside 
four years after and 
selection Duncan 

(1954) 
interviews 202 487 .01 supervisor's ratings administrative Vernon 
two years after class, civil service (1950) 
selection 

44 -66 .01 manager's ratings factory supervisors Castle and 
two years after Garforth 
selection (1951) 

44 .55 .01 composite criterion! factory supervisors Handyside 
four years after and 
selection Dunean 

(1954) 
analogous tests 202 „445 .0l supervisor’s ratings administrative Vernon 
two years after class, civil (1950) 
selection service 

44 -63 .01 manager's ratings factory supervisors Castle and 
two years after Garforth 

selection (1951) 

28 582 — composite criterion factory supervisors Handyside 
four years after and 
selection Duncan 

(1954) 
total procedure 202 505 -01  supervisor’s ratings administrative Vernon 
two years after class, civil (1950) 
selection service 

44 -68 .01 manager's ratings factory supervisors Castlo and 
two years after Garforth 
selection (1951) 

44 .65 .01 composite criterioni factory supervisors Handyside 
four years after and 
selection Duncan 

(1954) 


ee ae ee a ee ee 


1 Composite criterion made up of manager’s ratings and incidence of promotion. 


2 Corrected for selectivity. 


8 Uncorrected coofficiont not given for determining significance. 
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The relative value of the coefficients reported in Table 2 is made more meaingful 
in terms of selection procedures by reference to Table 3, which summarizes data from Castle 
and Garforth (1951) and Handyside and Duncan (1954). 
or experimental selection was compared with the customa 
supervisors in a large heavy engineering firm in Scotland, 
cedure were advanced to supervisory posts, 


In these two studies, systematic 
Ty or control method of selecting 
All men selected by either pro- 


permitting later comparison of the two methods. 
The superior prediction of the experimental procedure over the control procedure, in terms 
of the correlation with the criteria, is evident, 


TABLE 3. EXPERIMENTAL COMPARISON OF SELECTION PROCEDURES 


correlation of criterion with 
criterion N 


gS a reference 
control procedure experimental procedure 
manager’s ratings two years 44 -23 68 Castle and 
after selection Garforth (1951) 
composite criterion! four years 44 -18 65 Handyside 
after selection 


and Duncan 


(1954) 
1 Composite criterion derived from manager’s ratings and incidence of promotion. 


been reviewed above, in terms of 


It is now pertinent 
applied in India, The following 


It will be recalled that 
used for selection of no 
selection of administrati 
lies in economy, both o 


in the British Civil 
n-administrative grades 
ve grades, 


Service, only paper and pencil tests were 


n boards were limited to 


sic reason for this practice 


long run economy are Operating 
classes, the greater replaceabili 
procedures. These considerations 
majority of posts, especially with a job scarcity and Ja 
procedures would be most practical. With higher level Posts, of admi 

making character, more detailed selecti j p 
group cooperation, personal contact, ani 
ment schemes, the more elaborate selec 


In the case 


e applicable also in India. For the 


istrative, policy- 
Where factors of 


dl i 
eadership ar the village develop- 


tion boards may also be of value, 


~ 


SELECTION METHODS IN THE CIVIL SERVICE AND INDUSTRY 


validation of the tests in India is of primary importance. Language factors and items with 
cultural connotations should be altered, where foreign tests are used, to be more under- 
standable to the test population. In addition to these factors, investigators in India may 
benefit by reviewing British cfforts, and develop efficient batteries of tests which agree at both 
theoretical and empirical levels. These batteries should be based on thorough job analysis, 
which will improve prediction of persons who will ultimately be successful in the job 
(Stevenson, 1951). Interview procedures, already in wide use, do not require modification in 
terms of cultural context; they may benefit, however, from the application of a standard 
method of organization and mark procedure. This will permit quantification of hitherto 
purely subjective factors, will assist in the judgmental process, and permit later analysis of 
reliability and validity. Work in this direction is reported by the Psychological Research 
Wing of the Defence Science Organization, Ministry of Defence (1953). The analogous 
tests do not require cultural modification : the only requisite is that the tasks chosen be 
pertinent to jobs successful candidates will undertake. Assessment of performance on 
these tasks will also benefit from the use of a mark procedure, which can be standardized 
and validated. Fundamentally, the successful use of paper and pencil tests and selection 


boards depends on careful analysis of the job and careful construction of tests for maximum 
prediction. 


The applications of the selection procedures and suggested modifications have 
been described above. These techniques, in a modified form, are currently being studied in 
actual job selection in the Indian Statistical Institute. For stenographer applicants, a 
battery of aptitude and performance tests has been combined with a standardized interview 
procedure permitting quantitative assessments. For more technical positions, special 
examinations are administered along with standardized interviews and group discussion. 
Studies reporting the use of both tests and selection boards in the Indian Services have been 
published in Sankhya (Psychological Research Wing, 1953; Sharma, 1953). 


CONCLUSIONS 


Both types of selection procedure currently used in Great Britain have applicability 
in India. The paper and pencil test battery is recommended for economy, and for non- 
administrative personnel selection. The selection board is recommended where policy- 
making, leadership, personal contact and group cooperation are important. Starting with 
careful job analysis, these techniques may be modified to achieve greater cultural meaning 
and to provide more standard quantitative assessments. 


INTERVIEWS 

The following leading psychologists in Great Britain were interviewed in connection 
with this survey : Professor John Cohen, Manchester University; Professor Lee J. Cronbach, 
Scientific Liason Officer, United States Navy; Mr. David C. Duncan, National Institute 
of Industrial Psychology; Professor Hans J. Eysenck, Institute of Psychiatry, University 
of London; Mr. W. D. Furneaux, Nufield Research Unit, Institute of Psychiatry, University 
of London; Mr. John D. Handyside, National Institute of indesteiol Psychology; Mr. K. 
A. Q. Mwray, Chairman, Civil Service Selection Board; Mr. A. Ee Rice, Tavistock Institute 
of Human Relations; Mr. Alec Rodger, Editor of “Oboupataonal Psychology”, Birkbeck 
College; Professor Roger W. Russell, University College, London; Miss Margaret 8. Stevenson, 
Research Psychologist, Civil Service Commission; and Professor Philip E. Vernon, Institute 
of Education, University of London. 
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{SOLATION OF SOME MORALE DIMENSIONS BY FACTOR = 
ANALYSIS 


By H. C. GANGULI 
Indian Institute of Technology, Khargpur, India 


l. THE PROBLEM 


During the war and the post-war period industrial psychology has come to occupy 
itself more and more with the gratifications the workers derive from the employment rela- 
tionship. Many studies on problems of worker motivation and morale have been made, 
mostly in Western countries and more recently in India also. = 

` Ll. As a result of some recent studies in industrial morale the ‘global’ or 
blanket concept of morale has been found to be untenable. The hypothesis that worker 
morale is not a single unified entity but a multidimensional concept is more and more coming 
to the forefront. The Survey Research Centre at Ann Arbor, which has done pioneering 
work in this line, has isolated five distinct morale dimensions or types of satisfactions that 
the individual derives from the industrial situation (Katz, 1950). These are intrinsic job 
satisfactions, satisfactions derived from involvement in the immediate work group, from 
identification with the company, from interpersonal relations with the supervisor as a per- 
sonality and the indivect satisfactions of the individual’s needs from his membership of the 
organisation. It may be noted that the term morale is given here an individual-organic 
emphasis and is used synonymously with the satisfaction of the worker from the employ- 
ment relationship. 

1.2. In India, so far as the author knows, no attempt has been made to isolate 
and identify the different morale dimensions. Also, although the attitude survey method 
is mostly used for obtaining measures of worker morale, it is not known how the different 
items in an attitude scale are related to each other or are loaded with these morale factors 
so far as the Indian worker is concerned. To know this is important since it is possible that 


the same or similarly worded statements may be tapping different attitudes in different 
social groups. 


2. THE STUDY 

2.1. A morale survey was made by the author in an important electric fan manu- 
facturing concern of Calcutta, This factory produces more than 29% of total fans manu- 
factured in India and had 1,890 workers on its roll in 1951. The survey involved all the 
550 workers in the foundry shop, the machine shop and one assembly shop. The method 
of study closely resembled the sample interview survey technique (Cartwright, 1950, Likert, 
1947), though on a small scale. The study was conducted on the basis of an attitude scale 
constructed on the principle of summated ratings (Likert, 1932). This scale had 41 items, 
32 of these were 5 point statements and 9, 3 point statements. It was constructed on 
the basis of initial exploratory interviews with 40 workers and four pretests. This scale 
contains all the items that were found to be significant and meaningful for these workers 
and nothing besides. The scale is of such a nature that with minor modifications it can 
be appropriately used on other workers in the engineering industry. 

9.2, The statements had fixed alternative answers and the relevant response alter- 
natives were checked by the investigator during an open nonsdiectional interview with 
the worker. The usual precautions in the framing of these items, and condusi of the 
interviews for ensuring the validity of results were taken (Anonymous, 1949; Marriott, 1953; 


Oldfield, 1947; Vernon, 1952). 
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3. THE FACTOR ANALYSIS , 
stone s 
Hotelling and Kelly’s method of principal components and Thursto 
3.1. Hotellin ; A 

4 thods of factor analysis, 
i d represent the two major me kak Wa 

pah ayan sarah of making no assumption regarding the independence o 

solution has t g 


í r analys- 
to d also yields more consistent factors. So this method has been adopted for analy 
and also = 
e ike attitudinal data obtained from the above survey. 
g 


Thurstone’s centroid 


3.2. The factor analysis was conducted with only 23 of the 41 items as oe 

k voii have been very laborious. The figure 23 is arbitrary. These 23 items we 
wewe heir ‘goodness’, as judged from their discrimination valu 
pete tg < i two Sitenion groups made up of 50 n 
morale workers and 50 least satisfied or low morale workers in 
the satisfaction or dissatisfaction of the worker being 
preliminary scale of 41 items, D-values fo 
17 of the 23 items selected for factor 


es or d-values. The 
nost satisfied or high 
a larger group of 175 workers, 
indicated by his score on the full 
r 38 of these items were positive and significant, 


values. The other six items 


which however were positive and 
significant) but in order to give representation to some Specific aspects, viz., attitude towards 
the job content and satisfaction with pay increases and the welfare activities of the com- 
pany. 


3.3. Table 1 below, gives these 23 


attitudinal items, Table 2 
matrix of the 23 items based on data from 


175 workers, 


MS INCLUDED IN FACTOR ANALYSIS 
1. there are some other work I would be able to do better than the work I do now, 
2. like the job on the whole. 


3. the company’s policy is to oy 
4. satisfied with Present earni 
5. income is Somewhat lar, 


gives the correlation 


erdrive the Worker and 


get the maximum out of him, 
ngs, 


13. satisfied with the general Supervision of m 
14. satisfied With the allotment of work in the section, 


maximum facilit y work Properly, 
Satisfied with the running of the factory canteen, 
18. factory dispensary gives Satisfactory service 
19. the existing leave rules cover my average requirements adequately 
20. I feel that this company treats its workers y 
21 i 


3.4. The factor analysis of the above data has been largely based on computational 
procelures given by Guilford (1936). 
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3.5. The following points may be mentioned regarding this analysis. 
i) The communality of each test item has been taken as equal to the highest cor- 
relation in the column from that item. 


factor residual 


ii) Reflection had to be resorted to in the case of some items of every 
for maximising positive signs. 

iii) To know the point where enough factors have been taken out and further 
analysis- should be discontinued, an empirical criterion develo 
employed. “The rule is given by the relation, 


| pa Deen ad | 
| Ep; n 


where z is the number of test variables in the correlation ma 

absolute values of the residuals after s factors and with 

the sum of the absolute values of the residuals after (e+ 
agonal values. 


If ġ equals or exceeds c then $ is re 


ped by Tucker has been 


trix, Zp, is the sum of the 
adjusted diagonals and Eps is 
1) factors with original or unadjusted 


ally the last factor needing extraction. 


In this analysis, this test was applied after the 4th factor lo 
factor residuals computed. To know whether 
statistics were calculated. 


Zp, = 50.722 ; 


adings were calculated and 4th 


the 3rd is really the last factor the following 


6 = 09624 
Zp; = 46.984 ; mI = 09565 i 


5 =] a 
Since ¢ exceeds = » it may be accepted that the 3rd factor is the | 


ast factor that should 
be extracted from this correlation matrix, 


GS OF THE 23 TEST ITEMS ON THE THREE 


= factor loadin 
| / y loadings 
I I III | teme om e 
11 -083 .207 —.238 [Ia = pı 
| | . = l = 
13 667 -309 -202 | r 27 407 
| | -654 +248 122 
15 642 407 -348 | 8 a SH 
‘7 692 396 .270 | 5 110 —.122 
: es —.156 —.293 
622 = 
‘9 151 .071 | 10 416 a, 
11 498 — .548 -089 | b : 39 —.427 
i 406 ~.442 —.380 
13 691 ~.339 .078 i 
j 4 685 —.213 284 
15 568 — .582 .391 
i 16 305 — 491 
17 492 265 —.109 D +279 
£ -556 
19 368 621 — 808 A : 126 -086 
; 619 310 054 gi osa —.018 
21 5 22 593 f 
23 345 129 495 192 — +048 
a aaa aa aaa 
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3.6. Thurstone believes that if the factors should have psychological as well as 
mathematical meaning, and would remain invariant even if the test was analysed as part 
of a different battery, the centroid factors must be rotated. This is necessary not only 
for the first centroid which includes almost of everything that is in the battery but also 
for the second and subsequent factors which have positive weights on some test items and 
negative weights on others. In this study although only three factors have been extracted. 
the rotations have been done on the more general method of taking only two factors at a 
time, rotating them about the third axis and computing the new factor loadings after this 
rotation. This procedure has been repeated as many times as necessary. The location 
of the new axis has been guided by the principle of maximisation of zero factor loadings 
and minimisation of negative loadings. 

3.7. Altogether three rotations had to be made. The first rotation was about 
Axis I, in the plane II—III, the angle of rotation being 49° (clockwise). The second rota- 
tion of 66° was of factors I and II’ around the axis III’. This was followed by a third 
rotation of 58° in the plane IT"—IT about the axis I’. The final loadings of the ‘test items 
on the three factors indicated by the symbols C, Sp and Są are given below in Table 4, 

TABLE 4. FINAL FACTOR LOADINGS OF 23 TEST ITEMS ON THE THREE 


COMMON FACTORS * 
test C Sp n S 6 communality unigueness 
item . 
1 .178 .108 .1061 .8939 
2 .239 .351 2448 . 7852 
3 .728 024 .5812 © .4188 
4 .651 .280 5033 4967 
5 .782 —.142 257 6977 -3023 
6 .432 .267 -046 .2600 -7400 
7 -751 —.012 284 6448 3552 
8 153 a .461 .036 2372 | . 7628 
9 808 D 326 .393 .4152 -5848 
10 -010 .127 .138 5471 -4523 
11 049 .451 .593 -5575 4425 
12 .005 -690 .168 5043 4957 
13 .329 -448 .538 5984 4016 
14 . 422 284 602 5952 4048 
15 .373 449 .152 -3638 -6362 
á 16 —.003 -157 .569 3484 -6516 
17 .538 .186 —.034 .3252 -6748 
18 .517 144 .210 .3321 6679 
19 647 .090 —.435 .6159 .3841 
20 .579 .324 .238 .4969 .5031 
21 .678 .106 .104 4817 5183 
22 551 2245 aur 8773 6227 ` 
23 .391 —.254 404 -3806 6194 


3.8. To determine the uniqueness of any factor solution, Thurstone has put forth 
his theory of ‘simple structure’. He has laid down three empirical conditions to determine 
how far the factor loadings satisfy the test of ‘simple structure’. These are : 


(a) at least one zero loading in each row; 
(b) at least as many zero loadings in each column as there are columns; 
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(c) at least as many XO or OX entries in each pair of columns as there are columns; 
c ; 


by an XO entry is meant a loading in each column opposite 2 zero in the other. 
(Thomson, 1950). 


3.9. As regards the loadings of the 23 items on the three factors arrived at attr 
rotation (Table 4) it will be seen that conditions (b) and (c) are satisfied. But te first condi- 
tion is not fully satisfied. Only 11 rows out of 23 have one zero loading each. This means that 
although no factor is general and the test items are qualitatively different, there te nere- 
theless some items in which all the three factors are present. This defect has arisen in 
spite of all precautions taken at the time of construction of the prelimin 


ary scale to ensure 
that one item refers only to one single variable or factor, 


How far construction of attitude 
items is possible such that to a large group of persons it will always have the same connota- 
1 


tion and response to which will be dictated by reference to the same issue is a debatable 
question. Thus although the factor loadings of this scale do not fully satisfy Thurstone’s 
conditions of a ‘simple structure’ (which even a test of mental ability seldom does) its findings 
are nevertheless of much practical value and fully in accord with the logical analysis of 
the field. 


4. IDENTIFICATION OF THE PRIMARY FACTORS 


ply indicates the presence of some 
ed” (Wolfle, 1940) and almost the 


It also runs t 
the organisation, like the effectiveness of super 


tring to other aspects of 
'vision, 
policy, its welfare activities ete, 


the company’s overall personnel 
hin itself aspects of 
ficat » Satisfactions derived 
ganization and the indirect Satisf: 


at he derives 
ete, It also seems that underlyin, 


feeling of confidence the worker has 
genuine emotional conviction that one 


this employment relationship” ( 
to as factor C, 


confidence is meant “the 
ably to Satisfy one’s needs through 
This factor has therefore been referred 
4.2, The second and third factors in Tah j . 
are easier to interpret. Items carrying significant loads of these eal So era 
refer directly or indirectly to the supervisor and the nature of supervision ree mt opp A 
nation of the contents of these items shows Some clear-cut dierengek bet i her eens 
factors. Items highly saturated with factor Sp refer to the reasonab] pales 
supervisor in the work he expects from the worker, the attention he Ta a pres 
suggestions the extent to which the worker can regard him ag ua d jih ai dian 
with which the foremen handles his workerg ete. Factor So, on the shea ie 2 ses ell 
by items having to do with facilities given to the worker for doing hig job T pii 
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and division of the work-load, the way in which his suggestions for improving methods of 
work, tools etc., are received and so on; in short, it has reference to the technical and organi- 
sational efficiency of the shop supervision. Factor Sp thus seems to refer to the human 
and personal aspects of supervision whereas factor So refers to the organisational and 
technical aspects of supervision. That workers make a distinction between these two aspects 
of supervision is now very much recognised. 


4.3. It may be noted that a worker's liking for his job and his feeling of security 
at it seem to be largely determined by or related to his personal relations with his superiors. 
(factor S,) It is again this relation he has with his boss and the treatment he receives from 
him that serve as an indicator to him of the way in which the company tries to treat its 
workers. If the boss is good, the company is good and conversely also. On the other hand, 
it may also be noted that the frequency with which a person thinks of quitting his job seems 
to be closely related to the shop organisation and the efficiency with which it is run 
(factor So). 4 


4.4. The above interpretation of the nature of the three factors seems to the present 
investigator as essentially logical. But as has been pointed out by others, the name given 
to a factor is merely the experimenter’s hypothesis regarding the nature of that factor. 
Only further studies can show how far the present results are generally applicable, for these 
are affected to some extent by the nature of the scale, the characteristics, personal and 
otherwise, of the subjects, by the way of scoring of the scale etc. 


5. SUMMARY AND CONCLUSION 


5.1. Recent studies have shown that the unitary concept of morale is not adequate. 
Rather, morale is a multi-dimensional concept and can be broken down into a number of 
factors. To determine what these factors are and how they saturate the different items 
in an attitude scale, a factor analysis was done with data collected from a morale survey of 
workers in a Caleutta engineering factory. To ensure that items making up the scale used 
for measuring morale are valid and relevant to the workers concerned, the scale was cons- 
tructed after extensive preliminary interviews and four pretests. 


5.2. The results of the factor analysis have revealed the presence of three factors 
or dimension of morale. The first of these, called factor C, refers to the worker's satisfaction 
with the total organisation as well as with the benefits he derives from it. It refers to 
issues like how the factory compares with other factories as a place to work, whether the 
company is generally sympathetic to the workers and appreciative of their point of view, 
whether the income is satisfactory ete. In short, this factor refers to the feeling of con- 
fidence the individual has got in the company and the conviction he has of being able to 
satisfy his needs from this employment relationship. 

5.3. The other two factors refer to satisfaction with supervision. The men dis- 
tinguish between satisfaction derived from inter-personal elatione with the supervisor as 
a person and satisfaction with his technical competence and running of the shop. The first 
factor, Sp, has reference to such items as the supervisor’s skill in handling the men, his 
reasonableness in what he expects from them and in general, how far he can be regarded 
as their ‘own men.’ Factor So has reference to the effectiveness and mentee with 
which the supervisor performs his duties like division of work-load, attention to workers’ 
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estions regarding methods of work etc., giving facilities to his men for doing the work 
sugg 5: 
properly and so on. 


5.4, The most conspicuous among those items which have high Specificity is the 
one that refers to how far the worker is satisfied as to his ability = do the job properly and 
if there is some other job which he may be able to do better, It is expected that kls item 
may have reference to another morale dimension bound wih nature of the job tal ; 
Such a factor as intrinsic job satisfaction, that is, satisfaction with the nature of work itself 
has been isolated by other investigators. 


5.5. In conclusion it may be said that the three factor: 


s isolated above together with 
the one referring to satisfaction with the job content do not e 


xhaust all the possible morale 
Satisfactions derived from membership of the 


an occupational system etc,, hay 
by others. Further investigations are necessary to know how 


are for the Indian workers and how do they load the different i 
to helieve however that sources of satisfact; 
from those of workers in other countries. 


immediate work group, from being part of € been mentioned 
far relevant these factors 


tems. There is no reason 


ion for the Indian worker is very much different 
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INVERSION OF 25x25 MATRIX ON 602A CALCULATING PUNCH 


By DEB KUMAR BOSE AND AMAL KUMAR ROY 


Indian Statistical Institute, Calcutta 


INTRODUCTION 


Systems of linear equations in several variables appear in analytical work relating 
to almost all branches of sciences. For their solution the inversion of a given matrix of 
coefficients of the unknowns is often found useful. Punched card machines have been used 
variously for the solution of such equations especiaily when there are large number of 
unknowns. A problem requiring the inversion of a matrix of order 25 x25 recently arose 
in the course of certain econometric studies conducted in the Indian Statistical Institute under 
the guidance of Ragnar Frisch in connection with Planning for National Development. 
This paper deals with the punched card method adopted for the inversion of them atrix. 
F. M. Verzuh (1949) indicated a method of solution of simultaneous equations, with the aid 
of the 602 Calculating Punch, dealing with matrices of tne order 10X10. We have adopted 
here a different means for the solution by inverting a matrix of order 25x25 through 
methods involving simpler machine operations and substantial saving in machine hours, 
although the plugging required has become little complicated. 


l. MATRIX INVERSION 


The process of matrix inversion adopted is indicated below. Details are given 
by Rao (1952). 


Let the matrix to be inverted be, 


(a) Divide row 1 by an, multiply the new row 1 by ai, and subtract from this 
product row 4 for 7 = 2, 3, 4,..., n, successively. This set of operations result in 1 in the 
first position, and zeros elsewhere in the first column of the matrix. Again applying the 
same method on row 2, we get 1 in the second position of the main diagonal and zeroes 
everywhere else in the second column. By repeating this process on the subsequent rows, 
the given matrix is reduced to a triangular matrix of the following form having 1 in each of 
its diagonal elements. 
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(b) Now take this triangular matrix and multiply row x by the n-th uae of pts 
; ù 2 — i tion results in a 
i i-th row where i = 1,2, ..., n 1, this opera 
j; and subtract it from the t-t : l | aki 
oa in the n-th column of row 1, 2,...,»—1. Again, apply ing this method on zoye n 
cig t all zeroes in the (n—l)th column of row 1,2, ...,n—2. Repeat this process on 
Epi . e 
sa A 2 2,1, until this traingular matrix is reduced to a unit matrix F, 
row n—2, ... 2, l, 


Simultaneous application of the same sequence of operations on a unit matrix, w 
taken on the right-hand side along with the matrix 
matrix into 471, the inverse of A, 


hen 
A, leads to the transformation of the unit 


The operational steps may be summarised here. 


First we take the matrix A and a 
unit matrix I : 


[AI 
Performing the operation (a) above, we have, 


[B10] 


where B is a triangular matrix having 1 in each of its diagonal elements, 
Then performing operation (b), we have, 


UAN 


2. MACHINE OPERATIONS 


The detailed steps are stated below, 


r identification according to the following 
card design. 


DESIGN OF CAKD 


“inn Co) a ak 


card columns remarks 
a aaa TEN AA 


Ty step no, i a a 
2, row no. (i) 3-4 
3. : col, no. (j) 5-6 
4, ‘value of the element (aj) 7-15 (algebraic Sign in col. 7: 0 for 
positive, 5 for negative; 6 places 
of decimals) 
5. either quotient ( B = bai ) 
Tiy 
or prodici difference (4+9) 16-24 (sign in col, 16, 6 places of decimals) 
6. designation 80 


(X for P cards, 1 for Q cards, blank 
f 


or R cards) 
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(2) 


(6) 


(7) 


(8 


<= 


(9) 


(10) 
(11) 
(12) 
(13) 


(14) 


(15) 


(16) 


The cards containing the elements of the matrices A and I are sorted according 
to row and column numbers (i.e., è and j). 


Separate the first row of the matrix (i.e. cards with 7 = 1). 
Remove the first card (i.e., ay) and punch X on it in col., 1. 


Divide the elements a; on the other cards of the first row by a, on the leading 
column card (card with X in col. 1). Punch the quotients on the dividend 
cards. 


Reproduce the dividend cards punching the quotients in the original field for 
elements. These cards will form the pivotal row. Punch 1 in col. 80 on these 
set of cards (call them Q cards). 


Take the cards of the next row of the martices. Punch X on col. 80 of the first 
card (call it P card and the remaining cards of the row R cards). 


Place the Q cards followed by the P and R cards and sort them on cols., 5-6 
(ie., for ĵ). 

Pass the cards through 6024 to calculate( +P). (+Q;)—(+R;) = +5; (+4; 
being punched on the Rj cards). Details of this step are given in Section 3. 


Separate the Q cards from the P and R cards by sorting on col., 80. 
Reproduce the Rj cards to bring back S; in the original field for elements. 
Perform sum-check on Tabulator. 


Take the cards of the next row of the composite matrix and repeat operations 
from 8 onwards till the last row is exhausted. Then the pivotal row (Q cards) 
is eliminated. i 

Take all reproduced R cards (i.e., new S cards) which forms a new matrix with 


the number of rows reduced by one. Repeat steps (3) to (14) till all the pivotal 
rows are eliminated. 4 


Take all the pivotal row cards (Q cards)—eliminated by earlier operations. 
Sort them for ¿ andj. They will now form new matrices B followed by C. The 
rectangular matrix constituted by the last column of the matrix B and the 
entire matrix C is separated out. 

Take the last row of the matrix so formed and treat it as the pivotal row. Punch 
1 in col. 80 on this set of cards. Call them Q cards as in (6). Repeat procedures 
(7) to (13) with one difference at the calculating stage (9) where the formula 
will be —[(+P)(+0))—(+8,)] = +8). 

Take all reproduced R cards (i.e. new S cards) which forms a new matrix with 
the number of rows reduced by one, as before. At this stage, insert the next 
to last column vector from the B matrix in the matrix at hand, Then repeat 
step (16) till all the columns of the B matrix are exhausted. 


| (17) 
A The matrix formed by these Q cards will represent the required matrix Al, 


3. COMPUTATION ON 602A CALCULATING PUNCH 


punch, the first involving the division su for building up of the pivotal row and the second 
2 iù 


The calculation work would consist of two types of operations in the 602A calculating 
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i hine 
ion : +-Q)—(+R) = +8. The breaking up of the mac 
iving rise to the expression : (+P) . (+Q)—(+. i i 
ar a gn sie parts would prove very advantageous in the Setting up of the 
ae am The first operation is required 25 times for the building up of 25 pivotal TOWS. 
A type of operations would continue for the rest of the calculations in two stages 
e sec 
as indicated above. 


The panel wiring required is shown in the diagram, where it may be observed that 
factor P is indicated by X in col. 80. 


» Q » 1 » 
» R » blank » 


0 is punched in col. 7 for positive sign and 5 punched for negative sign (so that 
5+5 = 0, 0+5 = 5) as suggested by Matthai (1950). 


Read cycle: 2 pilot sclectors (nos. 1 and 2) are picked up from the control brush 
set on card column 80, by using X and 1 in card column 80. 


P is read in storage 1R, its sign in storage JL 
Q 55 2 » 
R » 4 


counter 4 


» storage 3R 


Cards for P and Q are read and skipped off. Cards for R are held at the punch bed till the 
calculations are completed and the result S punched on it. 


Programme 1 : Multiplicand Q is read out of storage 2R and read in counters 
1+2+3 to develope the product PQ. 


Programme 2: PQ is transferred from counters 1 
to 6 places of decimals. The sign for PQ is developed in co 
IL to the digit in counter 4, 


+-2-++3 to counters 5+6 corrected 
unter 4 by adding digit in storage 


4 and the third one by that of storage 3R 


Programme 5: Co-selector number 5 is picked up throu 


by complementary figures in counters 5+6. Digit 5 from emitt 
side of co-selector 5 through Pilot selector 6 which 
from counter 4 is read out and put directly to N hu 
counters 5--6 and put in storage 6 for punching, 
6 through the co-selector 5. The card for R is sk 


gh pilot selector 5 energized 
er is taken to the transfer 
moves: by digit Bh counter 4, Digit 
b of the co-selector. .§ is read out of 
while its sign is furnished to Punch Storage 
ipped off after Sis Punched on it, 

Tt will be seen that in the equation (+P). (£Q)—(4R) = (48). 
opposite to that of the product PQ (as registered in counter 4 at Programm 
and R are of same signs and R ig greater than PQ (indicated by comple 


The sign of § 
e 2) when PQ 
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In all the other cases, the sign of S is same as that-of PQ. This is 


in counters 5+6). 
shown in the diagram. 


effected by the wiring 


WIRING DIAGRAM 


1s 1 18 19 30 


> 10 nm i n te tS 
_- CONTROL READING —— 13 — 
2 v 0 0 0 0 0 © 0 0 
me x OR BALANCE PI = 
o 


-s 


f ~ a o 
Hi DIGIT PICKUP 
a - -5 STORAGE TRANSFER E 


Se 

A aPeak re Pickup t / DIP 
> aris fe aT a 

A aR] npete] || 


oco o o 
z I PUN CH 
© 00000 


o o—o- 
IST COL PUNCH 
o o o o 
í y 1ST COL STOR 
ma STORAGE CONTROL READ IN 

o o—o - 


NANG Ss ris 


o 


4. MERITS OF THE METHOD 
working out the 


About 75 calculating machine hours are required to be spent for 
t that machine 


The merit of the procedure detailed above lies in the fac 


25x25 matrix. 

operations are reduced to a simple circular flow of the following form: 

Input > Reproducer > Tabulator > Sorter 602A > Output 
t 


= 


o Verzuh’s method of punching two elements in one card, individual cards are 
h of the elements, thus keeping the factors P and Q dissociated. Machine 
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a operations are made simpler resulting inva ‘substantial saving of machine hours, while com- 
plication if any is introduced only in the ec 


We are grateful to Shri A: Halder for valuable suggestions, and to Shri S. Dutta, 


for participation in discussions, in the course of] ‘preparation of the paper. 
th 
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